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Abstract

Let {Dam}m>o0 be the n-vertex random directed graph process, where Dy is the empty directed
graph on n vertices, and subsequent directed graphs in the sequence are obtained by the addition of
a new directed edge uniformly at random. For each € > 0, we show that, almost surely, any directed
graph Djp; with minimum in- and out-degree at least 1 is not only Hamiltonian (as shown by Frieze),
but remains Hamiltonian when edges are removed, as long as at most (1/2 — ) of both the in- and
out-edges incident to each vertex are removed. We say such a directed graph is (1/2 — ¢)-resiliently
Hamiltonian. Furthermore, for each € > 0, we show that, almost surely, each directed graph Dy in
the sequence is not (1/2 + ¢)-resiliently Hamiltonian.

This improves a result of Ferber, Nenadov, Noever, Peter and Skorié, who showed, for each € > 0,
that the binomial random directed graph D(n,p) is almost surely (1/2 — ¢)-resiliently Hamiltonian if

p = w(log®n/n).

1 Introduction

One of the most studied properties of graphs is that of Hamiltonicity, the property that a graph contains
a cycle through every vertex, known as a Hamilton cycle. The natural extremal function for Hamiltonicity
was studied by Dirac [§], whose celebrated theorem demonstrates that any graph with n > 3 vertices and
minimum degree at least n/2 is Hamiltonian. An early question of Erdés and Rényi [9] in the study of
the binomial random graph G(n,p), where edges among n vertices are chosen independently at random
with probability p, asked when such a graph is likely to be Hamiltonian. After work by Pésa [27] and
Korshunov [20], this was determined independently by Komlés and Szemerédi [19] and Bollobés [6], who
proved that if p = (log n+loglogn+w(1))/n, then G(n, p) is Hamiltonian with probability 1—o(1). We say
here that G(n, p) is almost surely Hamiltonian. This is best possible, for if p = (logn+loglogn—w(1))/n,
then G(n,p) almost surely has vertices of degree 0 or 1, and as such is clearly not Hamiltonian.

In fact, in G(n,p), Hamiltonicity is almost surely concurrent with the property that every vertex
has at least two neighbours [I]. This is most precisely shown by the following beautiful result, proved
independently by Bollobés [7] and Ajtai, Komlés and Szemerédi [I]. Consider the n-vertex random graph
process Go, ...,G ) where G is an empty graph on n vertices and each subsequent graph in the sequence

is formed by the addition of a non-edge uniformly at random. Almost surely, the first graph in the sequence
with minimum degree at least 2 is Hamiltonian [Il [7]. Furthermore, we can strengthen this by showing
that, in almost every random graph process, every graph with minimum degree at least 2 is not only
Hamiltonian, but remains so despite the removal of any set of edges, subject only to a simple condition
on the edges removed. That is, it is resiliently Hamiltonian.

The general study of resilience in random graphs, initiated by Sudakov and Vu [31] in 2008, has
developed into an active area of research (see, for example, [4, 5 13| 21], 22] 31] and the survey [30]). We
study the resilience of a graph G with respect to some property P using the following definition.

Definition 1.1. A graph G is a-resilient with respect to the property P if, for any H C G with dy(v) <
adg(v) for each v € V(G), G — H has property P.

Note that Dirac’s theorem is exactly that the complete graph on n > 3 vertices is (1/2)-resiliently
Hamiltonian. A natural generalisation to random graphs is to ask how resiliently Hamiltonian a typical
random graph is. This was the subject of series of results (see [31], [13] []), before, in a key breakthrough,
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Lee and Sudakov [22] showed that, if p = w(logn/n), then G(n,p) is almost surely (1/2 — o(1))-resiliently
Hamiltonian. Here, the constant 1/2 is best possible as such a random graph can typically be disconnected
while removing only (1/2 4 o(1)) of the edges around any one vertex. However, the bound on p can be
improved slightly, and the result made best-possible by considering the resilience of Hamiltonicity in the
random graph process. Indeed, independently, the author [24] and Nenadov, Steger and Trujié¢ [25], showed
that in almost every n-vertex random graph process, each Hamiltonian graph is (1/2 — o(1))-resiliently
Hamiltonian. In this paper, we prove the corresponding result for the random directed graph process.

A Hamilton cycle in a directed graph (digraph) is a cycle through every vertex whose edges are
oriented in the same direction around the cycle. The corresponding result to Dirac’s theorem was shown
by Ghouila-Houri [14], who proved that every digraph on n > 3 edges with minimum in- and out-degree at
least n/2 contains a Hamilton cycle. The binomial random digraph D(n, p) has n vertices and each possible
edge chosen independently at random with probability p. The techniques for studying Hamiltonicity in
G(n,p) do not immediately translate to the directed case, but an elegant general coupling argument of
McDiarmid [23] shows that, if p = (logn +loglogn 4+ w(1))/n, then D(n,p) is almost surely Hamiltonian.
However, the natural local impediment to Hamiltonicity in D(n, p) is that every vertex must have in- and
out-degree at least 1. This almost surely holds if p = (logn + w(1))/n, and almost surely does not if
p = (logn — w(1))/n.

Frieze [12] showed that, if p = (logn 4+ w(1))/n, then D(n,p) is almost surely Hamiltonian, and
gave a corresponding result for the random digraph process. In the n-vertex random digraph process
Dy, D1, ..., Dypn-1), Do is the empty digraph on n vertices, and each subsequent digraph in the sequence
is obtained by the addition of a new directed edge uniformly at random. Frieze [I2] showed that, in
almost every n-vertex random digraph process, every digraph with minimum in- and out-degree at least
1 is Hamiltonian.

To study resilience in directed graphs, we use the corresponding definition to resilience in graphs, as
follows.

Definition 1.2. A directed graph D is a-resilient with respect to the property P if, for any H C D with
dj;(v) < ad)(v) for each v € V(D) and j € {+,—}, D — H has property P.

Hefetz, Steger and Sudakov [17] showed that, if p > log n/+/n, then D(n, p) is almost surely (1/2—o0(1))-
resiliently Hamiltonian. As with the undirected case, the constant 1/2 here is tight, but the bound on p is
rather loose. Ferber, Nenadov, Noever, Peter and Skori¢ [I1] showed that, if p = w(log® n/n), then D(n, p)
is almost surely (1/2 — o(1))-resiliently Hamiltonian. Here, we will make a best-possible improvement to
the bound on p, and bring the known resilience of Hamiltonicity in random digraphs into line with that
known for random graphs, as follows.

Theorem 1.3. Let € > 0. In almost every n-vertex random directed graph process Do, D1, ..., Dyn—_1),
the following is true for each 0 < M < n(n — 1). If §%(Dyr) > 1, then Dy is (1/2 — ¢)-resiliently
Hamiltonian, but not (1/2 + €)-resiliently Hamiltonian.

Standard techniques easily infer from Theorem that, if p = (logn + w(1))/n, then D(n,p) is almost
surely (1/2 — o(1))-resiliently Hamiltonian (see, for example, Section [7)).

The constant 1/2 in Theorem arises from the following. Almost surely, if D(n,p) has minimum
in- and out-degree at least 1, then it can be disconnected into two roughly equal halves by deleting only
a little over half of the in- and out-edges at each vertex. This is easy to show when p = w(logn/n), and,
with a little care, it is possible to show in almost every random digraph process for each digraph Dy,
with 6%(Dpr) > 1 (see Section . Thus, it is relatively straightforward to demonstrate the limits of the
resilience of Hamiltonicity required for Theorem

On the other hand, if we remove only at most a proportion (1/2 — ¢) of the in- and out-edges around
each vertex, then we cannot disconnect the digraph D. In fact, we typically must retain two key properties.
Firstly, if two large equal-sized vertex sets are chosen disjointly at random, then there is likely to be a
matching directed from the first into the second. Secondly, given a small collection of pairs of vertices
disjoint from a random small vertex subset, we can use the vertex subset to connect the pairs into a
directed cycle. The first property allows us, by taking a sequence of random sets, to cover most of a
typical random digraph by relatively few directed paths. The second property then allows us to join these
paths together into a directed cycle, using a reserved random small set of vertices. This may, of course,



not cover all the vertices, and hence we use the absorbing method. This is described in detail in Section [2]
but, in short, we note that the key behind our progress compared to Ferber, Nenadov, Noever, Peter and
Skori¢ [T1], who used the same broad outline, is in our construction of the reservoir. In particular, each
vertex in the reservoir is created by contracting a short directed path to create a new vertex. A Hamilton
cycle in this altered digraph is found, before the contractions are undone to create a Hamilton cycle in
the orginal digraph. This allows the use of a larger reservoir, and in combination with an adaptation of
path connection methods by Glebov, Krivelevich and Johannsen [I5] to the directed graph setting (see
Section , and the careful division of vertex sets using the Local Lemma (see Section 7 makes the
improvements required to show Theorem |1.3

In the rest of this section, we detail our notation. In Section [2] we give a sketch of our proof followed
by an outline of the rest of the paper.

1.1 Notation

A digraph D has vertex set V(D) and edge set E(D), and we set |D| = |V(D)| and e(D) = |E(D)|.
For any set A C V(D), we set Njy(A) = {v € V(D)\ A: 3u € Ast. ub € B(D)} and N, (A) = {v €
V(D)\ A :3u € Ast. vt € E(D)}. We say N} (A) is the out-neighbourhood of A and N, (A) is the
in-neighbourhood of A. Where A is a single vertex v, we let d(v) = |N% (v)| for each j € {+,—}. Given
a set of edges E, we let V(E) be the set of vertices contained in these edges. For any disjoint vertex sets
A and B in a digraph D, and each j € {+,—}, e},(A, B) is the number of edges directed from A to B
in D, and e (A, B) = e} (B, A). Where it is clear from context, we often drop the digraph D from the
subscript. For a digraph D, A= (D), AT (D), (D) and (D) are the maximum in- and out-degree and
the minimum in- and out-degree of D respectively. For any vertex set A in a digraph D, the digraph D[A]
has vertex set A and edges exactly those in D contained within A.

For convenience, we consider paths to have an inherent order, and thus treat them as an ordered
sequence of vertices. In this sequence, we allow vertices to repeat consecutively without consequence. For
example, if a path P has start vertex v and end vertex v, then we consider uPv to be the same path as
P. Given a path P, is the path on the same vertices as P but with the vertex order reversed. In a
digraph D, for any disjoint vertex sets A and B, a matching from A into B is a set of |A| independent
edges oriented from A into B.

Where we use £ in an expression, we mean that this holds with 4 replaced by both + and —. We use
log for the natural logarithm and, for each k > 2, we use log[k] n to refer to the kth iterated logarithm of
n, so that, for example, 1og[3] n = logloglogn. In our proofs we need use log[s] n, but we use up to logm n
for convenience as a sequence of slowly growing functions of n. For each integer k, we let [k] = {1,...,k}.

We use common asymptotic notation to relate functions of n, as follows. If f = O(g) or g = Q(f), then
there exists a constant C' such that f(n) < Cg(n) for every n € N. When the implicit constant C' depends
on g, we will denote this in the subscript, using, for example f = O.(g). If f = w(g) or g = o(f), for the
non-zero function g, then f(n)/g(n) — oo as n — oco. When, for example, Q(f) is used in expressions,
we mean that this can be replaced by some function g = Q(f) so that the expression holds. Many of
our lemmas hold for n > ng(e), for some function ny depending on €. In the proofs we do not mention
this explicitly, but only note that we take ‘n sufficiently large’ where our argument requires n to be large.
Similarly, when f = w(g) or f = o(g) we mean that this is true for each fixed €. If f = O(g) and g = O(f),
then we say that f = ©(g).

For clarity of presentation we do not include floor and ceiling symbols where they are not crucial.

2 Outline and proof of a key lemma

2.1 Proof sketch and outline

Pseudorandom digraphs. We will build a Hamilton cycle in any sufficiently large digraph which
satisfies certain pseudorandom properties, before showing that random digraphs resiliently contain such
a digraph. These properties are defined precisely in Definition [2.I] but, roughly speaking, they say the
following, where, in our more informal discussion, we say a set expands if its in- and out-neighbourhood



is comfortably larger than the set itself. The exact parameters of the expansion we use are found in
Definition 2.11

e The minimum and maximum in- and out-degrees are bounded (see [A1]).
e Small sets with many incident edges expand well (see [A2] and [A3]).

e Medium-sized sets expand to more than one half of the vertex set (see|A4)).

The first two properties are naturally resilient (if the minimum degree bounds are reduced by an
appropriate factor). The third condition is naturally almost surely (1/2 — o(1))-resilient in D(n,p) if
p = w(1l/n). Typically, here, medium-sized sets will expand to almost all of the vertex set. Then,
removing at most (1/2 — €) of the in- and out-degrees around any vertex will only reduce the size of the
in- and out-neighbourhood by at most a factor of (1/2 —¢/2), so the third condition holds resiliently.

Boosting the minimum degrees. As we consider every Hamiltonian digraph in the random digraph
process, we work with digraphs with very low minimum in- or out-degree. However, we use a natural
modification to increase the minimum degree when there are a small number of vertices with low in- or
out-degree. After the removal of edges, we take each low degree vertex and assign it both an in- and out-
neighbour, before deleting the low degree vertex and merging its assigned in-neighbour into its assigned
out-neighbour (see Definition . This creates the pseudorandom digraph in which we find a Hamilton
cycle. Taking this cycle, undoing the merging, and putting the low degree vertices between their assigned
neighbours, creates a Hamilton cycle in the original digraph.

Hamilton cycles in pseudorandom digraphs. We create a Hamilton cycle in a pseudorandom digraph
D using the same broad outline as Ferber, Nenadov, Noever, Peter and Skori¢ [11]. We use the absorbing
method, first given as a general method by Rédl, Ruciniski and Szemerédi [28]. We find a directed path P
in D in combination with a reservoir R in V(D) \ V(P), so that, given any subset of vertices R’ C R, we
can find a directed path with vertex set V(P) U R’ and the same start and end vertices as P. Dividing
the vertices V(D) \ (V(P)U R) in the digraph into equal sized sets at random, we find matchings between
them to create a small number of directed paths which cover the remaining vertices. Using vertices in R,
we then join these paths into a directed cycle with P — say the cycle is Q. This gives a cycle covering
all the vertices except for R\ V(Q). Using the absorbing property we then find a path with vertex set
V(P)U(R\V(Q)) and the same end vertices as P, and replace P with this path in @ to get a Hamilton
cycle.

The improvements we make from the methods of Ferber, Nenadov, Noever, Peter and Skori¢ [11] come
from three areas, as follows.

e We use a more efficient absorbing structure so that the reservoir may have size Q(nlogn/ logm n).
Our reservoir in fact consists of disjoint directed paths, not vertices. We contract these paths into
vertices in the obvious manner, and use these vertices as the reservoir. We then find a Hamilton
cycle in the modified digraph, before replacing each contracted vertex by its original path to get a
Hamilton cycle in the original digraph.

e To construct absorbers and join paths into a cycle we develop and use a directed graph version of
some path connection techniques by Glebov, Krivelevich and Johannsen [15]

e We use the local lemma to randomly partition the vertex set into subsets and find matchings between
them.

The first area represents the major innovation of this paper, while the subsequent two areas require
quite a few technicalities. Due to this, we structure the paper so that the most important part of the
argument appears first, in the rest of this section.

Outline. In the rest of this section, we define our notion of pseudorandomness precisely, before defining
a good partition. We then prove a key lemma, Lemma that says any digraph with a good partition is
Hamiltonian. This allows us to give the most important part of our argument, before embarking on the
more technical aspects. Finally, we cover some useful results from the literature.



In Section [3] we give our use of the local lemma to find useful vertex partitions. In Section [d] we give
a digraph version of techniques by Glebov, Krivelevich and Johannsen [15] for finding connecting paths.
In Section 5] we divide the vertex set into subsets and find matchings between them in order to cover
most of the digraph with a small number of directed paths. In Section [f] we combine this all to show that
any sufficiently large pseudorandom digraph has a good partition. Finally, then, in Section [7] we find the
pseudorandom properties in a random digraph needed to prove Theorem [I.3] and also show the required
limits of resilience.

2.2 Pseudorandom digraphs and good partitions

We will begin by defining a (d, €)-pseudorandom digraph, and a good partition of a digraph. A good
partition is defined essentially as one with the properties needed to carry through our construction of a
directed Hamilton cycle. On the other hand, the properties of a pseudorandom digraph more naturally
reflect those of a typical random digraph. For example, for each € > 0, if p = w(logn/n), then D(n,p) is
typically (d, €)-pseudorandom with d = pn/2logn.

Definition 2.1. An n-vertex digraph D is (d,¢)-pseudorandom if the following properties hold with
m = nlog[g] n/dlogn.

A1 6*(D) > dlogn and A*(D) < 105dlogn.

A2 For each j € {+,—} and any disjoint sets A, B C V(D), with |A| < 2m, and, for each v € A,
di (v, B) > dlog® n/log™ n, we have |B| > 10|A|.

IN

A3 For each j € {+,—} and any disjoint sets A, B C V(D), with |A| < 2m, and, for each v € A,

d’ (v, B) > d(logn)?/3, we have |B| > (logn)'/3|A|.
A4 Every set A C V(D) with |A| = m satisfies [NT(A)| > (1/2 + &)n.
We will show that every sufficiently large pseudorandom digraph is Hamiltonian, as follows.

Theorem 2.2. For each ¢ > 0, there ewists some ng = no(e) such that, for every d > 107°, every
(d, e)-pseudorandom digraph with at least ng vertices is Hamiltonian.

To show this, we will show that any sufficiently large pseudorandom digraph has a good partition (see
Lemma . This definition requires that directed cycles be found through particular edges. For this,
we define the following weak and strong connection properties, where the key difference is that the latter
property allows a cycle to be found through particular edges in a given order.

Definition 2.3. A vertex set U in a digraph D is weakly connected if, for any independent set E of
directed edges in the complete digraph with vertex set U, there is a directed cycle in D+ E which contains
every edge in F.

Definition 2.4. A vertex set U in a digraph D is strongly connected if, for any ¢ and any independent
set E ={eq,...,er} of directed edges in the complete digraph with vertex set U, there is a directed cycle
in D + F which contains the edges e, ..., e, in that order.

We also merge vertices using the following definition.

Definition 2.5. In a digraph D, we merge a vertex = into a vertex y by deleting x and y and creating a
new vertex z with in-neighbourhood N (z) \ {y} and out-neighbourhood N7} (y) \ {z}.

Using these definitions, we define a good partition as follows.

Definition 2.6. In a digraph D, a vertex partition V(D) = AU By U By U Ry U Ry U R3 U Ry is an
(¢,7r)-good partition if the following hold.

B1 Any set U C V(D) \ A with |U]| < 4r is strongly connected in D[A U U].



B2 If B’ C V(D) contains By U Ba, and u,v € B’ \ (By U By) with u # v, then there is a collection of
at most ¢ disjoint directed paths with length at least 1 in D + wt which cover B’ exactly, each start
and end in Bs, and one of which contains the edge .

B3 There are matchings M7, M> and M3 from Ry into Ry, R into R3 and Ry into R3 in D, respectively,
and |R;| = r for each i € [4], so that the following holds.

B4 Let f : Ry — Ry be such that, for each v € Ry, f(v) and v are the end vertices of an alternating
path in My U My U Ms. Merge each vertex v € Ry into f(v) in D to get the digraph D’. Let R
be the set of merged vertices in D’. Then, any set U C By with |U| < 2¢ is weakly connected in
D'RUUI.

If a digraph has an (¢, r)-good partition for some ¢,r > 0, then we say D has a good partition.

We now give the main part of our argument, showing that any digraph with a good partition is
Hamiltonian.

Lemma 2.7. Any digraph with a good partition is Hamiltonian. O

Proof. Let D be a digraph and let V(D) = AU By U By U Ry U Re U R3 U Ry be an (¢, r)-good partition
of D, for some integers ¢, > 0. Using find a matching from Ry into Ry, Rs into R3 and R4 into Rs,
so that holds. Use these matchings to label vertices so that Ry = {x1,...,2,}, Ry = {u1,...,ur},
Rs ={vy,...,v.} and Ry = {y1,...,y,}, and, for each i € [r], W, U0, YU, € E(D).

By applied with E = {w;z}, jiv,, : i € [r]}, we can find disjoint directed paths P; and Q;, i € [r—1],
and P, in D[AUV(E)] so that

w11 Pryiv1 Qrueo Poyov2Qa - . . up T Py, vy (1)

is a directed uq,v.-path in D (see Figure [1). Note that, for each i € [r], if z;P;y; is removed from the
path in , then, as u;v, € E(D), this is still a directed uy,v,-path in D.

(5] (%} Q1 Uy Vi Qz
Tl P]_ Y1 Xy P Yi Ty P Yr

Figure 1: The directed path in , with the additional edges w, , & € [r], in grey.

Let R = Ry URy U R3 U Ry. Let A’ be the set of vertices in A U R not appearing in . Note that,
in fact, A’ C A. By[B2] we can find some m € [¢] and Vertlces and directed paths s;S;t;, i € [m], so that
{s:Sit; : 1 € [m]} is a set of disjoint directed paths in D+ u;v; with length at least 1 which exactly covers
AU 31 U By U {uy,v,} and for which {s;,t; : i € [m]} C Bg, and so that S; contains the edge urv,. Say
that S1 = Sjuiv,.S7. Thus, the following set of paths forms a partition of A’ U By U By U {uq,v,}.

{slS{ul} @] {’UTSiltl} U {siSiti :2<1 < m} (2)
Furthermore, then, the following paths form a partition of V(D) (as depicted in Figure [2)).
{s157ur1} U{v.SVt1} U{s;Sit; : 2 <i <m}U{x;Py; i € [r]} U{viQiuisq1: 1 <i<r} (3)

Let D’ be the digraph formed from D by, for each i € [r], merging z; into y; to get the vertex z;. Let
R ={z:i€]r]}. Let E' = {sl—tz : 4 € [m]}. By there are disjoint directed paths T7,..., T}, in
D'[R'UV(E’)] and a bijection f : [m] — [m] with f(1) =1 so that
tiTispoptrTasietreIs - spemytrem Tmst

is a directed path in D'[R' UV (E")] + E'.
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Figure 2: The partition of V(D) given by the paths in . It remains to connect the s;,t;-paths in some
order using some of the paths x;P;y;, j € [r], to find a directed Hamilton cycle.

For each i € [m], replace each vertex z;, j € [r], of T; by the corresponding directed path z;P;y; and
call the resulting path T/. Note that, from the definition of D', T} is a directed path in D. Thus, the path

tTiss@ i Tass@)tr@ Ts - spemtrem Tnsi

is a directed path in D + E’. Replacing each edge s;t;, 2 < i < m with the directed path s;S;t;, and
adding the paths v,.57t; and s157u;, we get that

Cy =087 t1T1$f(2 St(2) )TQSf(g)tf(g)T3 m)Sf(m)tf(m)T;nS1S£u1 (4)

is a directed path in D. As the paths in form a partition of A’ U By U By U {uy,v,}, P; has vertex set
A"U By U By U {uq,v,} with some sets V(z,;P;y;) added (those appearing in some path 7}). Using the
definition of A’, then, the path C; contains every vertex not in the path in as well as vy and v,., and
the vertices in V' (z; P;y;) for some j € [r].

For each j € [r], if x;P;y; is contained in C, then let Z; be the empty path on no vertices, and
otherwise let Z; be x;P;y;. Thus, the path

CZ = ulzllellLQZQ’UQQQ e UTZT’UT (5)

is the path in with some paths z; P;y;, i € [r], removed, which, by construction, is a directed path.
The path C5 contains exactly the vertices in the path in except for those appearing in C7, as well as
uy and v,. Thus, as the path C; contains all the vertices not in the path , the two paths C; and Cy
form a cycle with vertex set V(D), as required. O

2.3 Preliminaries

We will use the following well-known version of Chernoff’s lemma (see, for example, [18, Corollary 2.3]).

Lemma 2.8. If X is a binomial variable with standard parameters n and p, denoted X = Bin(n,p), and
e satisfies 0 < e < 3/2, then

P(|X — EX| > eEX) < 2exp (—e’EX/3) .

To find a matching from one set into another, we will use the following simple proposition (for undi-
rected graphs).

Proposition 2.9. Let G be a bipartite graph with vertex classes A and B with size n each, such that, for
eachU C A or U C B with |U| < [n/2], IN(U)| > |U|. Then, there is a matching from A to B in G.



Proof. Let U C A with [n/2] < |U| < n. By considering a subset U’ C U with size [n/2], we have that
IN(U)| > |IN(U')| > [n/2]. Thus, |[B\N(U)| < n—[n/2] = [n/2], so that, by the property in the lemma,
IN(B\N(U))| > |B\ N(U)|. Thus, as there are no edges between U and B\ N(U), we have

Ul <n—|N(B\NU))| <n—[B\NU)|=n-(n—|NU)),

and therefore |[N(U)| > |U|. By the property in the lemma, this is also true for all U C A with |U| < [n/2].
Thus, Hall’s matching condition is satisfied, and there is a matching from A into B. O

3 Set division using the local lemma

We will take vertex partitions using the following version of the Erd&s-Lovasz Local Lemma, due to
Lovész [29, Theorem 1.1].

Theorem 3.1. Let Ay, ..., A, be events in a probability space 2 with dependence graph G. Suppose there
exist 0 < x1,...,x, <1 such that, for each i € [n],

P(A) <z [ (Q-u).

jijeE(G)
Then, no such event A; occurs with strictly positive probability.

Through the following lemma, we use Theorem [3.1] as follows. Given a vertex set A in a digraph, where
every vertex has plenty of in- and out-neighbours in A, we partition A so that every vertex has at least
some in- and out-neighbours in each subset in the partition. We use this in a similar manner to Hefetz,
Krivelevich and Szabé [16] on their work on the sharp threshold of certain spanning trees in G(n, p).

Lemma 3.2. Let {,m,n,6, A € N with £ <logn, and let € > 0. Let D be a digraph with n vertices and
A C V(D) so that the following hold.

C1 For each v € V(D), d*(v,A) > 6§ and d*(v) < A.
C2 For each U C V(D) with |U| =m, [NT(U, A)| > (1/2 +¢)|A.

Let a = |Al, and suppose that a;, i € [{], are integers with 3,1, a; < a such that the following hold for
each i € [4].
D1 =9 > 1038

2

D2 =2 exp($2) > 10°¢%n

[~ o

D3 exp(£2) > 320¢A?

D4 53 > mlog(<2)
Then, there are disjoint sets Ay, ..., Ay C A such that |A;| = a; for each i € [€] and the following hold.

E1 For each v € V(D) and i € [(], a;6/4a < d* (v, A) < 4a;A/a.

E2 For each U C V(D), with |U| = m, and i € [{], IN*(U, A;)| > (1/2 +¢/2)a;.

Proof. Without loss of generality, assume that a; > as > ... > ay. Let p = gay/10¢a. For each i € [¢], let

pi = (a;/a) —p > (1 —¢/10)a;/a. (6)
Let 8
po=min{1- 3 pi (¢4 p} < (4 0p = 52 7
i€[(]



Noting that Zf:o p; < 1, pick random disjoint sets
By,B1,B>,..., By C A

so that, for each vertex v € V/(D), P(v € B;) = p; for each 0 < ¢ < ¢, and whether v appears in one of the
sets, and which set it appears in, is independent of the location of all the other vertices in D.

We will show, using Theorem that with positive probability the partition satisfies the following
properties.

F1 For each i € [¢], |B;| < a;, and | Uf_, B;| > Diely Y-

F2 Every subset U C V(D) with |U| = m satisfies [N*(U, B;)| > (1/2 + ¢/2)a; for each i € [{].
F3 For each v € V(D) and i € [{], a;6/4a < d*(v, B;) < 2a;A/a.

F4 For each v € V(D), d* (v, By) < 2a,A/a.

This will be sufficient to prove the lemma. Indeed, there will thus exist some partition in which
hold. Let then Aj,..., Ay C A be disjoint subsets such that B; C A; C B; U By and |A;| = a; hold for

each i € [¢]; this is possible by As follows from and and follows from we have the

required partition.
Let then B be the event that [F1] or [F2] does not hold. For each v € V(D), let B(v) be the event that
[F3] or [F4] does not hold for v. Let

g =1/2 and ¢ =400exp(—aed/24a).
Note that each event B(v) has some dependence on B and at most 4A? other events B(v').
We will show the following two claims.
Claim 1. For each v € V(D), P(B(v)) < q(1 — q5)(1 — ¢)*~".
Claim 2. P(B) < gg(1—q)".

Thus, by Theorem and Claims [I] and [2] with positive probability some partition exists for which
no event B or B(v), v € V(D), holds, and thus for which hold, as required. It remains then to
prove the two claims.

Proof of Claim[d Let v € V(D), j € {+,~} and d = d’(v, A), so that, by [C1] § < d < A. For each
i € [¢], noting that, by (6), a;/2a < p; < a;/a, we have, using Lemma [2.8] that

P(d’ (v, B;) & (ai6/4a,2a;A/a)) < P(|d (v, B;) — pid| > pid/2)
< 2exp(—p;d/12) < 2exp(—a;6/24a) < 2exp(—aed/24a). (8)

As, by , po < p¢, we also have that

. . (8
P(d’ (v, By) > 2a¢A/a) < P(d? (v, Bg) > 2a¢A/a) g 2 exp(—apd/24a).

Thus, for each v € V(D), we have P(B(v)) < 4(¢ 4+ 1) exp(—asd/24a) < ¢/5. By we have that
4qA? < 1/2. Thus, as qg = 1/2,

P(B(v)) <q-(1-qp)- (1-49A%) <q-(1-qp)- (1 - )**". =
We will prove Claim [2] using two further claims.

Claim 3. P(F1]holds) < 4¢exp(—¢c?a?/10%¢(%a).



Proof of Claim[3 By (6) and Lemma [2.8] for each i € [¢],

P(|Bi| > a;) = P(|Bs| — psa > pa) = P(|B| — pia > (p/pi) - pia) < 2exp(—(p/pi)* - pia/3)
= 2exp(—p?a/3p;) < 2exp(—pa/3) = 2exp(—c2ai/10%(*a). 9)

Note that, for each v € A, by @ and @
¢ o
P(v € Uf_oB;) = Zpi = min {17 (Z EZ) —i—p} =:p.
i=0 =

If p = 1, then, with probability 1, |U{_oBi| = a > 3=, ai, as required, so assume that p = (3¢ (4 ai/a)+
p. Then, by Lemma [2.8]

P( Uy Bil< Y ) < P(| U Bi| — pa < —pa) = B(| U_o Bl — pa < —p(pa)/p)

€[]
< 2exp(—(p/p)? - (Fa)/3) < 2exp(—p%a/3) = 2exp(—e%a2/10%%a).  (10)
Thus, the claim follows from and, for each i € [{], (9). O

Claim 4. For each U C V(D) with |U| =m, i € [{], and j € {+,—},
P(IN?(U, B;)| < (1/2 4 ¢/2)a;) < 2exp(—e2a;/400).

Proof of Claim[g} Let U C V(D) with |U| =m, i € [(], and j € {+,—}, and take U’ = N7(U, A). By[C2]
|U'| > (1/2 + €)a, so that

1/2 2
E|U' N B, @ (1/2+¢€)a- (1 —¢e/10)a;/a > (1/2 + 3e/4)a; > {_—Zjé ;
Thus, we have both E|U’ N B;| > a;/2 and (1/2+¢/2)a; < (1 —&/8)E|U’ N B;|. Therefore, by Lemma[2.8]
P|U'NB;| < (1/2+¢/2)a;) < 2exp(—(¢/8)*-E|U'NB;|/3) < 2exp(—(g/8)%-a;/6) < 2exp(—e2a;/400). O

With these two claims, we can now prove Claim [2] as follows.

Proof of Claim @ By Claimand Claim and taking into account that there are at most (") < (en/m)™

subsets with size m of V(D), we have
e2q? en\m e2ayp
P(B) < 4exp | ——— 4£~(—) : Lt
(B) < 4fexp ( 102£2 ) L P A Tl

D4 a? e2a ea?
f 4 {4
S 4/ exp ( 0262 ) + 44 exp < 103 > S 8¢ exp <103€2a> .

As ¢ <1/2 and gg = 1/2, we have gg(1 — ¢)" > 6*2‘1”/2 Therefore, for Claim 2| it is sufficient to show
that

8l exp 262 >_ e 2am /2,

or, equivalently,

£24?
10202 — log(16¢) > 2¢n.
By then, it is sufficient to show that
2.2
e%aj
> 4qn.
10202 = 1"
However, as ¢ = 40¢ exp(—a¢d/24a), this holds directly from O O
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4 Path connection in pseudorandom digraphs

In order to connect edges into a cycle, we develop a directed version of techniques of Glebov, Krivelevich
and Johannsen [I5]. In [I5], a concept of (d, m)-extendability is defined and used to find trees in any
graph with certain expansion properties. In short, when a tree S is (d, m)-extendable in a graph G and
v € V(9), then, subject to certain simple conditions, we can add a leaf to v in S so that the subsequent
tree remains (d, m)-extendable. As shown in [I5], this gives a flexible framework for embedding trees, but
also allows paths to be found between vertex sets in (d, m)-extendable graphs. This latter property is
what we want, except we will adapt this to work with directed graphs.

To do this, we work with two bipartite graphs, H; and H say, with the same vertex classes, A; and
Ay say. When we apply the results to a digraph D, H; will typically be the edges in D directed from A,
into Ap (with the directions removed) while Hy will be the edges in D directed from Ay into Ay. If the
edges of a path alternate between H; and Hs then this will be a directed path in the digraph.

To define our version of extendability we need the following definition.

Definition 4.1. Given a forest S, an edge e € E(S) and a vertex set X C V(S) with exactly one vertex
in each tree in S, let d(e, X) be the distance of the shortest path from any vertex in e to any vertex in X.

Our extendable subgraph S will be a forest, and we use the set X to record which edges of S are in
each graph — they will alternate between H; and Hs working out from X. We define extendability in a
pair of bipartite graphs as follows.

Definition 4.2. Suppose that H; and H> are two bipartite graphs with the same vertex classes A; and

As, and that S is a forest containing X C V(S) N A; in which exactly one vertex in each tree in S is in

X. For each i € [2], let S; be the subgraph of S with edge set {e € E(S) : d(e, X) =i+ 1 mod 2}.
Then, we say (S, X) is (d, m)-extendable in (Hy, Hz) if the following hold.

G1 A(S) <d.
G2 For each i € [2], S; C H;.
G3 For each i € [2] and U C A4; with 0 < |U| < 2m,

[N (U)\ V(S)] = d|U| = es, (U, Az—).

G4 For each i € [2] and U C A; with |U| > m, |Ng,(U)| > |As—;|/2.

Given a (d, m)-extendable forest that is not too large, we can add an edge to any vertex with degree
less than d in the forest while remaining (d, m)-extendable, as follows.

Lemma 4.3. Let d > 2 and m > 1. Suppose that Hy and Hy are two bipartite graphs with the same
vertex classes A1 and Az, and that S is a forest containing X C V(S)N Ay in which exactly one vertex in
each tree in S is in X. Suppose that (S, X) is (d, m)-extendable in (Hy, Hz), and

1] < min{|As], | Aa]}/2 — 2dm — 2. (11)

Then, for each i € [2] and x € V(S) N A; with ds(z) < d, there exists some y € Ny, (x) \ V(S) so that
(S + zy, X) is (d,m)-extendable in (Hy, Hs).

Proof. Suppose, to the contrary that there is some i € [2] and x € V(S) N A; with dg(z) < d for which no
such y exists. For each y € Np,(z) \ V(95), and for (S + zy, X) to be (d, m)-extendable in
(H1, Hz) hold directly from the same statements for the extendability of (S, X) and as y € Ny, (x) \ V(S).
Furthermore, as V(S + zy) N A; = V(S) N A;, for the index 3 — ¢ holds for (S + xy, X).

Therefore, for each y € Ny, (z) \ V(S), there is some set U, C A; such that |U,| < 2m and

INa (Uy) \ V(S + 2y)| < d|Uy| = es,4ay(Uy, Az—i). (12)
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From simple set relations and the extendability of (S, X) in (Hy, Hz), we have, for each y € Ny, (z)\V(5),
that

INu, (Uy) \ V(S + 2y)| + Liyeny, w3 = [Nu, (Uy) \ V(5)]

[G3l
> d‘Uy| - eSi(vaAB—i)
= d|Uy‘ - eSH-ccy(va Az—q) + 1{aceUy}- (13)

Thus, as holds, we must have that 1¢,en, (v,)} =1, 1{zev,} = 0, and that equality holds throughout
(13). That is, we have the following.

G5 For each y € Ny, (z) \ V(S), we have y € Ny, (Uy), |Nu,(U,) \ V(S)| = d|Uy| — es, (Uy, As—;) and
x ¢ Uy.

We will now show that, in fact, each such U, must have size at most m, using the following claim.
Claim 5. If U C A; and m < |U| < 2m, then |Ng, (U) \ V(S + zy)| > d|U]|.
Proof of Claim[3 Let U C A; with m < |U| < 2m. Then, from and , we have
N, (D) \ V(S +ay)] > [Aa—il/2 — S| = 1 > 2dm + 1 > d|U]|. O
Thus, by and Claim [5} for each y € Ng, (z) \ V(S), we have |U,| < m.
Claim 6. For each Y C Ny, (z) \ V(S), | Uyey Uy| < m and
[N, (Uyey Uy) \ V(S)| = d| Uyey Uy| — es,(Uyey Uy, As—;).

Proof of Claim[6l We prove this by induction on |Y|. We know this to be true if |Y| = 1 by S0
assume that |Y| > 1, and, picking yo € Y, that the claim is true for Y := Y \ {yo} and {yo}. Note first
that | Uyey Uyl < | Uyeyr Uyl + |Uy,| < 2m. Then, by the induction hypothesis and simple set relations
(in particular, that, for all sets A, B in a graph G, [N(AUB)|+ |[N(ANB)| < |N(A)|+|N(B)|), we have

[N, (Uyey Uy) \ V(S)| + [N, (Uyey Uy) N Uy, ) \ V(S)]
< [Na, (Uyey Uy) \ V(S)| + [Na, (Uy,) \ V(9)]
= d|Uyey Uy| — es,(Uyey Uy, As—i) + d|Uy, | — es,(Uy,, Az—;)
= d| Uyey Uy| + d[(Uyey Uy) N Uy, | — es,(Uyey Uy, As—i) — es, (Uyey Uy) N Uy,, Az—i). (14)

Now, by applied to (Uyey Uy) N Uy, (noting that this also holds if the set is empty), we have that
|NHi((Uy€Y’Uy) N Uyo) \V(9)| = d|(Uer’Uy) N Uyo‘ - esi((UyGY’Uy) N UyovASfi)
Therefore, in combination with (14)), we have
[Na (Uyey Uy) \ V()| < d| Uyey Uy| = es,(Uyey Uy, Az—i). (15)

Thus, from applied to Uyey Uy, we have that equality holds in , as required. By Claim |5, we also
then have that | Uyey Uy| < m. O

From Claim [6| with Y = Ny, (z) \ V(S), we have | Uyey U,| < m and
[Nu (Uyey Uy) \ V()| = d| Uyey Uy| — es,(Uyey Uy, Az ). (16)
By we have y € Ny, (Uy) for each y € Y = Ny, (z) \ V(S), and thus
[Na (Uyey Uy) U{z}) \ V(S)] = [Nu, (Uyey Uy) \ V(S)]. (17)
As, by x ¢ U, for each y € Y, and dg(z) < d, we have

dl(UyEYUy) U{z}| - 6Si((UyEYUy) U{z}, Az—;) > d| Uyey Uyl — €5, (UerUy, Az_i). (18)
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Combining , and , we have
dl(UyeyUy) U {z}| - es; ((UyeyUy) U {z}, Az—i) > |NHi((Uy€YUy) U{zh) \ V(9)I.

As |(UyeyUy) U{a}| < m~+1 < 2m, this contradicts[G3]in definition of the (d,m)-extendability of (S, X)
in (Hy, Hs). Thus, some such y as required by the lemma must exist. O

Applying Lemma repeatedly, we can build an extendable copy of a tree, as follows.

Lemma 4.4. Let d > 2 and m > 1. Let A1 and Ay be disjoint sets and let X C Ay and X' ¢ X. Let T
be a forest containing X, in which each component has exactly one vertex in X and each vertex in X' has
degree 0. Let T, x € X', be vertex disjoint trees with mazimum degree at most d such that T, contains
x. Let T" = Upex:T,. Let Hy and Hs be bipartite graphs with vertex classes A1 and As. Suppose (T, X)
is (d,m)-extendable in (Hy, Hy) and that

7] + 7] < min{ Ay, | A2}/2 - 2dm — 1. (19)

Then, there is a copy S of T' so that each vertexr x € X' is copied to itself, V(T) NV (S) = X', and
(T'+ S, X) is (d,m)-extendable in (Hy, Ha).

Proof. We will prove this by induction on |E(T")|. If |E(T")| = 0, then let S be the forest with vertex
set X’ and no edges, noting this satisfies the lemma as 7'+ S = T'. Suppose then that |E(T")| > 1. Pick
xo € X' with |E(Ty,)| > 1, let yo be a leaf of T, which is not equal to ¢ and let zg be the neighbour of
yo in T,. By the induction hypothesis, there is some copy S’ C Hy U Hy of T' — yg such that z is copied
to x, for each x € X', V(T)NV(S") = X', and (T + S’, X) is (d, m)-extendable in (Hy, Hs).

Let z{ be the copy of zy in S’. Suppose z{, € Ay, where the case where z{, € As follows similarly. As
T, has maximum degree at most d, the degree of zp in S’ is at most d — 1. By ,

T+ ') < [T]+ ']~ 1 < min{|Ax], | A]}/2 — 2dm — 2.
Thus, by Lemma[4.3] there is some vertex g in Ao\ V(T +S’) so that zjy) € E(H;) and, if S := S’ + 2y},

(T + S,X) is (d,m)-extendable in (Hy, Hz). Noting that V(T) NV (S)=V(T)NV(S) = X', and Sis a
copy of T” in which each vertex in X’ is copied to itself, completes the proof. O

A critical part of the method used by Glebov, Krivelevich and Johannsen [15] is that not only can we
add a leaf and remain (d, m)-extendable, but we can also remove a leaf and remain (d, m)-extendable, as
follows.

Proposition 4.5. Suppose that Hy and Hs are two bipartite graphs with the same vertex classes Ay and

As, and that S is a forest containing X C V(S)N Ay in which exactly one vertez in each tree in S is in X.

Suppose i € [2], x € V(S)NA; and y € Az_; \ V(S) so that (S + zy, X) is (d, m)-extendable in (Hy, Hs).
Then, (S, X) is (d, m)-extendable in (Hy, Hs).

Proof. That and hold for (S, X) to be (d, m)-extendable in (Hy, Hs) follows directly from
the same conditions for the (d, m)-extendability of (S + xy, X), so we need only check
For each j € [2], let S; be the subgraph of S with edge set {e € E(S) : d(e, X) = j +1 mod 2} and
let S% be the subgraph of S + zy with edge set {e € E(S + zy) : d(e,X) = j +1 mod 2}. Note that
Si=58;+xyand S5_;, = S5_;.
Let U C A; with 0 < |U| < 2m. If © ¢ U, then, as (S + xy, X) is (d, m)-extendable in (Hy, Ha),
[N, (U)\V(S)| = [Ng,(U) \ V(S + zy)|
> d‘U| - eSi"l‘wy(U’ A3—i)
= d‘U| - esi(U, Agfi).

On the other hand, if x € U, then y € Ny, (U), so that

[N (U)\ V()| = [Nu, (U)\ V(S + zy)| + 1
> dlU| - BSi-i-xy(Ua Az_i)+1
= d|U| —€s; (U, Ag_i).
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Finally, let U C As_; with 0 < |U| < 2m, then, as y € A3_;, and S,_, = S5_;,

[Na,_,(U)\ V()| = [Ng,_,(U)\ V(S + zy)|
2 d|U| — 65‘%7 (U, Ag_i)

i

= d|U| - 65371.(U, Adfl)

Thus, holds so that (S, X) is (d, m)-extendable in (H;, Hs). O

4.1 Path connections

We will now build paths between vertex sets, using the work in this section so far. The next lemma is
the key lemma we use to show weak and strong connectivity in pseudorandom digraphs. We work with
two extendable forests S and T in two vertex disjoint pairs of bipartite graphs (G1,G2) and (Hy, Ha).
Given vertex sets X' C V(S) and Y’ C V(T), we add a (d — 1)-ary tree disjointly to each vertex in X’
and Y’ while retaining the respective extendability properties. The resulting trees attached to X’ and Y’
are, together, very large, and this will allow us to connect two trees from X’ and Y’ respectively using
another set Z. This allows us to find a path from a vertex in X’ to a vertex in Y’ which initially alternates
between edges in G; and G2, then passes through Z, before alternating between edges in H; and H,. The
edges in these graphs will be chosen so that this will correspond to a directed path in our initial digraph.
Crucially, we can then use Lemma [£.5] to remove the vertices we added but did not use in this connection,
while remaining extendable. This allows us to efficiently repeat the argument to find more connections.

We emphasise again that this is a fairly direct adaptation of the work of Glebov, Krivelevich and
Johannsen [I5], only in a form applicable to digraphs.

Lemma 4.6. Let m > 1, d > 3 and k satisfy k = [logm/log(d — 1)], and let 0 < j < k. Let G be a
graph containing the disjoint vertex sets Ay, As, By, Bo and Z. Let X C Ay andY C By. Let S and T
be forests so that there is exactly one vertex of X andY in each component respectively, and so that

1 .
S, 17| < 5 min{|A1], [A2], | B, | Ba|} — 10dm — 1. (20)

Let G1 and G2 be bipartite subgraphs of G with vertex classes A1 and As so that (S,X) is (d,m)-
extendable in (G1,G2). Let Hy and Hs be bipartite subgraphs of G with vertezx classes By and Bs so that
(T,Y) is (d,m)-extendable in (Hy, Hs).

For any U C Ay U Az or U C By U By with |U| = m, suppose that |Ng(U, Z)| > |Z|/2. Suppose that
X'CX andY' CY with |X'|,|Y’]| > m/(d—1) are sets of vertices with degree 0 in S and T respectively.
Then, there are some v € X', y € Y/, myp € A1 U Ay and yo € By U By and paths P C G1 U Gy and
Q C Hy U Hy such that the following hold.

e P is an x,xo-path with length at most j and no vertices in V(S) \ {z}, and (S + P, X) is (d,m)-
extendable in (G1,G2).

e Q is a y,yo-path with length at most j and no vertices in V(T) \ {y}, and (T + Q,Y) is (d,m)-
extendable in (Hy, Hs).

° Ng(l‘o) N Ng(yo) Nz ?é 0.

Proof. By removing vertices from X’ and Y’ if necessary, assume that |X'| = |Y’'| = [m/(d — 1)7]. Let
Se, € X', be a collection of disjoint (d — 1)-ary trees with depth j so that S, has root x for each z € X',
and let 8" = Uzex/S;. Let Ty, y € Y, be a collection of disjoint (d — 1)-ary trees with depth j so that T,
has root y for each y € Y’, and let T" = Uyey-T,.

Note that, by (20), |S’| < 4md < min{|A;|, [42|}/2 — 2dm — 1 — |S|. Therefore, by Lemma [4.4] there
is a copy S” of S” such that z is copied to x for each z € X’ and (S + S”,X) is (d, m)-extendable in
(G1,Gs). Similarly, by Lemma there is a copy 1" of T” such that y is copied to y for each y € Y’ and
(T+T",Y)is (d,m)-extendable in (Hy, H).

Noting that |S”],|T"| > m, we can find some z¢ € V(S”) and yo € V(T") such that Ng(xo) NNa(yo)N
Z # 0. Let x be the vertex in X’ for which there is a path, P say, in S” with length at most j from x
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to zg. Note that, by iteratively removing leaves not in X, S + S” can be turned into S + P. Thus, by
repeated application of Lemma [£.5] we have that (S + P, X) is (d, m)-extendable in (G1, G2).

Similarly, there is a y,yo-path, @ say, in 7" with length at most j, so that (T + Q,Y) is (d,m)-
extendable in (Hy, Hs). Thus, the vertices z, y, o, yo and paths P and @ satisfy the requirements in the
lemma. O

4.2 Strong connection in pseudorandom digraphs

We now use Lemma to show a strong connection property in pseudorandom digraphs. We first use
Lemma [3:2] to find the sets to which we can then apply Lemma [£.6] In our application, we connect pairs
of vertices with paths of length O(logn/ log?? n).

Theorem 4.7. For each € > 0, there exists ng = no(e) such that the following holds for every d > 1075
and n > ng. Let D be an n-vertex (d,e)-pseudorandom digraph containing a set A with |A| > n/ log[3] n
and in which the following hold with m = nlog[g] n/dlogn.

1. For each v € V(D), d*(v, A) > d(logn)3/*.
2. For each U C V(D) with |U| = m, [NT(U, A)| > (1/2 + ¢/2)|A|.

Then, any set V C V(D) \ A with
|Allog@

Vi< 7l

" logn-log''n

is strongly connected in D[AUV].

Proof. Let a = ||A|/5], § = d(logn)?* and A = 10%dlogn so that, for each v € V(D), d*(v, A) > 4,
and, by in the definition of (d, )-pseudorandomness, we have A*(D) < A. We will now check the
hﬂl

conditions to apply Lemma with 6, A, m, n unchanged, { =5, a; = ... = a5 = a and /2 in
place of e. We have, for in turn, that

e2a?
A~ Qe (a) = w(1),

e2a? . ad S e2a? o ] Q n . d(logn)3/* (n)
. ex 2 exp|— ) = —exp | ——L— ] ) =w(n
41A] P\ 2a1a]) = aa] P 200 “\log®n P\ 200 ’

m(£&>zm{£Qﬂwwmmﬁmmfm%>w@%

and, as log(en/m) = O(log(dlogn)),

e2a n dlogn en
_— = QE = Qa _— | = Qa — | = -] 1 = .1 - .
4103 (a) <log[3] n) (m (log[3] n)2> w(m - log(dlogn)) = w (m o8 (m ))

Thus, by Lemma for sufficiently large n, there are disjoint vertex sets A}, As, B{, B2, Z in A, each
with size a, such that

H1 For each v € V(D) and B € {A}, Ay, B}, B, Z}, d* (v, B) > ad/4|A| > d(logn)>/*/40.
H2 For each U C V(D) with [U| =m and B € {A}, Ay, B}, Bo, Z}, IN* (U, B)| > (1/2 + ¢/4)|B].

Now, let
|A|log® n

60 = 7]

= 21
logn - log (21)

~
and take an arbitrary set E = {y;z, : i € [(]} of £ < £ vertex disjoint edges in the complete digraph with
vertex set V(D) \ A. To show the lemma, it is sufficient to find a directed cycle in D[AUV (E)] + E which
contains the edges y1z1, ..., yex, in order.
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Let X = {x1,...,z¢} and Y = {y1,...ye}. Let G1 and G2 be the bipartite (undirected) graphs with
vertex set Ay := A]UX and A and the edges in D from A; to As and As to A; respectively, but without
their directions. Let H; and Hs be the bipartite (undirected) graphs with vertex set By := Bj UY and
B> and the edges in D from Bs to By and B; to By respectively, again without their directions. Let G
have vertex set AU X UY and consist of the edges in Gy, Go, Hy, Ho as well as the edges from A; U A, to
Z and Z to By U By. Let dy = (logn)'/? and note that dym = o(a). Let Ix and Iy respectively be the
graphs with vertex set X and Y which each have no edges.

Claim 7. For sufficiently large n, (Ix,X) is (dp, m)-extendable in (G1,G2) and (Iy,Y) is (do, m)-
extendable in (Hq, Ha).

Proof of Claim[7 We will show that (Ix,X) is (do, m)-extendable in (G, G2). That (Iy,Y) is (do,m)-
extendable in (Hy, Hy) follows similarly. Note that and in Deﬁnition are immediate as Ix and
Iy have no edges. Furthermore, from for each U C Ay with |U| > m, we have

NG, (U)\ X| = [N (U, A1\ X)| = NS (U, A)| > (1/2 + e/4)|AL] = (1/2 + e/4)(|A1] = |X]) > [A4]/2,

where we have used that |X| = ¢ = o(a). Thus, as for each U C A; with |U| > m we have, from that
|Ng, (U)| = [N} (U, A2)| > |A|/2, we have that holds.

Let U C A; with 0 < |U| < 2m. Each vertex in U has at least d(logn)®/*/40 > d(logn)?/? out-
neighbours in Ay in D by for sufficiently large n. Thus, as A2 N X = (), by in the definition of
(d, e)-pseudorandomness, we have

[Ne, (U, A2\ X)| = [N} (U, A2)| > do|U. (22)

Furthermore, for each U C Ay with 0 < |U| < 2m, each vertex in U has at least d(logn)3/4/40 > d(logn)?/3
out-neighbours in A} in D by for sufficiently large n. Thus, by in the definition of (d,¢)-
pseudorandomness, we have

[Ne, (U, A1\ X)| = [N (U, A})| = do|U. (23)
In combination, and show that holds to complete the proof of the (dy, m)-extendability of
(IX7X) in (Gl,Gg). O
Let | |
ogm ogn \ EI) a
k=|—>r——|=0(—7%%— ) = o — ). 24
[log(do - 1)—‘ <log[2] n) <fo> (2

Take a maximal set I C [¢] for which there is a vertex disjoint set of directed paths P; C G; U G2 and
Q; C HHUH,, ¢ € I, with length at most k each and distinct vertices z;, ¢ € I, in Z such that the following
hold (with addition modulo ¢ in the indices).

I1 For each i € I, P; is a path with start vertex x; and no vertices in X \ {x;}, and (Ix +>_
is (dg, m)-extendable in (G, G2).

ielpi7X)

I2 For eachi € I, Q; is a path with start vertex y;41 and no vertices in Y \{y; 41}, and (Iy +)_,; Qs,Y)
is (dg, m)-extendable in (Hy, Hs).

F
I3 For each i € I, P;z;Q; is a directed x;,y;1-path in D.

Note that, by Claim [7], I = () satisfies so that such a set I exists.

If I = [¢], then, b Ziel(yixiPiziai) is a directed cycle in E + D[A UV (E)] containing the edges
YiZi, © € I, in order, as required. Thus, assume for contradiction that there is some j € [¢] \ I.

Let the paths P; and Q;, and disjoint vertices z;, i € I, satisfy the conditions above. Let Z’ =
Z \ (Usjerzi), and note that |Z'| > |Z| — £. Thus, by the definition of G, and as £ < ¢y = o(a), we
have the following.

I4 For any U C Ay U As or U C By U By with |U| = m, we have |[Ng(U,Z")| > (1/2+¢/4)|Z| — € >
1Z1/2=2"]/2.
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Let S = Ix + > ;P and T' = Iy + ), @i, so that, by [I1| and (S,X) and (T,Y) are (do, m)-
extendable in (G1,G2) and (Hi, Hs) respectively. Note that, by , as dgm = o(a), we have

1 .
I IT] < €0+ 1) = o(a) = o (G min{| s} 142] B [ Bal} ~ 10dmg — 1) (25)

Thus, by (24), and we can apply Lemma with X' = {z;} and Y/ = {y;} to get vertices
' € A1UAs, ¥y € BiUB; and z; € Z’ and paths P; C G1 UG and Q; C Hy U H; such that the following
hold.

J1 P; is an z;,2'-path with length at most k£ and no vertices in V(S) \ {z;}, and (S + P;, X) is
(do, m)-extendable in (G1, Ga).

J2 Qj is a y;,y’-path with length at most k£ and no vertices in V(T') \ {y;}, and (T + Q;,Y) is (do, m)-
extendable in (Hy, Hs).

J3 'z, 2y € E(G).

Note that, by the definition of (dy, m)-extendability, for each ¢, the ith edge of P;, counting from z; is in
G mod 2. Thus, by the choice of the graphs G and G, P; is a directed path in D. Similarly, Q; is, when

H
reversed, a directed path in D. By and the choice of G, then, P;z;Q); is a directed x;y;-path in D.
Then, P;, Q; and z;, i € I U {j}, satisfy contradicting the maximality of I. O

4.3 Weak connection in pseudorandom digraphs

We now use Lemma to connect edges into a cycle using directed paths with, on average, length O(1)
(see Theorem 7 rather than the (potential) length . (logn/log®® n) used in Theorem For this to
be feasible we remove the restriction that the original edges appear in the cycle in a specified order — this
is the difference between weak and strong connection (see Definitions and [2.4)).

Similarly to the proof of Theorem [£.7] we prove Theorem [4.8| by first applying Lemma[3.2] to find sets
before, for any appropriate set of edges F, selecting a maximal set of paths satisfying some conditions.
Lemma [4.6| will then show that we have as many paths as possible, and thus have the cycle we need.
However, for discussion it is more convenient to think about finding paths one-by-one, each time connecting
two of the edges in F and moving closer to the cycle. At the start, there are many potential pairs of edges
we could connect together, allowing us to apply Lemma with initially large sets X’ and Y’. When we
have connected most of the edges into a cycle we will need to use longer paths, but we will still have, on
average, used short paths.

Theorem 4.8. For each € > 0, there exists ng = ng(g) such that the following holds for every d > 107°

and n > ng. Let D be an n-vertex (d,e)-pseudorandom digraph containing disjoint vertex sets A and V

so that

n(log? n)3
logn

nlog[z]n < |4 <

m < (26)
and |V| < |A]/1og!® n, and the following hold with m = nlog® n/dlogn.

1. For eachv e AUV, d*(v, A) > 40dlog®® n/log® n and d* (v, AUV) < d(log?? n)3.

2. For each U C AUV with |U| =m, INT(U, A)| > (1/2 +¢/8)|A|.
Then, V is weakly connected in D[AUV].

Proof. Let a = ||A|/5], § = 40d1og®® n/log® n, A = d(log®® n)? and n' = |JAU V| < 6a. We will now
check the conditions to apply Lemma (3.2 to D[A U V] with »n’ in place of n, §, A, m unchanged,
{=5a1 =...=as=aand /4 in place of . For sufficiently large n, we have for in turn that

2

(%)2 . ﬁT\ = 0.(a) = w(1),
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en2 a2 da dlogm n /
<§) .W.exp (M) _QE <a~exp (510g[4]n —w(a)_w(n)7

da dlog®n 21 [2] 6 9
exp <24A|> = exp (Q (k)gmn = w(d*(log™' n)®) = w(A®).
Using (26, for note that, as n’ < 6a < 6n(log?! n)3/logn, log(en’ /m) = O(log(dlog®® n)), and hence
eN2 a () nlogl n dlog@ n en’
=) = =Q = Q.| ——————— | = | = -1 — ).
(8) 103 (a) (logn . log[4] n " log[B] n- log[4] n e m

Thus, by Lemma for sufficiently large n, there are disjoint vertex sets A}, As, Bj, B2, Z in A, each
with size a, such that

and

K1 For each v € V(D) and B € {A}, Ay, B}, By, Z}, d* (v, B) > dlog®® n/log n.
K2 For each U C V(D) with [U| =m and B € {A}, A2, B}, B2, Z}, IN*(U, B)| > (1/2 + £/16)|B|.

Now, take an arbitrary set E = {y;z, : i € [(]} of £ < |V|/2 = o(a) vertex disjoint edges in the complete
digraph with vertex set V. To show the lemma, it is sufficient to find a directed cycle in D[AUV (E)]+ E
which contains the edges yl—:z:1> e ,m in any order.

Let X = {x1,...,2¢} and Y = {y1,...y¢}. Let G; and G be the bipartite (undirected) graphs with
vertex set Ay := A]UX and A and the edges in D from A; to Ay and As to A; respectively, but without
their directions. Let H; and Hy be the bipartite (undirected) graphs with vertex set By := Bf UY and
B> and the edges in D from Bs to B; and By to By respectively. Let G have vertex set AU X UY and
consist of the edges in G1,Gs, Hy, Hy as well as the edges from A; U As to Z and Z to By U Bs, again
without their directions. Let Ix and Iy respectively be the graphs with vertex set X and Y which each
have no edges. Let dy = 10.

Claim 8. For sufficiently large n, (Ix,X) is (dg, m)-extendable in (G1,G2) and (Iy,Y) is (dp,m)-
extendable in (Hy, Ha).

Proof of Claim[8 We will show that (Ix,X) is (do, m)-extendable in (G1,G2). That (Iy,Y) is (do,m)-
extendable in (Hy, Hs) follows similarly. Note that and in Definition hold as Ix and Iy have
no edges. Furthermore, from we have, for each U C Ay with |U| > m, that

[Ne, (U, A1) \ X| = NS (U, A} > (1/2 +¢/8)|AY] > |Ai]/2,

where we have used that |X| = |A41] — |A}| = o(a). Thus, as, for each U C A; with |U| > m, we have,
from that [Ng, (U, A2)| = [N} (U, A2)| > |A2|/2, we have that holds.

Let U C Ay with 0 < |U| < 2m. By for sufficiently large n, each vertex in U has at least
dlog[Q] n/ log[4] n out-neighbours in A, in D. Thus, as 4, N X = 0, by in the definition of (d,¢)-
pseudorandomness, we have

[Ne, (U, A2\ X)| = [N} (U, A2)| > do|U. (27)

Furthermore, for sufficiently large n, for each U C As with 0 < |U| < 2m, each vertex in U has
at least dlogl n/ log! n out-neighbours in A} in D by Thus, by in the definition of (d,¢)-
pseudorandomness, we have

[Na, (U, AL\ X)| = [N (U, A1)| = dolU. (28)

In combination, and show that holds to complete the proof of the (do, m)-extendability of
(IX7X) in (GhGg). O
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We will now cover the edges m, i € [f], using as few directed paths as possible, subject to some
conditions below). We will then use Lemma to show that in fact we have one directed path.
Applying Lemma {4.6| again will then allow us to complete this path into a cycle.

To govern the length of the covering paths, we use a function g defined as follows. For each r € [¢], let

g(r) = Z {log <£+471”_Z> / log(do — 1)} . (29)

i=1

As before, let Ix and Iy be the graphs with no edges and vertex sets X and Y respectively.
Now, for the smallest possible r € [¢], find vertex disjoint directed paths R;, ¢ € [r], in D[AUV (E)]|+E
satisfying the following properties.

L1 Each edge yl_wz appears in some path R;, j € [r].

L2 In total, the paths R;, 7 € [r], have length at most £+ 4 - g(¢ — r) and contain at most £ — r vertices
in Z.

L3 Each path R;, i € [r], starts with some vertex y; and ends with some vertex z;.

L4 Letting P and @ be the graphs of the edges in the paths R; which appear (without their directions)
in G1 UGz and H; U Hy respectively, (Ix + P, X) is (dg, m)-extendable in (G1,G2) and (Iy +Q,Y)
is (dg, m)-extendable in (Hy, H2).

Note that the ¢ paths consisting of just the edges m, i € [¢], satisfy these properties, so such an r and
such paths R;, i € [r], exist.

We will show, by contradiction, that 7 = 1. Let us assume then that r > 2. Let v/ = [r/2] > 1. Let
X’ be a set of 7’ end vertices of some of the paths R;, i € [r], and let Y’ be a set of r' start vertices of
some of the paths R;, i € [r], so that no path R;, i € [r], has a vertex in both X’ and Y”’. This is possible
as 2r’ < r. Note that, by X' C X and Y’ C Y. Furthermore, each vertex in X’ appears only in some
edge in F in the paths R;, ¢ € [r], and therefore has degree 0 in Ix + P. Similarly, each vertex in Y’ has
degree 0 in Iy + Q.

We will apply Lemma to Ix + P and Iy + @, so we need a bound on their size, which we get from
the following claim.

Claim 9.
90 =3 og (7= ) / oxtda — )| = ota)

Proof of Claim[9 For any positive integer s > 2 and each i € [{], if s = [log (4m/(¢ + 1 — 1))/ log(dy — 1)],

then
4m

do— 1) ' < —— < (dy — 1)%,
(do — 1) 1= S -1
and thus 4 4
m m
41— <i<fl+1 - —.
(do — 1)1 (do — 1)

Certainly, there are at most 1 + 4m/(dy — 1)*~! integers which satisfy this.
Thus, we have, as £ < |V]/2 < |A|/1og!® n = o(a), that

¢ [log(4m)/log(do—1)]
9 4m 4m
= 1 _— I -1 < 14—
g(0) Z-Ezl o8| 71— og(dg—1)| <L+ E + (=11 s

5=2
log(4m) —‘2 > s
<04 |2 g S
- [log(do -1) ; (do — 1)s—1
<l+1log’n+4m-0(1) = o(a). O
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As ¢ = o(a), by Claim [0 and we have

" 4m
< e — — = .
|IX+P|+|IY+Q|_3€+;4{log <£+1i)/10g(d0 1)-‘ o(a)

Let Z' = Z \ (UijejV (R;)), noting that, by and the definition of G, and as ¢ = o(a), we have,
for sufficiently large n, that

[K2F For each U C A; U Az and U C By U By with |U| =m, |[Ng(U,Z")| > (1/2+¢/8)|Z] — ¢ > |Z'|/2.
Let k' = [log(4m/r)/log(dy — 1)], so that
gl—r+1)=g(l—r)+F, (30)

and | X'| = |Y'| =+ > /2> 2m/(dy — 1)*". Thus, as dym = o(a) by ([26), by Lemma there are some
7,3 € [f], vertices 2’ € A; U Ay and y’' € By U By, and paths P’ C Gy UG5 and Q' C Hy U Hy such that
the following hold.

M1 z; € X' and yjy € Y'.

M2 P’ is an z;,2'-path with length at most k', no vertices in (X UV(P)) \ {z;}, and for which (Ix +
P+ P, X) is (dy, m)-extendable in (G1,G2).

M3 Q' is a y;/,y’-path with length at most &’ and no vertices in (Y UV(Q))\{y; }, and (Iy +Q+Q",Y)
is (dg, m)-extendable in (Hy, Hs).

M4 Ng(z') N Ne(y') N Z' # 0.

Note that, by definition of the (dy, m)-extendability, the ith edge of P’, counting from z; is in G; mod 2-
Thus, by the choice of the graphs Gy and Ga, P’ is a directed x;,2’-path in D. Similarly, @’ is, when
reversed, a directed y;/, y'-path in D. Using and noting that, by the choice of G,

Ne(x') N Ne(y') N Z' = Nj (") N Np(y') N Z',

select a vertex z € Z' such that P/ZC? is a directed z;y;-path in D.

Note that, by and the choice of X’ and Y”, z; is the end vertex of a path different to the path
of which y; is the start vertex. Assume, then, by relabelling if necessary, that x; is the end vertex of
R,_; and y; is the start vertex of R,. We will show that the » — 1 paths R = R;, i € [r — 2], and

=R, P z@Rr satisfy contradicting the definition of r.

By and the choice of Z’, and as the paths R;, i € [r], are vertex disjoint, the paths R/,
i € [r — 1], are vertex disjoint. By for the paths R;, i € [r], and as the paths R} contain the paths R;,
holds for the paths R., i € [r — 1]. Each path R} shares a start vertex with some path R; and an end
vertex with some (potentially different) path R;», and therefore, as holds for the paths R;, i € [r],
holds for the paths R}, i € [r — 1].

Note that P + P’ and @ + Q' are exactly the graphs of edges in the paths R; which appear (without
direction) in G; U G2 and Hj U Hy respectively. Thus, holds for the paths R}, i € [r — 1], by and
M 3l

The paths R}, i € [r — 1], contain one additional vertex in Z compared to the paths R;, i € [r], so that,
in total, they have at most £ — (r — 1) vertices in Z by for the paths R;. As P’ and @’ have length at
most k', we have, by for the paths R; again, that the paths R} have total length at most

(30)
£+4g(£—r)+2k’+2§£+4g(£—r)+4k’2£+4g(€—r+1).

Therefore, holds for the paths R}, i € [r — 1]. This completes the proof that hold for the paths
R}, i € [r — 1], contradicting the choice of r.

Therefore, we have that r = 1. That is, with relabelling, there is a single path R in D[AUV(FE)] + E
containing each edge in E, with start vertex y; and end vertex x2, with length at most o(a) (using Claim@
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and at most ¢ vertices in Z such that the following holds. If R’ and R” are the the graphs of edges in the
paths R which appear (without direction) in Gy U Gy and Hy U Hy respectively, then (Ix + R', X) and
(Iy + R")Y) are (dy,m) extendable in (G1,G2) and (H;, Hy) respectively.

Let Z” = Z \ V(R), and note that, as [Z N V(R)| < ¢ = o(a), for sufficiently large n, by [K2] we have
that

[K2’ For each U C A1 U Ay and U C By U By with |U| =m, [Ng(U,Z")| > (1/2+¢/8)|Z| — > |Z"|/2.

Let k = [log(2m)/log(dy — 1)]. By Claim[9] [L2]and [L4] and as dym = o(a), for sufficiently large n, by
Lemmathere are vertices ”/ € A1 U As and 3" € B; U By and paths P € G1 UG5 and Q" C H; U H»
such that the following hold.

N1 P”is an za,2"-path with length at most k and no vertices in V(R) \ {z2}, and for which (Ix + R’ +
P, X) is (do, m)-extendable in (G1, Ga).

N2 Q" is a y1,y"-path with length at most k& and no vertices in V(R) \ {1}, and (Iy + R +Q",Y) is
(do, m)-extendable in (Hy, Hs).

N3 Ng(z”) N Ne(y”) N Z' # 0.

Note that, by the definition of (dy, m)-extendability, the ith edge of P”, counting from x5 is in G; mod 2-
Thus, by the choice of the graphs G; and Gg, P” is a directed x5, z”-path in D. Similarly, Q" is, when
reversed, a directed y”, y1-path in D. Using and noting that, by the choice of G,

Ne(2")N Na(y")n 2" = N}y («") N Ny (y") N 2",

(_
select a vertex 2’ € ZLsuch that P"2'Q" is a directed xoy,-path in D[A U V].
Therefore, RP"2'Q" is a directed cycle in D[AU V] + E containing each edge in F, as required. O

5 Covering vertices with directed paths

To cover most of the vertices with few directed paths we divide the vertex sets into random sets using the
local lemma and then find matchings between the sets. It would be nice to do this in one application of
Lemma [3.2] however this is not possible. Essentially, this would attempt to track the in- and out-degrees
of all vertices into each random set, which is too much for our methods. (Specifically, the maximum
degree conditions are too weak for in Lemma to hold.) However, for each vertex we only need to
track its in- and out-degree into the sets we want to match it with. We therefore apply Lemma [3.2] in
two rounds. First, we divide the digraph into medium-sized sets. Next, we take smaller subdigraphs and
apply Lemma to them, so that we track the in- and out-degrees of fewer vertices in each division. (The
subdigraph has stronger maximum degree conditions, so thatwill hold.) This divides the medium-sized
sets into the size we want.

Lemma 5.1. For each ¢ > 0, there exists ng = no(g) such that the following holds for every d > 1075
and n > ng. Suppose an n-vertezx (d,e)-pseudorandom digraph D contains a set B with |B| > n/2 such

that the following hold with m = nlog[?’] n/dlogn.
01 For each v € V(D), d*(v,B) > dlogn/8.
02 For each U C V(D) with |U| = m, |[N*(U,B)| > (1/2 +¢/2)|B|.

Then, there is a collection of at most nlog!?! n/(20logn - logl® n) directed paths (with single vertices
permitted) which partition B, so that any vertez v € V(D) has at most d(log!® n)? in- or out-neighbours
among their start and end vertices.

Proof. Let £ = nlog® n/(50logn - 1og®™ n) and k = ||B|/¢]. Noting that k = ©(logn - log!® n/log!? n),
take integers r and ki,...,k, such that log[2] n <k < 210g[2] n and ) .11 ki = k, and note that, for
sufficiently large n, r < logn. We will now check that the conditions hold for an application of
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Lemma with a; = ki for each 2 < i < r and a; = |B| —as — ... — a, > kif. Note that if these
conditions hold for k14, then they also hold for a; > k.

Let A = 10%dlogn, so that from the definition of a (d, ¢)-pseudorandom digraph, we have A*(D) < A.
Let § = dlogn/8, so that, for each v € V(D), d*(v, B) > § by [0O1] For note that, for each i € [r],

(O o = () =0

Now, for each ¢ € [r], note that

§(kit) _ dlogn - (k;0) dk;log? n 2]
> = R E— = .
24[B] = 192n 2. log® v (dlog ) (31)

For then, for each ¢ € [r] and sufficiently large n, we have

e\2  (kif)? §(ki0)\ BD 22 o n . .
— . . _~ 7 s - . _ _no _ .
(2) | B exp (24B| = in exp (W (leg n)) Q. log? n log” n w(nr?)

Furthermore, for for each i € [r], as r < logn and A = 10dlogn, we have

(449) @ o ) -

Finally, as log(en/m) = O(log(dlogn)), we have, for each i € [r],

2 k. log!? )2 d(1oe?! )2
(5)" g, M _a. m.% — o (miog (2)).
2 10 logn - log[ I'n log[ In . log[ In m
Thus, for sufficiently large n, by Lemma we can take disjoint sets By,..., B, in B so that
P1 For each 2 S 7 S r, |B1| = kzé, and k’lg S |B1| = |B| — a2 — ... — Qp S (kl + 1)6

P2 For each i € [r] and v € B,

OB < 4t (0,B,) <

40k + 1) _ 16AkL _
4B| ~ -

] s — o(d(log? n)?).

P3 For each U C B with |U| = m, we have |[N*(U, B;)| > (1/2 +¢/4)|U].

The directed paths we find will all start and end in By U B, so that, by [P2] for sufficiently large n, every
vertex in B has at most d(logm n)? in- and out-neighbours among these vertices.
Let D1 = D[Bl U BQ], DT = D[Br—l U BT], and, for each 2 S 1 S r— 1, let Di = D[Bi—l U Bz U Bi-i—l]-
For each ¢ € [r], let
n(log® n)?
logn
Let A = d(log? n)2/2, so that, by for sufficiently large n, A(D;) < A for each i € [r].
r].

Let dy = dlog!® n/log™ n, so that exp(dy) = w(k;A2) for each i € [r]. Furthermore, for each i € [r],
let §; = 0k;¢/4|B], so that, by [P2] for each v € V(D;),

< m-d(log® n)2. (32)

kil (dlogn) - ki - £ _ dk;log'n
d*(v, B;) > =5 > >
(v, By) > aB| = 32n ~ 104 logP n

= w(kido). (33)

We will now check the conditions to apply Lemma [3.2| with €/4 in place of € to the set B; in
the digraph D;, for each i € [r], to find, in B;, k; disjoint sets with size £. Note that, for each i € [r],
|B;| < kil + ¢. First, for we have, for each i € [r],

N2 2 ¢ n
(3) kil 1 (k) “ <10g2n> Wik
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Secondly, for we have, for each i € [r],

£)’ 4 . t d; 3) n
1) v \amers ) =m0 Do, (— " exp(d
(4) kb0 O (24(1@-5%)) <k P (481%)) <1Ogn.1og[51nexf’( 0))

=0, ( n. (logm n)6> 2 w(nlkf’)

E

Furthermore, for we have, for each i € [r],

06;

exp (W) Q. (exp (do)) = w(kiAQ)_

Finally, for for each i € [r], by (32), we have log(en;/m) = O(log(dlog®® n)), we have

2 (2] (2] ,
Thus, for sufficiently large n, by Lemma applied to the set B; in the digraph D;, for each i € [r], we
can find in B; disjoint sets B; 1, ..., B;, so that the following hold.
Q1 For each i € [r] and j € [ki], |B; ;| = L.
Q2 For each i € [r] and v € V(D;), d* (v, B;) > 6;¢/4(k;il + £) > dy (using (33)).
Q3 For each i € [r] and U C V(D;) with |U| = m, we have |N*(U, B;)| > (1/2 + ¢/8)|B;|.

Note that, for 2 <14 <7, the sets B, 1, ..., B; , partition B;, and the sets B 1,..., B, cover all but at
most ¢ vertices in Bj.

Recall that Zie[r] k; = k. Relabelling the sets B11,...,B1,B21,---sB2kgs---»Br1,-..,Brg, as
C1,...,Cy respectively, from we have that |C;| = ¢ for each i € [k] and the following hold.

R1 Foreach 1 <i<k—1landve C;, d"(v,Ci11) > dp.

R2 Foreach 2 <i<kandwv e C;, d (v,Ci—1) > dp.

R3 Foreachl <i < k—landU C C; withm < |U| < [£/2], we have INT(U, Ci11)| > (1/2+¢/8)¢ > |U].

R4 For each 2 < i <k and U C C; with m < |U| < [¢/2], we have [N~ (U,C;_1)| > (1/2+¢/8)¢ > |U|.
By and in the definition of (d, ¢)-pseudorandomness, the following hold.

R1’ Foreach 1 <i<r—1and U C C; with [U| < m, |NT(U,Ciy1)| > |U|.

R2’ For each 2 < i <rand U C C; with |U| <m, [N~ (U,C;_1)| > |U|.
Thus, for each i € [r — 1], by and Proposition applied to the bipartite graph

between C; and C;11 with (undirected) edges those directed from C; to C;y; in D, there is a matching
from C; into C;y1 in D. Combining such matchings gives ¢ vertex disjoint paths covering C; U ... U Cj.
These paths start in B; and end in B,., and cover all the vertices in B except for |By| — k1¢ < ¢ vertices in
B;. Taking these paths with the uncovered vertices in By, to get at most 2¢ paths, thus gives the required
partition of B. O

We wish to cover most of our digraph with few paths, all of which end in a certain subset Bs, in order
to have in the definition of a good partition. To do this, we use Lemmal5.1]to cover the vertices outside
of By with few paths, and then use Lemma [3.2] in the same way as before to find directed paths covering
B>. By matching the end vertices of the paths outside By into some of the start vertices of the paths in
Bs, and similarly attaching the start vertices of the paths outside By into some of the end vertices of the
paths in Bs, we will get a set of paths which start and end in Bs.
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Lemma 5.2. For each ¢ > 0, there exists ng = no(e) such that the following holds for every d > 1075
and n > ng. Suppose an n-vertex (d,e)-pseudorandom digraph D contains disjoint sets By and By such
that the following hold with

dlog?! log!2!
do = 70%4] n, =108 and k= log?

= , n.
n logn - log[5] n

log
P1 |By| > n/2 and |Bs| = k¢.

P2 For each v € V(D), d*(v,B;) > dlogn/8 and, for each U C V(D) with |U| = m, |[N*(U, By)| >
(1/2+¢/2)|By].

P3 For each v € V(D), 4dok < d*(v,Bs) < d(log® n)? and, for each U c V(D) with |U| = m,
IN*(U, B2)| = (1/2+ ¢/4)|Ba|.

Then, for any set V. C V(D) \ (By U Bg) with |V| < e|B1|/20 — 2 and u,v € V(D) \ (V U By U By), there
is a set of at most { directed paths with length at least 1 which partition V U By U By U {u, v}, each start
and end in By, and one of which contains ub.

Proof. Let B =V U By U{u,v} and note, that, by [P2] as [V U {u,v}| < ¢|B|/20, we have the following.
S1 For each U C V(D) with |U| = m, we have [N*(U, B)| > (1/2 + £/2)|B1| > (1/2 + £/4)|B|.
S2 For each v € V(D), we have d* (v, B) > dlogn/8.

Thus, by and Lemma there is a collection of directed paths P, ..., P, for some r < £/20,
in D which partition B (allowing single vertices as paths) and so that every vertex in D has at most
d(logm n)? in- and out-neighbours among their start and end vertices. Let P, be the path with length
1 consisting of the edge u0. For each i € [r 4 1], label vertices so that P; is an x;, y;-path (noting that
we may have z; = y;). Let X = {x1,..., 241} and Y = {y1,...,¥r+1}, and let D’ be the digraph on the
vertex set Bo U X UY whose edges are the edges in D[Bs U X UY] with at least one vertex in Bs.

Note that every vertex has at most (log[Q] n)? 4+ 2 in- or out-neighbours in X UY. Combining this
with letting A = d(log[z] n)3, we have, for sufficiently large n, that A*(D’) < A. Furthermore,
let ky = k and ny; = |D'|, so that n; < 2ki¥, log@n <k < 2log®n and, for each v € V(D"),
d* (v, By) > 4k dy by The conditions for an application of Lemma to D’ to partition Bg
into k sets with size ¢ hold very similarly to the same conditions in the second application of this lemma
in the proof of Lemma (from onwards) — all that differs is a factor of 50 in the value of £.

Thus, for sufficiently large n, by Lemma there is a partition Cy U...U Cy of By such that |C;| = ¢
for each i € [¢], and the following hold.

T1 For each i € [¢(] and U C V(D') with |U| = m, we have [NT(U, C;)| > (1/2 +¢/8)|C;|.
T2 For each v € V(D) and i € [{], we have d* (v, C;) > 4kdy - £/4k{ = dy.

Similarly to the reasoning in the proof of Lemma for each ¢ € [k — 1], there is a matching from C;
into C;y1. Combine these matchings to get directed paths Q;, ¢ € [¢], which cover By. Similarly to the
reasoning in the proof of Lemma[5.1] by [T1]and [T2] for each U C X we have |N~ (U, Cy)| > |U|, and for
each U C Y we have [NT(U,Cy)| > |U|. Note that here it is important that | X| < |Ck|/2 and Y] < |C1|/2.
Thus, as Hall’s matching condition is satisfied, we can find vertex disjoint edges e;, i € [r + 1], directed
from Y into C1, and vertex disjoint edges f;, i € [r + 1] directed from C} into X. Renaming if necessary,
assume that, for each i € [r + 1], z; € f; and y; € ;.

Note that combining the paths Q;, i € [¢], and paths P, +e; + f;, ¢ € [r + 1], gives a collection of at
most ¢ directed paths and cycles in D which cover V U By U By U {u,v} and so that each path starts and
ends in By, each cycle contains some path @;, and as the edge b is contained in P, 41, it is contained in
one path or cycle. Breaking an edge in some @); in each cycle, gives then the required set of paths. O
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6 Finding an (/,7)-good partition

To find a good partition of a pseudorandom digraph, we first apply Lemma [3.2] twice to find the necessary
sets for the good partition and record the properties we get, as follows.

Lemma 6.1. For each ¢ > 0, there exists ng = ng(e) such that the following holds for every d > 1075
and n > ng with

(2] (2]

nlog“' n B dlogm n n logm n nlog“' n

do = m=———, and r=

— log?! —
k= log n, l = log[4] n ’ dlogn

logn - log[5] n’ logn - 1og[6] n

Every n-vertex (d, e)-pseudorandom digraph D has a partition V(D) = AU B; UByU Ry URy U R3 U Ry
such that the following hold.

U1 |A| = en/40, |Bo| = kt and |Ry| = |Rs| = |Rs| = |R4| = r.

U2 For each v € V(D), d*(v,A) > d(logn)3/* and, for each U C V(D) with |U| = m, |[N*(U, A)| >
(1/2+¢/2)|4].

U3 For each v € V(D), d*(v, By) > dlogn/8 and, for each U C V(D) with |U| = m, |[NT(U, By)| >
(1/2+¢/2)|B4].

U4 For each v € V(D), 4dok < d*(v,By) < d(log® n)? and, for each U C V(D) with |U| = m,
IN*(U. Ba)| > (1/2 + £/4)|Ba|.

U5 For each v € By U Ry U Ry UR3 U Ry and i € [4], d* (v, R;) > 40dy, and, for each U C Bo U Ry U
Ry U R3 U R4 with |U| =m, |Ni<U,RZ)| > (1/2+E/4)|Ri|.

Proof. We will apply Lemma [3.2] twice, again so that the second application may be with a stronger
maximum degree condition. First, we will check the conditions [DIHD4] for an application of Lemma [3.2
to find a partition V(D) = AU By U B4 U Bj. Let

3

k¢
%, az = (1 —¢/5)kt, a4:%+4r, and a2:n*a1*a37(142§, (34)

a; =

where the last inequality follows for sufficiently large n. Let § = dlogn and A = 10%dlogn. From the
definition of (d, e)-pseudorandomness, we have that 6*(D) > § and A*(D) < A.
Note that a1, a2, a3 > a4, so that we need only check for ay. First, for we have

2.2

T4 _q, (”) = w(1). (35)

n log®n

Note that k5 /n = w(dlog® n). Thus, for we have

2.2
£ % - exp <a45) & Q. ( n - exp (5k€5>> 712 - exp (w(dlogm n)) = w(n).
n

24n log®n 103n - log™n

Furthermore, for we have

exp <;ii> > exp (igfi) = exp (w(dlogm n)) = w(d?log®n) = w(A2).

Finally, we have that log(en/m) = O(log(dlogn)), so that, for
e2ay n(log? n)? d(log!? n)? en
103 (K0 “\logn -1og® n “\" log® n - 1ol n “ (m o ( m >)

As a; = en/40, a15/4n = edlogn/160 = w(d(logn)3/*). As az > n/2, azd/4n > dlogn/8. Therefore,
for sufficiently large n, by Lemma V(D) has a partition AU By U B U Bj so that |A] = a1 = en/40,
|B1| = az, |By| = a3 = (1—¢/5)kl, | Bs| = ay = ekl/5+4r, and[U2]and [U3|hold along with the following.
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V1 For each v € V(D), azd/4n < d*(v,B}) < 4azA/n, and, for each U C V(D) with |U| = m,
IN*(U, By)| > (1/2 +¢/2)| By

V2 For each v € V(D), as6/4n < d*(v,BS) < 4ayA/n, and, for each U C V(D) with |U| = m,
IN*(U, By)| = (1/2 +¢/2)| B].

Let D' = D[B,UBS]. Let n’ = |D'| = a3 + aq4 = kf + 4r < 2k, for sufficiently large n, and let
A = d(log?® n)2. Note that

dlas +ad)A _ 8klA _ (dﬂogm”)?> = o(A). (36)

n n

Thus, by and for sufficiently large n we have A(D’) < A. Using , let

logl? log4
5= 05 RO g (e A8 ) g (K dolos Tn) _(RE G (37)
4n — 20n rlogl® n T loglfn T

By [V2] for each v € V(D'), we have d* (v, B}) > &'
We will now check the conditions to apply Lemma[3.2/to D’ to get 4 sets, Ry, Ra, R and Ry
in Bj, each with size r. First, for as n’ < 2kf, we have

Next, for [D2] we have, as n’ < 2k,

()2 o (22} = (o (2) e (22 )) B (- (L) exp ) =
2) TP\ ) T ) TP\ 2ake)) ) T\ gy, ) TR )

Furthermore, for we have

37)

rd’ o’ x
exp (24”) Zexp(m) D exp (w(do)) = w(A2).
Finally, we have that log(en’/m) < log(ekl/m) = O(log(dlog® n)), so that
eN2 T nlogtn dlog®n en’
S0 A (- O S (PP .. MG, [ g ().
(2) 108 <1Ogn “Tog® 1 N 10g®n10g8, )~ OB U

Thus, by Lemma and , for sufficiently large n, there are disjoint sets Ry, Rg, R3, R4 in Bj so
that the following holds.

V3 For each v € By U BS and i € [4], d*(v, R;) > 40dy, and, for each U C B} U B} with |U| = m,
IN®(U, Ri)| = (1/2 +¢/4)|Ril.

Let By = (BLUBY)\ (R URyUR3U Ry), so that |Bs| = ag 4 a3 — 4r = kf. Note that we have chosen our
set sizes so that [U1]holds. Note further that By C Ba, so that, by [V1] for each U C V(D) with |U| = m,

IN*(U, B2)| = (1/2 +¢/2)|By| = (1/2 +¢/2)(1 — ¢/5)kl > (1/2 + £/4)| Ba|. (38)
By and , and for each v € V(D) we have, for sufficiently large n, 4dok < d* (v, By) < A.
Therefore, in combination with , we have that holds.

Finally, by we have that holds. This completes the proof that [UL}{UB] hold, so we have found
the partition as required. O

We now combine the work in the last few sections to find good partitions.
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Lemma 6.2. For each € > 0, there exists ng = no(e) such that the following holds for every d > 1075,
Every (d, e)-pseudorandom digraph D with at least ng vertices has a good partition.

Proof. Let

dlogm n nlog[g] n n log[2] n
n, 6:75] , dozim , m=——— and 7=
logn - log[ n log™' n dlogn

(2]
b logm nlog“' n

logn - log[G] n’
Let D be an n-vertex (d, €)-pseudorandom digraph. Letting n be sufficiently large, by Lemma we can
find a partition V(D) = AU By U B U Ry U Ry U R3 U Ry such that hold. By Theorem

and and observing that
Al - log®n Al - logn
0 g g
= —— | =0 ——— |,
logn - log[ﬁ] n logn - logm n

we have, for sufficiently large n, that holds in Definition 2.6l By Lemma and and as
|[AU Ry URyU R3 U Ry| < en/40 + 4r, for sufficiently large n we have that holds in Definition

Using and by the simple reasoning at the end of the proof of Lemma the conditions in
Proposition@hold for the edges directed from R; into R; for any j # i. Therefore, we can find matchings
My, Ms and M3 from Ry into R;, Ry into R3 and Ry into R3 in D, respectively.

Let f : Ry — R4 come from the matchings M;, M,, and M3, and suppose each vertex v € R; is
merged into f(v) in D to get the digraph D’ (as in . Let R be the set of merged vertices in D’. By
we have that the following hold.

W1 For each v € RU By, we have d},(v, R) = d;(v, Ry) > 40dy and d,, (v, R) = dp,(v, Rs) > 40dy.

W2 For each U C RU By, with |U| = m, we have [N}, (U, R)| > [N/ (U, Ry)| — 1 > (1/2 + ¢/8)r and
INp/ (U, R)| 2 [N (U, Ra)| =1 = (1/2 4 ¢/8)r.

(6]
v rlee”n :O(T)
log[5] n log[G]

Thus, for sufficiently large n, for any V C Bs with |V| < 2¢, by Theorem and V is weakly
connected in D’'[RU V). Therefore, and hold in Definition

Therefore, hold for the partition V(D) = AU B; U By U Ry U Ry U R3 U Ry, and thus D has
an (¢,r)-good partition. O

Note that

Theorem now follows immediately from Lemma and Lemma [6.2

7 Pseudorandomness of random digraphs

In this section, we study the pseudorandom properties of digraphs in the random digraph process, allowing
us then to apply Theorem to prove Theorem [1.3] This section is organised as follows. First, in
Section we give some simple results on maximum and minimum in- and out-degree, to later show
that resiliently holds in Definition Next, in Section with in mind, we give a simple result
concerning the edges between sets. Then, in Section [7:3] we prove a result showing expansion will follow
from minimum degree conditions (Lemma , which will allow us to show that and hold. In
Section [7.4] we then study the vertices with low in- and out-degree in the digraphs early in the random
digraph process. After recording together all the properties we use, in Section we then prove the
resilience of Hamiltonicity in the random digraph process needed for Theorem Finally, in Section [7.6]
we study the limits of the resilience of Hamiltonicity to complete the proof of Theorem

It will often be convenient to show that properties are likely in D(n, p), before inferring these properties
are also likely in the random digraph process. Let D,, »s be the random digraph with n vertices and M
edges, chosen uniformly at random from all such digraphs. Note that, in the n-vertex random digraph
process Do, D1, ..., Dyn—1), for each 0 < M < n(n—1), Dy is distributed as D,, ps. We use the following
standard proposition to relate D,, yr and D(n,p) (see, for example, [3] 26]).
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Proposition 7.1. Let P be a digraph property and let p = M/n(n —1). If M = M(n) — oo is any
function such that M (1 — p) — oo, then, for sufficiently large n,

P(Dy. s satisfies P) < 5V M -P(D(n,p) satisfies P).

7.1 Maximum and minimum degree

We will use the following standard result, which implies that, almost surely, each digraph Dj; in the
n-vertex random digraph process with M < n(logn — log® n) is not Hamiltonian.

Lemma 7.2. (See [10]) If M = n(logn — log® n), then, D = D, v almost surely satisfies 67 (D) =0 or
0~ (D) =0.

When M > 50nlogn, each digraph Dj; in the random digraph process will likely have well-bounded
minimum and maximum degrees, as follows.

Lemma 7.3. In almost every n-vertex random digraph process Do, D1, ..., Dyn—1y, if M > 50nlogn,
then 6 (Dys) > M/2n and A*(Dyy) < 2M/n.

Proof. For each M > 50nlogn, let pps = M/n(n — 1) and Dy = D(n,py). For each v € V(D) and
je{+ -} E(dy (v) = (n—1)py = M/n = 50logn, so that, by Lemma
]P’(dij (v) < M/2n or d%M (v) > 2M/n) < 2exp(—50logn/12) = o(n™%).

Therefore, by a union bound, with probability 1 — o(n™%), 6*(Dys) > M/2n and AT (Dys) < 2M /n.
Now, for 50nlogn < M < n(n—1)—logn, by Proposition with probability 1 —o(n=2), §*(Dys) >
M/2n and A*(Dy;) > 2M/n. Thus, by a union bound, this property almost surely holds for each
50nlogn < M < n(n — 1) — logn in the random digraph process. Finally, note that, for each M >
n(n—1)—logn, 6T (Dys) > n—1-logn > M/2n, for sufficiently large n, and A*(Dy;) < n—1<2M/n. O
We also need a maximum in- and out-degree condition earlier in the random digraph process, as follows.

Lemma 7.4. For eachnlogn/2 < M < 50nlogn, if D = D,, a1, then P(A(D) < 100M /n) = 1—o(n™2).
Furthermore, then, in almost every n-vertexr random digraph process Do, D1, ..., Dyn—1y, every digraph
Dy with M > nlogn/2 has AT (D) < 100M /n.

Proof. The required bounds on the maximum in- and out-degree almost surely hold for each M > 50nlogn
by Lemma For each nlogn/2 < M < 50nlogn, let ppy = M/n(n—1) and Dyr = D(n,par). For each
v e V(D) and j € {+, —}, we have

‘ 100M n—1\ 1000/n enpyr M1 e \100a/n 4
P d > | < < | = < (— = .
( o (V)2 = ) = (IOOM/n)pM = \100M/n < (50) o)

Therefore, with probability 1—o(n=3), A* (D) < 100M /n. Thus, by Proposition for each nlogn/2 <
M < 50nlogn, with probability 1—o(n=2), A*(D,, a) < 100M /n, as required. Finally, by a union bound,
this property almost surely holds for each nlogn/2 < M < 50nlogn in the random digraph process. O

7.2 Edges between sets
We will use the following simple proposition on the typical number of edges between sets in D(n, p).

Proposition 7.5. Lete >0, p > 1/n and m = log[4] n/p. Then, with probability 1 — o(n=3) in D(n,p),
if sets A, B C V(D) are disjoint with |A| > m/2 and |B| > n/3, then

(1—e)plAl|B] < e¥(A, B) < (1 +¢)plAl|BI.

Proof. For each such A and B, and each j € {0, 1}, ¢/(A, B) is a binomial random variable with expectation
p|A||B|. Thus, by Lemma [2.8| we have

P(e’(A, B) = p|A||B|| > ep|A||B|) < 2exp(—&”p|A[|B|/3) < 2exp(—e*nlog!!l n/18) = 2 exp(—w(n)).

There are at most 2(2")? choices for j € {0,1} and such sets A and B. Thus, by a union bound, the
property in the proposition holds with probability 1 — o(n=3). O
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7.3 Expansion from minimum degree conditions

We now prove a lemma used to show both [A2] and [A3]in Definition 2.1] The proof follows a section of
the proof by Alon, Krivelevich and Sudakov of Lemma 3.1 in [2].

Lemma 7.6. Let

logn p(n—1) _5 nlogt n (3]
> d=————2>10 =— d = ol .
=00 5 10%00gn = 0 T Tglogn @nd f(n)=ollogin)

Then, with probability 1 —o(n=2), in D = D(n,p), for any two disjoint sets A, B C [n], with |A| < 4m, and
any integer k with 1 < k < n/8m, and any j € {+,—}, if e}, (A, B) > dk|A| log? n/f(n), then |B| > k|Al.
Proof. For each k € [n/8m), let dj, = dklog®® n/f(n). If D does not have the property in the lemma then
there is some k < n/8m, j € {+,—} and two disjoint sets A, B C V(D), where |A| < 4m, |B| = k|A| and

d(A, B) > di|A| (adding vertices to B if necessary to get equality). For each r € [4m], let p,x be the
probability no two such sets occur with |A| = r < 4m (noting this does not depend on j). Then,

e (R
()

. ( ekrp> ’C)
(5

anp ekrp di =2k "
dk > . (39)
Now,
e?knp  e*np- f(n) (logn : f(n))
= =0 —=——=) =o(logn). 40
dy; dlog? n log@ n (logn) 40
Furthermore,
ek:rp:erp-f(n) :O(rlogn~f(n)) . r-logmn-f(n) . r (41)
dg dlog®n nlogn md - logl?l n md - (log!? n)1/2

For sufficiently large n, we have dy > 4k. Therefore, by , and , we have, for sufficiently large

n,

kr

di /2 di/2k
r 9 r
prk < |log?n | —————— =|log’n| ———— . 42
* md~(log[2]n)1/2 md-(logmn)l/2 (42)

If r < \/n, then 7/md = O(logn/\/n), and hence, as dy, = w(k) and kr > 1, p, . = o(n™%).
If r > /n, then, as r < 4m, we have, for large n, by , that

dlog® n/2f(n)\ *" o o o
Prk < log2 n + < 1og2 neexp | — dlog® n -log”' n .
: d- (log[ ]n)l/z 87 (n)

As d=Q(1) and f(n) = o(logl® n), we have that, for sufﬁciently large n, p,p, < 27F7 < 27FV = o(n~?).
Therefore, 23, prx = o(m - (n/2m) - n~%) = o(n™?). Thus, the probability for some j, r and k that
such a pair A, B exists is o(n™3). O
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7.4 Low degree vertices

We will treat vertices with low in-degree or out-degree separately. We will use that, typically, no vertex
will have both low in-degree and low out-degree in the digraphs we consider.

Proposition 7.7. In almost every n-vertex random digraph process Do, D1, ..., Dyn_1), if M > 9nlog n/10,
then, for allv € V(Dyy), dfy, (v) +dp, (v) > 2M/10°n.

Proof. Note that in almost every random digraph process this property holds for M > 50nlogn by
Lemma so we need only show this almost surely holds for every 9nlogn/10 < M < 50n logn.

Let p = 7Tlogn/8n, D = D(n,p) and d = logn/10. Note that 20 < e3. For each v € V(D), the
probability that df(v) + dp,(v) < d is at most

d

Z 2n—2 pi(1 — p)2n2—i < zd: 2enp ie—p(zn—z—i) < e—Pn(2-0(1)) | Ed: 2elogn )\’
‘ AN - '

1
i=0 =0

d
< (d +1)- e—Pn(2—o(1)) | (%léolgTL) <2d- e—(7/4=0(1))logn (2Oe)logn/10

<2d- e—(7/4=2/5—0(1))logn _ O(n_l).

Thus, by a union bound, almost surely, for each v € V(D), d},(v) + dp(v) > d.

An easy application of Lemma demonstrates that D almost surely has at most 9nlogn/10 edges.
Furthermore, the property — P say — that, for each v € V/(D), d},(v)+dp,(v) > d, is an increasing property.
Thus, we have, with My = 9nlogn/10,

1-0(1) =P(D(n,p) € P) <P(e(D(n,p)) > My) + P(Dp p1, € P) = 0o(1) + P(Dy, 01, € P).

Hence, we have P(D,, ps, € P) = 1 —o0(1). Therefore, almost surely, if My = 9nlogn/10 < M < 50nlogn,
then, for every v € V(Dy), dJ]{,M (v) +dp,, (v) > d=logn/10 > 2M/10%n. O

We will collect the vertices of low in- or out-degree in the random digraph into a set S. We use the
following definition to record that there will typically be no vertices in S which are close together (in a
graph-theoretic sense).

Definition 7.8. For a vertex set S in a digraph D, an S-path is a path with length at most 4 in D (with
any orientation on the edges) starting and ending in S. An S-cycle is a cycle with length at most 4 in
D (with any orientations on the edges, and a cycle with length 2 permitted if it consists of two distinct
edges) which contains a vertex in S.

We wish to show that, in almost every n-vertex random digraph process, each digraph Dj; with
9nlogn/10 < M < 50logn has no S-paths or S-cycles, when S is the set of vertices with low in- or
out-degree, and S is a small set (see Lemma . To do this, we cannot show this is likely for each
such digraph and then take a union bound, as the property is not sufficiently likely. Instead, we start by
showing that this property is likely in a certain random digraph D(n, p).

Lemma 7.9. If p = Tlogn/8n, then, almost surely, the following holds for D = D(n,p) with S = {v €
V(D) : d*(v) < logn/20 or d~(v) < logn/20}. There are no S-paths or S-cycles and |S| < n'/3.

Proof. Let d =logn/20. We have

d
~1\ . _ d
sl <n-3o2(" ) pr o (i) () et
i=0

< TLlOgTL . (2Oe)d . 67(7/870(1))10gn < IOg’ﬂ . e4d . e(1/8+o(1)) logn

= logn . 6(1/5+1/8+0(1))10gn — 0(n1/3)_

Thus, by Markov’s inequality, we almost surely have that |S| < n'/3.
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Let X be the number of S-paths in D(n,p) and note that 20 < e3. Then,

2 2d
) 2
EX < ( ) S (2p) ik § ( ) — )25 < (2np)® - (2d + 1)~4<;Zp) e~ (2—o()np
log

k=0
-0 ( n - (20e)2de= (2 O<1>>”P) — O(nlog*n - exp(8d — (7/4 — o(1)) log n)
= O(nlog* n - exp(5logn/4)) = o(1).

Thus, almost surely, there are no S-paths in D.
Let Y be the number of S-cycles in D(n,p). Then, similarly,

3
k+1 k n—3—i _ o)t . _[(enp d.ef(lfo(l))np
<o 300 Z() o =0 (e @) (22) )
= 0 (log® n - (20e)* . ¢~ (/8001 mog") =0 (log”n - exp(4d — (7/8 — o(1)) logn)) = o(1).

Thus, almost surely, there are no S-cycles in D. O

Lemma shows only that a property exists with probability 1—o(1), so we cannot use Proposition
as we did before. However, we can easily show that the property holds for some useful digraph in the
random digraph process, as follows.

Corollary 7.10. There exists some My = My(n) with nlogn/2 < My < 9nlogn/10 such that the
following almost surely holds for D = D, p, with S = {v € V(D) : d*(v) < logn/20 ord~(v) >
logn/20}. There are no S-paths or S-cycles and |S| < n'/3.

Proof. Let p = Tlogn/8n, Ny = nlogn/2 and N; = 9nlogn/10. By a simple application of Lemma
we have that, almost surely, Ny < e(D(n,p)) < N;y. Thus, if P is the property of digraphs satisfying the
condition in the corollary, then

n(n—1)
P(D(n,p) € P)= Y PB(Dn €P)-P(e(D(n,p) = M)
M=0
Ny
< P(e(D(n,p)) ¢ (No,...,N1))+ Y P(Dna € P)-Ple(D(n,p)) = M)
M=N,
Ny
<o)+ (s FDuweP)- > B =30

<o(l)4+ sup P(Dyn €P).

No<M<N;
Thus, as P(D(n,p) € P) = 1 —o(1), we must have sup, <<y, P(Dn.ar € P) =1 —0(1). Choosing My
to maximise P(D,, rp, € P) subject to Ny < My < Nj thus gives the result. O

Next, by starting with the digraph D, s, from Corollary we show that if O(nlogn) random
edges are added then it is likely that no short paths between the vertices with small in- or out-degree are
created. This will give us the following lemma.

Lemma 7.11. Almost surely, in the n-vertex random digraph process Do, D1, ..., Dyn—1), the follow-
ing holds for each M with 9nlogn/10 < M < 50nlogn. Letting Sy = {v € V(D) : df, (v) <
logn/20 or dp (v) <logn/20}, there are no Syr-paths or Shr-cycles, and [Syr| < nl/3,

Proof. Let My be from Corollary- Let No = 9nlogn/10 and N7 = 50nlogn, and note that My < Np.
Reveal the edges of Dy, and let S = Sy, so that, almost surely, |S| < n'/3 and there are no S-paths or

S-cycles. Note that Sy C S for each My < M < Nj. Thus, if we can show that, almost surely, Dy, has
no S-paths or S-cycles then we are done.
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For each M, My < M < Ny, let eps be the edge added to Dy to get Dpsi1. Let S, be the set of
vertices within a graph distance 2 in the underlying undirected graph of Dj;. Let Ej; be the event that
ey is contained within S},. Note that if no such event Ey;, My < M < Ni, occurs, then Dy, has no
S-paths or S-cycles.

Note that, for each M, My < M < Ny, |Sy;| < 2(AT(Dyr) + A= (Dpr))?|S|, and thus

log*n - (n'/3)? n?/3log* n 1
+ <104 <pBPpy—o( M\ (s ) ,
P(En|(A%(Dyy) < 10*logn) A (|S] < nl/?)) O(n(n—l)— M) 0( 2 ) 0<nlogn>

By Lemma [7.4] for each My < M < Ny, P(A*(Dy) < 10*logn/n) = 1 — o(n~2). Thus, the probability
that no event Fjy;, My < M < Ny, occurs is at most

Ni—1
P(|S| > n'/?) + Z (0(7172) + P(Ep|(AT(Dyr) < 10*logn) A (S| < n1/3)) = o(1). O
M=M,

7.5 Resilience in the random digraph process

For convenience, we collect together the properties of the random digraph process that we have shown
into the following corollary.

Corollary 7.12. Let e > 0. In almost every n-vertex random digraph process Do, D1, ..., Dym—_1), each
digraph Dy with 6(Dyg) > 1 satisfies M > n(logn — log!? n) and the following with

M nlog[3]n " _
= 3 10Pnlogn’ my = darlogn’ and Sy ={v:dp, (v) <2dylogn ordp, (v) < 2dylogn}.

X1 AT (Dyr) <100M/n < 108dys logn/2.

dy

X2 For each v € V(Dy), df, (v) +dp, (v) > 2M/10%n = 4d); logn.
X3 There are no Sy-paths or Syr-cycles in Dy and |Sy| < /1.

X4 If sets A,B C V(Dyy) satisfy |Al > mar/2 and |B| > n/2, then, for each j € {+,—}, letting
pyv = M/n(n—1), (1 —¢/100)pam|Al|B| < ep,, (A, B) < (14 ¢/100)pa| Al B].

X5 For any disjoint sets A,B C V(Dwy) and j € {+,—} with |A| < 4ma and, for each v € A,
dp,, (v, B) > du log? n/41og™ n, we have |B| > 10|A.

X6 For any disjoint sets A, B C V(D) with |A| <4dmps and j € {+,—}, for each v € A, deM (v,B) >
dpr(logn)?/? /4, we have |B| > |A|(logn)*/3.

Proof. By Lemma we almost surely have that A*(Dj;) < 100M/n, and thus holds, for each
M > nlogn/2. By Lemma we almost surely have that holds for all M > 9nlogn/10. Almost
surely, by Lemma for each M > 50nlogn, d%(Dys) > M/2n > 103dyrlogn, so that Sy = 0.
Note that, if M < 50nlogn, then 2dy;logn < logn/20, and, thus combining this with Lemma we
have that, almost surely, holds for each M > 9nlogn/10. By Proposition and Proposition
we have that almost surely holds for each 9nlogn/10 < M < n(n — 1) — logn. Note that, when
M > n(n — 1) —logn, there are at most log n missing edges, and so easily holds for sufficiently large
n.

Almost surely, by Lemma with f(n) = 40 log[4] n and taking the resulting property with k = 10,
and using Proposition holds for each 9nlogn/10 < M < n(n — 1) — logn. Almost surely, by
Lemma with f(n) = 4log®® n/(logn)'/3 and taking the resulting property with k& = (logn)!/3 =
o(n/myr), and using Proposition holds for each 9nlogn/10 < M < n(n — 1) —logn. Note that,
if M > n(n—1) —logn, then dylog? n/4log™ n > 40my; and dy;(logn)?/3 /4 > 4my;(logn)*/3, so that
X5l and [X6] hold.

Therefore, almost surely hold for each M > 9nlogn/10. By Lemma almost surely, if
M < n(logn — log? n), then 6% (Dy;) = 0 or 6~ (Dys) = 0. Thus, almost surely, if 6% (Dy;) > 1, then
M > n(logn —log!? n) and hold. O
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We now have the tools we need to prove the resilience in Theorem [I.3]

Proof of the resilience in Theorem[I.3 Almost surely, by Corollary[7.12} every digraph D) in the random
digraph process with §%(Dys) > 1 satisfies M > n(logn — log!?! n) and with

M nlogt® n n _
= m7 mpar = m and SM = {7} : dD]W(’U) < 2dM logn or dDM ('U) < 2dM logn}

dm
We will show, for sufficiently large n, that each such Dy is (1/2 — ¢)-resiliently Hamiltonian.

Fix M > n(logn — log!? n) such that 6*(Dy;) > 1, then, and suppose that H C Dy, with dl,(v) <
(1/2 — s)d{)M (v) for each v € V(Dyy) and j € {+,—}. Pick for each v € Sjy; an in-neighbour z, and
an out-neighbour y, in Dy — H, noting that this is possible as dJ]':,MfH(v) > d]bM (v)/2 > 0 for each
j € {+,—}. Note that, as there are no Sys-paths or Sys-cycles in Dys by the vertices v, x, and y,,
v € Sy, are distinct. Form D from Dj; — H by deleting the vertices in Sy, and, for each v € Sy, merging
x, into y, to get the new vertex z,.

Claim 10. For sufficiently large n, D is an (£/100, dps)-pseudorandom digraph.

Proof. We will check the conditions Let 7 = |D| = n — 2|Sy| = (1 — o(1))n, where we have
used Let m = nlogl® 71 /dy log 7, so that, for sufficiently large n, my > m > my;/2. Note that,
as there are no Spy;-paths or Sys-cycles in Dy; by every vertex in V(Dps) \ Sy has at most 1 in-
or out-neighbour in Sy U {zy,yp : v € Sy} in Dyy. Thus, every vertex in D has in- and out- degree at
least (1/2+¢)-2dprlogn — 1 > dprlogn > dyrlogf in D, for sufficiently large n. Furthermore, by
A*(D) < 105dys logn, and therefore [A1] holds.

Now, suppose A, B C V(D) are disjoint sets with |[A| < 2m < 4mj, and, for each v € A, d},(v, B) >
dy log[Q] n/ log[4] n. Let A" C V(D) be formed from A by replacing any vertex z,, v € Sy, with the
vertex y,, and let B’ C V(Djs) be formed by replacing any vertex z,, v € Sy, with the vertex x,. Then,
for each v € A’, we have dEM (v,B") > dp log!? n/4 log! n, for sufficiently large n. Thus, using we
have |B| = |B’| > 10|A’| = 10|A|. Similar reasoning, again using [X5] completes the proof to show that

holds. Similarly, follows from [X6]
Therefore, it is left only to show that holds. Suppose, for contradiction, there is some U C V (D),

with |U| = m, for which, without loss of generality [N/, (U)| < (1/2 4 €/100)n. Let U’ be the set U with
any vertex z,, v € Sy, replaced by y,, so that |U’| = m and, using [X3]

NG U)] < INSO)] +20Su] < (12 + /1003 + 27
Let V =V (Dy) \ (U'UNS 5 (U")), so that
[V >n—m—(1/2+¢/100)n — 2¢/n > (1/2 — ¢/50)n, (43)
for sufficiently large n. By letting pas = M/n(n — 1), we have

+ ! / @m ,
€py (U, V) > (1= ¢/100)pm|U'[|V] = (1 —¢/100) - (1/2 —£/50) - par|U’|n. (44)
On the other hand, by the choice of V, we have eBM_H(U’, V) =0, so that

b, U V)< e (U, V)< Y dfp(u, V)< Y (1/2=e)df,, (u)
uelU’ uwelU’

=(1/2—¢)ef; (U, V(D)\U") < (1/2—¢) - (1+2/100) - pps|U’|n, (45)

where the last inequality follows by
Thus, we have, by and ,

(1—-¢/100)-(1/2—¢/50) < (1/2 —¢) - (14 €/100),
a contradiction. Therefore, holds, completing the proof that D is (¢/100, d)-pseudorandom. O

Thus, by Theorem for sufficiently large n, D contains a directed Hamilton cycle, C say. For each
vertex z,, v € Sy, in C, replace z, by z,vy,. This gives a directed Hamilton cycle in Dy; — H. Thus,
Dy — H is Hamiltonian, and therefore Dy is (1/2 — ¢)-resiliently Hamiltonian. O
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7.6 Non-resilience in the random digraph process

To prove the non-resilience of our random digraph, we divide the vertices without low in- or out-degree
randomly into two sets independently at random with equal probability. By Lemma there must be
such a partition where each vertex has roughly an equal number of in- and out-neighbours in each set.
Carefully dividing the low degree vertices between these sets, we reach a bipartition where deleting the
edges across this partition does not remove substantially more than one half of the in- and out-neighbours
around any one vertex. This gives us a limit for the resilience of Hamiltonicity in the digraph.

Proof of the non-resilience in Theorem[1.3 Almost surely, by Corollary [[12] e Ver 1raph Dy in the

random digraph process with 6 (Djs) > 1 satisfies M > n(logn — log n) and X Wlth
dy = —M _nlogfn g = {v:dh (v) < 2darlogn or dy, (v) < 2darlogn}
]\472-103%10gn7 mMidMlogn an M =AY Cpy (Y M08 T OF €py, (¥ M 0BT

Take the vertices in V(D) \ Sis and partition them as AU B so that each vertex is placed into A or B
independently at random with probability 1/2. We will show that the following claim holds for sufficiently
large n.

Claim 11. With positive probability, the following holds.

Y For each v € V(Dy) and j € {+, -}, if dij (v) > 2dpslogn, then dij (v,A),d%NI(v,B) > (1/2 -
£)dp,, (v).

Proof of Claim[I1} Foreachv € V(Dy)and j € {+,—}, let E, ; be the event that, if deM (v) > 2dps logn,
then either di)M (v, A) < (1 — s)de (v) or d%M (v,B) < (1— E)deM (v). Let G be the dependence graph
of these events and note that, by X1} A(G) < (AT(Dyr) + A~ (D)) < 10°M? /n?. '

Let ¢ = 4exp(—e?dyrlogn/100), so that ¢ - A(G) = o(1). By , dh,, gy, (V) > dp, (V) =1 >
2dprlogn — 1 > dprlogn. By Lemma [2.8] we then have

2 d] 2 1

P(E,y) < 2exp [~ - Dumsu ) gy (LEMOENY g a@@)) < (1 - 29,
12 2 100

Thus, by Theorem no event E, ; occurs with positive probability. O

Thus, by Claim |11} there is some partition V(Dys)\ Sy = AUB such that[Y]holds. Note that A, B # ().
For each v € S, by there is j, such that d3 (v) > 2d, log n, and thus, b dJD”M (v, A), dJ[;M (U B) >
(1/2— a)de”M( ). Let i, € {4+, —} such that i, # j,. By as v € Sy, there are no edges from v to Sy,
in either direction. Thus, there is some X, € {A, B} such that dl“ (v, Xy) > d%)’M (v)/2.

Let A =Au{veS: X, =Atand B =BU{ve S: X, = B} "and note that, for each X € {4’, B},
veXandje{+, -}, dp,, (v,X) > (1/2—¢e)d},, (v). Let H be the bipartite digraph with vertex classes
A" and B’, with edges exactly those edges in Dj; between A’ and B’ in either direction. Thus, we have,
for each v € V(Dyy) and j € {+,—}, djy(v) < (1/2+¢€)dp, (v).

As A, B # 0, Dy — H is disconnected and hence not Hamiltonian. Therefore, Dy is not (1/2 + ¢)-
resiliently Hamiltonian. O
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