
Transversals in Latin Squares

Richard Montgomery

Abstract

A Latin square is an n by n grid filled with n symbols so that each symbol appears
exactly once in each row and each column. A transversal in a Latin square is a collec-
tion of cells which do not share any row, column, or symbol. This survey will focus
on results from the last decade which have continued the long history of the study of
transversals in Latin squares.

1 Introduction

A Latin square of order n is an n by n grid filled with n symbols so that each symbol
appears exactly once in each row and each column (see Figure 1). Important examples of
Latin squares include the multiplication tables of finite groups, where the rows and columns
of the Latin square of order n are both indexed by some group G with order n, and each
entry is the product of its row with its column. In part due to their connection with magic
squares, Latin squares have a long history dating back to early mathematics (for more on
this we recommend the excellent historical survey by Andersen [10]). Euler initiated their
more rigorous study in the 18th century, while, in modern mathematics, Latin squares have
strong connections to design theory (as, for example, we will see in our discussion of Steiner
triple systems) as well as links to 2-dimensional permutations, finite projective planes and
error correcting codes (see [58, 104] for more on this).

A partial transversal in a Latin square is a collection of cells which share no row,
column or symbol, while a full transversal is one which contains every symbol exactly once
(sometimes referred to as simply a transversal). We will see that, when n is even, there
are numerous Latin squares which may not contain a full transversal; for now, we recall
only the canonical such example by remarking that it is easy to show that the Latin square
corresponding to the addition table for Z2m does not contain a full transversal for any m ∈ N
(where a group is abelian we will use addition rather than multiplication). Indeed, suppose
to the contrary that it did contain a full transversal, T . Then, the sum of the entries in T is
the sum of the elements in Z2m, but also, by using the definition of the Latin square, the sum
of the indices of the rows and the columns of the Latin square, and thus twice the sum of
the elements of Z2m. That is, we have∑

v∈Z2m

v =
∑
x∈T

entry(x) =
∑
x∈T

(row(x) + column(x)) = 2
∑

v∈Z2m

v.

As
∑

v∈Z2m v = m in Z2m, this gives a contradiction, and thus the addition table for Z2m

contains no full transversal.
These examples already lead to two natural questions: Which Latin squares contain a

full transversal? If a Latin square has no full transversal, then what is the size of a largest
partial transversal? These are interesting and very challenging questions, and the progress
on them will be the focus of this survey.

In part due to the historical context, we will start by considering Latin squares with a
much stronger property than simply the existence of a full transversal, those Latin squares
which can be decomposed entirely into disjoint full transversals (see Section 2), while also
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Figure 1: A Latin square of order 6 with a full transversal highlighted, and one with no full
transversal (the addition table for Z6). For later illustration, an intercalate, or 2 by 2 Latin
subsquare, is highlighted in the second Latin square.

discussing random Latin squares. Recently, Latin squares have been often studied using an
equivalent formulation in edge-coloured complete bipartite graphs, and in Section 3 we will
recall this formulation before using it to describe a large class of Latin squares with no full
transversal. We will then discuss (in Section 4) Latin squares which are known to have a full
transversal, before considering (in Section 5) large partial transversals in any Latin square
and, in particular, the well-known Ryser-Brualdi-Stein conjecture. Finally, in Section 6, we
will consider other problems related to the study of transversals in Latin squares.

Before continuing any further, we highlight two related surveys which, like the present
survey, were written in connection with editions of the British Combinatorial Conference.
Firstly, the 2011 survey by Wanless [104] also on ‘Transversals in Latin squares’; while
many of the questions and results covered by [104] are also covered here with their sub-
sequent developments, other questions are also considered or are covered in more detail.
Secondly, we discuss here the links to the study of rainbow subgraphs in edge-coloured
graphs most closely related to transversals in Latin squares, but many further problems and
more detailed discussion can be found in the 2022 survey by Pokrovskiy [90] on ‘Rainbow
subgraphs and their applications’.

2 Decompositions into full transversals and random Latin squares

A Latin square decomposed into full transversals appears in a recreational mathematics
problem which was popular from at least the 1720s when it appeared in the compendium
‘Récréations mathématiques et physiques’ by Jacques Ozanam [84]. Taking a standard deck
of cards, can the aces, kings, queens and jacks be arranged into a 4 by 4 grid so that each
column and each row contains an ace, king, queen and jack which are all from different
suits? The answer is yes, and indeed a solution is given in Figure 2, displayed overleaf so
as not to disappoint any enthusiastic readers. In such a solution, forgetting the suit of each
card will give a Latin square of order 4, in which, furthermore, each suit marks out a full
transversal. That is, it gives a Latin square of order 4 which can be decomposed into full
transversals.

Euler [36] took this problem further around 1780, for Latin squares of order 6, in the
form of his famous ‘36 officers problem’. In this problem, there are 36 officers of 6 different
ranks from 6 different regiments, with one officer from each rank from each regiment, who
are to stand in a 6 by 6 grid so that each row and column contains officers of different ranks
from different regiments. To notate this, Euler used Latin letters to denote the regiments
and Greek letters to denote the ranks; the Latin letters used thus form a Latin square, giving
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rise to the terminology ‘Latin square’. While each rank (or Greek letter) would also mark
out a full transversal and thus give a decomposition of a Latin square of order 6 into full
transversals, the grid of ranks (or Greek letters) would also form a Latin square. We would
say that the two Latin squares at play here are orthogonal: two Latin squares of order n
are said to be orthogonal (sometimes mutually orthogonal) if the pairs of entries which
appear in corresponding cells are distinct (so that all possible n2 pairs appear). Finding two
orthogonal Latin squares of order n is equivalent to finding one Latin square of order n that
can be decomposed into full transversals.

Euler wrote that he could find no solution to his 36 officers problem, though could not
prove none exists, and conjectured that, for each n ≡ 2 mod 6, there is no Latin square of
order n which can be decomposed into disjoint full transversals [36]. This can immediately
be seen to be true for n = 2, but it was not until 1900 that Tarry [100] confirmed this
for n = 6, thus showing that Euler’s 36 officers problem has no solution. More generally,
however, Euler’s conjecture is false! This was first shown by Bose and Shrikhande [17] in
1959 who constructed counterexamples for n = 22 and n = 50, before extending this with
Parker [18] to show that Euler’s conjecture is false for any n ≡ 2 mod 6 with n ≥ 10.

Given this, an interesting question is to ask how common counterexamples are, and,
in particular, is a random Latin square of order n likely to be a counterexample to Euler’s
conjecture? For each n ∈ N, let L(n) be the set of Latin squares of order n which use
the symbols in [n] = {1, 2, . . . , n}, and let Ln ∈ L(n) be a Latin square chosen from L(n)
uniformly at random. In 1990, van Rees [102] conjectured that a vanishingly small propor-
tion of Latin squares have a decomposition into full transversals, or, equivalently, that the
random Latin square Ln has no decomposition into full transversals with high probability.
Wanless and Webb [105], however, observed in 2006 that numerical observations suggest
the contrary, and, considering the recent advances in techniques and the results shown, the
following conjecture now appears likely.

Conjecture 2.1 The random Latin square Ln can be decomposed into full transversals with
high probability.

Kwan [66] showed in 2020 that the random Latin square Ln at least has a full transversal
with high probability. Here, the rigidity of Latin squares make it difficult to study almost
any non-trivial properties of a uniformly random Latin square. Kwan [66] approached the
random Latin square Ln by approximating it via a modified random triangle removal pro-
cess, adapting breakthrough methods of Keevash [56, 57] on the existence of designs and
the analysis of the random triangle removal process carried out by Bohman, Frieze and Lu-
betzky [16]. To find a full transversal, Kwan [66] used the absorbing method, as codified
by Rödl, Ruciński and Szemerédi [95] in 2006 (following earlier related work by Erdős,
Gyárfás and Pyber [35] and Krivelevich [65]). As used in many different settings since,
the aim here is find a small partial transversal (functioning as an absorption structure) with
some flexibility before extending it to an almost-full transversal. Finally, the flexibility of
the absorption structure is used to make a relatively small adjustment to the overall structure
to extend this to a full transversal, where each column, row and symbol must appear exactly
once.

In this setting, it is typically not hard to extend some small partial transversal into an
almost-full transversal in any Latin square. For some potential applications this can more-
over be done so that the unused columns, rows and symbols look like a randomly chosen set,
for example using the semi-random method (also known as the Rödl nibble) as introduced
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Figure 2: A Latin square of order 4 which can be decomposed into disjoint full transversals,
as indicated by the card suits.

by Rödl [93]. This method was used, via a development by Pippenger and Spencer [88], in
random Latin squares by Ferber and Kwan [42] (for the work discussed below), while it was
implemented for generalised Latin squares (see Section 6) by Montgomery, Pokrovskiy and
Sudakov [78] who showed that any generalised Latin square contains (1 − o(1))n disjoint
partial transversals of order (1 − o(1))n. (For more on nibble methods, see also the recent
survey by Kang, Kelly, Kühn, Methuku and Osthus [55].)

The challenge then in using an absorption approach to find a full transversal in a random
Latin square is to show that an appropriate absorption structure likely exists. To do this,
Kwan [66] built up an absorption structure from much smaller flexible substructures. This
uses distributive absorption, a specific style of absorption introduced by Montgomery [77]
which has been applied in a range of settings to find large rigid substructures. More detail
on distributive absorption is given in Section 5.

An alternative approach to studying full transversals in the random Latin square Ln was
introduced by Gould and Kelly [47], who showed moreover that the random Latin square
Ln has a Hamilton transversal with high probability. Here, a Hamilton transversal is a full
transversal where the natural permutation of the indexing set of the rows/columns corre-
sponding to the full transversal is a cyclic permutation. (For example, the full transversal
highlighted in Figure 1 is not a Hamilton transversal as the corresponding natural permuta-
tion is (1)(2)(3465).) For their result, Gould and Kelly built on their work with Kühn and
Osthus [48] (as described briefly in Section 6.3) by using ‘switching methods’ to study ran-
dom Latin squares. Instead of working with random Latin squares, the idea is to consider
random Latin rectangles, where a k by n Latin rectangle is a k by n array filled using n sym-
bols, so that each symbol is used at most one in each row and column (see Figure 3). As
Latin rectangles are less rigid than Latin squares, small alterations (known as ‘switchings’)
can be made to a Latin rectangle in many different ways to reach another Latin rectangle.
Gould and Kelly use the analysis of switching arguments to show that a uniformly random
k by n Latin rectangle contains their desired small structures (for some k = Θ(n)). These
results can then be moved into a random Latin square by comparing its first k rows to a uni-
formly random k by n Latin rectangle, an approach pioneered by McKay and Wanless [75]
which uses estimates on the permanent (more specifically an upper bound of Brègman [21]
and a lower bound due to Egorychev [33] and Falikman [40]) to bound the number of ex-
tensions of a Latin rectangle to a Latin square.

Very recently, Eberhard, Manners and Mrazović [32] introduced yet another method for
showing a random Latin square has a full transversal with high probability, giving a very
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Figure 3: A 3 by 6 Latin rectangle on the left, where the comparative lack of rigidity allows
many different small alterations to made while maintaining the Latin rectangles properties,
with one such operation carried out on the highlighted cells to create the Latin rectangle on
the right. Note that the same operation applied to the first Latin square in Figure 1 does not
result in a Latin square.

different proof by using tools from analytic number theory. In particular, their methods are
extremely powerful for counting the number of transversals that can be expected in a typical
random Latin square. In [66], Kwan had shown that Ln has

(
(1 − o(1)) n

e2

)n
full transversals

with high probability (and a similar counting result for Hamilton transversals was given
by Gould and Kelly [47]). Here, the upper bound on the number of full transversals is
due to Taranenko [99] (with a simpler proof subsequently given by Glebov and Luria [45])
and holds for any Latin square of order n. Eberhard, Manners and Mrazović [32] gave the
remarkably strong bound that a random Latin square has

(
e−1/2 + o(1)

) (n!)2

nn full transversals
with high probability. (See Section 4 for a further discussion of their methods and results.)

So far, the results mentioned sought one full transversal in a random Latin square
(though finding many such single full transversals), some way from proving Conjecture 2.1!
Further work in this direction has taken place in the closely related setting of perfect match-
ings in random Steiner triple systems. This is described in Section 6.2, but the results shown
are likely to follow through with appropriate modification in Latin squares. That is, methods
by Ferber and Kwan [42] on Steiner triple systems are likely with modification to show that
the random Latin square Ln contains (1−o(1))n disjoint full transversals with high probabil-
ity (as noted in [42]). These methods build on those by Kwan in [66] by introducing sparse
regularity techniques (as well as using a random partitioning argument of Ferber, Kronen-
berg and Long [41]). More specifically, they require a generalisation of the sparse regularity
lemma of Kohayakawa and Rödl [61] to hypergraphs, to show a sparse version of a ‘weak’
hypergraph regularity lemma of Kohayakawa, Nagle, Rödl and Schacht [60], which is then
used in conjunction with a generalistion to linear hypergraphs of the resolution of the KŁR
conjecture by Conlon, Gowers, Samotij and Schacht [29].

The results mentioned here on random Latin squares have all been shown within the last
decade, with most of them more recent still. These new techniques open up the prospect of a
proof of Conjecture 2.1 in the near future, though additional new ideas are no doubt needed.
As highlighted by Ferber and Kwan [42], it is natural to take an absorption approach towards
Conjecture 2.1. Most implementations of the absorption method in the literature correspond
to finding a full transversal, but some more elaborate implementations have been used to
decompose structures entirely. For example, Barber, Kühn, Lo and Osthus [12] introduced
iterative absorption techniques to decompose dense graphs into small fixed subgraphs and
Glock, Kühn, Montgomery and Osthus [46] decomposed large complete properly coloured
graphs into rainbow spanning trees (see Section 3 for an exposition of the links of the current
problem to rainbow subgraphs).

Finally, in this section, let us mention recent techniques to study the distribution of small
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structures within random Latin squares. The results mentioned above using distributive ab-
sorption (i.e., [42, 47, 66]) built their absorption structure from small structures found in
Latin squares, and thus knowing how many such small structures are likely to appear is crit-
ical. One simple example of a small substructure in a Latin square is an intercalate, where
two rows and two columns intersect on a 2 by 2 subsquare which is itself a Latin square (see
Figure 1 for an example). Using switching arguments, Kwan and Sudakov [69] showed that
a random Latin square Ln has at least (1 − o(1)) n2

4 intercalates with high probability. This
lower bound matched a conjecture of McKay and Wanless [75], whose proof was recently
completed by Kwan, Sah and Sawhney [67] showing that a random Latin square Ln has
at most (1 + o(1)) n2

4 intercalates with high probability. If Conjecture 2.1 is to be proved
by an absorption approach building on those in [47, 66], much of a random Latin square
will need to be decomposed into small structures which are used to build absorbers. In
recent years, related decompositions have been found by applying hypergraph matching re-
sults (see Ehard, Glock and Joos [34] for such a result) to some almost-regular auxiliary
hypergraphs in an increasingly sophisticated way. For such an approach, upper bounds for
the number of specific small substructures are needed as well as lower bounds, and thus
the work of Kwan, Sah and Sawhney [67] (along with further developments by the same
authors and Simkin [68]) is important here, where the upper bound is proved using the
switching methods pioneered by McKay and Wanless [75] and the deletion method of Rödl
and Ruciński [54, 94].

3 Latin squares without full transversals and related conjectures

It is convenient, and now commonplace, to translate transversals in Latin squares into
a rainbow matching problem in optimally coloured complete bipartite balanced graphs, as
follows (see also Figure 4). Given a Latin square L, create a vertex corresponding to each
row and each column, and, for each row/column pair put an edge between their correspond-
ing vertices coloured by the symbol in the cell indexed by that row and column. This gives
a coloured bipartite graph H(L), which is a copy of the complete bipartite n by n graph
Kn,n where the edges are coloured using the set of symbols of the Latin square. That each
symbol appears only once in each row and in each column of the Latin square implies that
every colour appears at each vertex at most once, and therefore the colouring is proper. As
the colouring uses the minimal number of colours for a proper colouring of Kn,n, we say it
is optimally coloured. Given any optimal colouring of Kn,n, the reverse construction easily
creates a corresponding Latin square of order n, and therefore the Latin squares of order n
correspond exactly to the optimal colourings of the complete bipartite graph Kn,n.

Any transversal in a Latin square L corresponds to a subgraph in the corresponding
graph H(L) in which no edges share any vertices or any colours (see Figure 4). Subgraphs
in edge-coloured graphs in which each colour appears at most once are known as rainbow,
where rainbow subgraphs have in recent years seen a hive of activity (see, for example, the
many results covered by the survey by Pokrovskiy [90]). A partial transversal then in L
corresponds to a rainbow matching in H(L), while a full transversal in L corresponds to a
perfect rainbow matching in H(L).

This translation allows us to use graph theory notation and techniques in the study of
Latin squares. For example, for any abelian group G of order n, let L(G) be the Latin square
corresponding to its addition table and consider the graph, H(G) say, corresponding to L(G).
If H(G) contains a perfect rainbow matching, then, letting c(e) be the colour of the edge e,
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Figure 4: A Latin square of order 4 converted into an edge-coloured complete bipartite
graph. A transversal in the Latin square is shown by highlighting each cell with the style
used to represent the edges with colour corresponding to the cell entry. The corresponding
perfect rainbow matching is then shown on the right.

we have ∑
v∈G

v =
∑
e∈M

c(e) =
∑
xy∈M

(x + y) = 2
∑
v∈G

v, (3.1)

so that we must have that
∑

v∈G v = 0, where 0 is the identity of G. Where this does not
hold, then, H(G) can have no perfect matching. Where G = Z2m, for any integer m ≥ 1, this
corresponds to the example given in Section 1, but already this gives us more examples of
Latin squares without a full transversal, for example by taking G = Z2 × Z3.

In fact, as, for simplicity, we have set G to be abelian, a characterisation of when the
addition table for G has a full transversal has long been known due to Paige [85] in 1947
(using the language of complete mappings). That is, there is a full transversal exactly when
G has exactly one element of order 2, or, equivalently, when its only 2-Sylow subgroup is
a cyclic group of order 2. In this case, this condition can be easily seen to be equivalent to∑

v∈G v , 0.
In 1950, Paige [86] then considered whether L(G) has a full transversal or not for finite

non-abelian groups G, where L(G) is the Latin square corresponding to the multiplication
table of G. Paige proved that if L(G) has a full transversal then there must be an ordering
of the elements of G such that their product in that ordering is equal to the identity. Noting
that this was shown to be a sufficient condition for finite abelian groups in [85], Paige
conjectured that, likewise, this is a sufficient condition for a full transversal to occur in the
multiplication table of a finite non-abelian group. As Paige noted, this is easy to show for
finite non-abelian groups of odd order as the leading diagonal of the corresponding Latin
squares forms a full transversal.

In 1955, Hall and Paige [51] considered an equivalent condition, that
∑

x∈G x = 0 in the
abelianisation Gab = G/G′ of G, where G′ is the commutator subgroup of G. This condition
is now known as the Hall-Paige condition. Hall and Paige [51] conjectured that this is suffi-
cient for a full transversal to occur in the multiplication table for any finite group, and also
showed that this condition is equivalent to the condition that all the 2-Sylow subgroups of G
are trivial or non-cyclic. The Hall-Paige conjecture was finally confirmed in 2009 through
a combination of work by Wilcox, Evans and Bray [106, 38], as described in Section 4, and
recorded below.

Conjecture 3.1 (The Hall-Paige conjecture, proved by Wilcox, Evans and Bray) For any
finite group G, L(G) has a full transversal if and only if G satisfies the Hall-Paige condition.

In the context of Section 2, we note that, for any finite group G, if L(G) has a full
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A0 A1

B0 B1

C0 C0C1

Figure 5: A blow-up construction based on the addition table for Z2. For some m, each
labelled set has size m. The edges between A0 and B0, and between A1 and B1, are all
present and properly coloured using the colours in C0, while the edges between A0 and B1,
and between A1 and B0, are all present and properly coloured using colours in C1. When m
is odd, there is no perfect rainbow matching.

transversal then it can be very easily seen to have a decomposition into full transversals.
Indeed, if f : G → G is an isomorphism such that the cells indexed by (g, f (g)), g ∈ G,
form a full transversal then, for each h ∈ G, the cells indexed by (g, f (g) ◦ h), g ∈ G, are
also a full transversal, and thus gives a decomposition into full transversals.

Given a finite group G which does not satisfy the Hall-Paige condition, we can generate
further Latin squares by using what, in modern parlance, is a ‘blow-up’ construction (see
Figure 5 for a depiction with G = Z2). For convenience we will assume that G is an abelian
group, of order n, and construct optimal colourings of complete bipartite graphs. Let k ≥ 1
be an integer. Disjointly, for each v ∈ G, take sets Av and Bv, each of k vertices, and a set Cv

of k colours. Let A = ∪v∈GAv and B = ∪v∈GBv and, for each pair v and w, put all possible
edges between Av and Bw and properly colour them using the colours in Cv+w. This gives a
graph H which is an optimally coloured copy of Kkn,kn using the colours in C = ∪v∈GCv. If
H contains a perfect rainbow matching M, then, for each edge e ∈ M, let ve,we ∈ G be such
that e lies between Ave and Bwe , noting that c(e) ∈ Cve+we . Then, the corresponding version
of (3.1) is

k ·
∑
u∈G

u =
∑
u∈G
|Cu| · u =

∑
u∈G

∑
e∈M:c(e)∈Cu

u =
∑
e∈M

(ve + we) = 2k ·
∑
u∈G

u.

Therefore, if k · ∑u∈G u , 0, then H can have no perfect rainbow matching, and thus the
corresponding Latin square has no full transversal.

In the case G = Z2m for any m ≥ 1 and odd k, this example was given by Maillet [73] in
1894 (and later rediscovered by Parker [87]). Cavenagh and Wanless [27] have given exam-
ples of Latin squares with no transversals which do not fit into this ‘blow-up’ construction,
while also observing that Maillet’s example already provides many Latin squares with no
full transversals. For example, when n = 2k and k is odd then the number of Latin squares
with no full transversals is at least

((1
2 e−2 − o(1)

)
n
)n2

. Of course, as shown by the result of
Kwan [66] discussed in Section 2, this is a vanishingly small proportion of Latin squares of
order n, as the number of Latin squares of order n is |L(n)| = ((e−2 + o(1))n)n2

(see [101,
Chapter 17]).

All the examples of Latin squares without a full transversal that we have covered here
have even order. In 1967, Ryser [96] (see also [15]) conjectured that there are no Latin
squares of odd order without a full transversal. Brualdi [24] later conjectured that every
Latin square of order n has a partial transversal with n−1 cells, while Stein [98] made some
related conjectures in 1975 which are stronger than this (see Section 6). For at least the
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last decade, the following well-known combined conjecture has been known as the Ryser-
Brualdi-Stein conjecture.

Conjecture 3.2 (The Ryser-Brualdi-Stein conjecture) Every Latin square of order n has
a partial transversal with at least n − 1 cells, and a full transversal if n is odd.

In Section 4 we will discuss the proof of the Hall-Paige conjecture and other cases
where Latin squares are known to have full transversals, before discussing progress towards
the Ryser-Brualdi-Stein conjecture in Section 5. Before this, however, let us briefly note
that we have seen no Latin squares of odd order n with any meaningful restriction on their
transversal properties. However, there are Latin squares of order n which have no decom-
position into full transversals for each odd n ≥ 5. This was shown for every n ≥ 5 with
n ≡ 1 mod 4 by Mann [74], and for every n ≥ 7 with n ≡ 3 mod 4 by Evans [37].

4 Full transversals in Latin squares

From its statement in 1955 until its proof in 2009, the Hall-Paige conjecture (Conjec-
ture 3.1) was steadily shown to hold for various groups and saw much related work. For a
detailed exposition of this, as well as a complete unified proof of the conjecture, we refer
the reader to Part II of the book by Evans [39]. In their original paper, Hall and Paige [51]
showed that, if G has a normal subgroup N for which both L(N) and L(G/N) has a full
transversal, then L(G) has a full transversal, and used this to prove Conjecture 3.1 for solv-
able groups. In a major breakthrough in 2009, also via an inductive argument, Wilcox [106]
reduced Conjecture 3.1 to the case of simple groups. Thus, the classification of finite simple
groups exactly characterised the remaining task. Hall and Paige [51] had already confirmed
the conjecture for alternating groups. Wilcox [106] gave a unified proof for groups of Lie
type, while Evans [38] combined Wilcox’s methods with computer algebra to give a proof
for the Tits group and all but one of the 26 sporadic groups. Bray then checked the final
remaining case, which was the fourth Janko group (see [106], and [20] for the eventual
publication), which completed the proof of the Hall-Paige conjecture.

More recently, Eberhard, Manners and Mrazović [31] gave a completely different proof
of the Hall-Paige conjecture for large groups, using tools from analytic number theory.
Remarkably, they were able to show that any group G satisfying the Hall-Paige condition
has
(
e−1/2+o(1)

)|Gab| (n!)2

nn full transversals, where, again, Gab is the abelianisation of G, thus
giving a precise asymptotic. (Indeed, they even determine the order of the o(1) term, see [31,
Theorem 1.4]!) The quantitative bounds in Eberhard, Manners and Mrazović’s work are
strong enough to already rule out many of the cases considered in the original proof of the
Hall-Paige conjecture by Wilcox, Bray and Evans. This gives a proof of Conjecture 3.1
which avoids extensive case-checking for the sporadic groups or the Tits group, from these
only requiring verification of the conjecture for the first two Mathieu groups (see [31]).

Even more recently, Eberhard, Manners and Mrazović [32] again used tools from ana-
lytic number theory (including a loose variant of the circle method) to find full transversals
in Latin squares satisfying a quasirandomness condition. Here the quasirandomness condi-
tion is defined in terms of the spectral gap of an operator associated with the Latin square
(see [32]). Where the Latin square coincides with the multiplication table of a group, their
condition coincides with the definition of quasirandomness for subgroups by Gowers [49],
and recovers the main result of their work in [31] for sufficiently quasirandom groups. Using
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recent results of Kwan, Sah, Sawhney and Simkin [68], Eberhard, Manners and Mrazović
showed that a random Latin square of order n satisfies their quasirandomness condition
with high probability, allowing them to improve Kwan’s result (as discussed in Section 2)
to show that a random Latin square of order n has

(
e−1/2 + o(1)

) (n!)2

nn full transversals with
high probability.

A further independent proof of the Hall-Paige conjecture has been also recently been
given, this time with combinatorial methods, by Müyesser and Pokrovskiy [83] as part of
a generalised theorem with several applications resolving old problems in combinatorial
group theory in the case of large groups (see [83]). To get an idea of this general theorem,
first let G be a large group of order n and let H(G) be the corresponding bipartite graph to
the multiplication table of G (as described in Section 3) with vertex sets A and B and colour
set C. Suppose we have sets A′ ⊂ A, B′ ⊂ B and C′ ⊂ C of equal size. When can we
expect a perfect rainbow matching between A′ and B′ in H(G) using only the colours in
C′? Similarly to the arguments we have covered, it is easy to see that a necessary condition
must be that

∑
a∈A′ a +

∑
b∈B′ b =

∑
c∈C′ c in the abelianisation Gab of G. Müyesser and

Pokrovskiy [83] show that this is a sufficient condition for sets A′, B′ and C′ which are
sufficiently close to random subsets where each element is independently included with the
same probability p, for any p ≥ n−1/10100

. Taking p = 1 in this result, then, recovers a proof
of the Hall-Paige conjecture for large groups.

The main tool used by Müyesser and Pokrovskiy in [83] is the absorption method, as
described loosely in Section 2. As we will discuss in detail an absorption approach to
finding large rainbow matchings in the next section, we will outline how this can be used
now. (This discussion is representative of the methods in [83], but slightly different to align
with our subsequent discussion.) A natural approach for absorption here would be, for some
ℓ0, ℓ1 ≤ n, to look for a balanced set Vabs of 2ℓ0 vertices and a set Cabs of ℓ0 + ℓ1 colours
such that, for any balanced set W ⊂ V(H) \Vabs of 2ℓ1 vertices, there is a rainbow matching
in H := H(G) with vertex set Vabs ∪ W and colour set Cabs. (A set is balanced if it has
equally many vertices in each side of the bipartition.) In the terminology of absorption,
we would say that (Vabs,Cabs) can absorb any balanced vertex set with 2ℓ1 vertices. If this
could be done, then the strategy would look for an initial rainbow matching with vertex set in
V(G)\Vabs which uses exactly the colours not in Cabs (made easier than the original problem
as there are 2ℓ1 more vertices than have to be used in this matching) before applying the
absorption property to the unused vertices in V(H) \ Vabs to find a second matching which,
added to the initial matching, completes a perfect rainbow matching in H.

However, there is an inherent complication here. If there is a rainbow matching in H
with vertex set Vabs ∪W and colour set Cabs, then, assuming from now for simplicity that G
is abelian, we have ∑

v∈Vabs∪W

v =
∑

c∈Cabs

c, (4.1)

and therefore the best we can hope for is that (Vabs,Cabs) can absorb any balanced set of 2ℓ1
vertices for which

∑
v∈W v =

∑
c∈Cabs −∑v∈Vabs v. We may as well say this sum is equal to 0,

and hope to create an absorption structure (Vabs,Cabs) which can absorb any appropriate set
of vertices with zero sum.

This is accomplished by Müyesser and Pokrovskiy in [83] with ℓ0 = o(n) and ℓ1 = n1−ε

for some small fixed ε > 0. (In fact, they prove something stronger that we have weakened
to cohere with our subsequent discussion.) To build this absorber, they use distributive
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absorption (as mentioned in Section 2), an efficient method to build a global absorption
property from small local absorbers. To avoid excessive detail here, we will comment no
further than to say that the starting point is usually to robustly find small absorbers. For
example, here, it would be useful to find a small absorber that can absorb either {x1, y1} or
{x2, y2} (two balanced sets). The discussion around (4.1) implies that this is only possible if
x1 + y1 = x2 + y2, or, equally, if x1y1 and x2y2 have the same colour in H = H(G). (Note we
are giving a minimal useful example as if we could absorb {x1} and {x2} then in fact x1 = x2.)
However, subject only to the condition that x1 + y1 = x2 + y2 (= c, say) we can find such a
small absorber in many ways (as depicted in Figure 6). Picking any two colours c1 and c2
(avoiding O(1) bad options so the following is possible), label vertices w1, z1 and a colour
c3 such that x1w1z1y1 is a path in H with colours c1, c2 and c3 in that order, and c, c1, c2, c3
are all distinct. Label vertices w2, z2 such that x2w2z2y2 is a path in H with colours c1, c2
and c3 in that order, noting that this is possible as H = H(G) and x2y2 is the same colour
as x1y1. Then, as long as we chose c1, c2 so that these paths are vertex-disjoint, it is easy to
see that, setting Vabs = {w1, z1,w2, z2} and Cabs = {c1, c2, c3}, (Vabs,Cabs) can absorb either
{x1, y1} or {x2, y2} (see Figure 6).

There are many complications dealt with in [83], not least of all of course when G
is non-abelian, but we hope this gives some indication of the starting point from which a
global absorber can be created. We return to this in Section 5 to discuss the challenges in
attempting this more generally for colourings not generated from a group. Constructing
absorbers for zero-sum sets in this manner is a natural extension in the development of
absorption techniques, and appears also in the recent work by Bowtell and Keevash [19] on
the famous n-queens problem.

In Section 2, we described work by Gould and Kelly [47] finding Hamilton transversals
in a random Latin square with high probability. There, a Hamilton transversal corresponded
to a full transversal where the natural permutation it defines is a cyclic permutation. More
generally, we could ask for a full transversal in a random Latin square of order n where this
permutation has any specific cycle type corresponding to a permutation of an n-element set.
If there are few fixed points then it seems plausible this can be done with high probability. In
the non-random case, Müyesser [82] has conjectured that if k ≥ 3 is such that k|(n− 1), then
for any group G of order n satisfying the Hall-Paige condition the Latin square L(G) has
a full transversal whose permutation corresponds to a single fixed point and otherwise has
cycles of length k. (The case k = n−1 can be seen to correspond to a Hamilton transversal.)
In related work, Müyesser [82] proved for large groups a conjecture of Friedlander, Gordon
and Tannenbaum [43] from 1981 that, for k ≥ 2 dividing (n − 1), if an abelian group G of

Vabs

x1

y1

z1

w1

z2

w2

x2

y2

c3c1
c2c

c3 c1

c2 c

z1

w1

z2

w2

Vabs

x1

y1

c1
c2

c3 Vabs

z1

w1

z2
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x2

y2

c3

c1
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Figure 6: On the left a structure allowing (Vabs,Cabs) to absorb either {x1, y1} or {x2, y2},
where Cabs = {c1, c2, c3}). That is, there is both a matching with vertex set Vabs ∪ {x1, y1}
and colour set Cabs (in the middle) and Vabs ∪ {x2, y2} and colour set Cabs (on the right). In
a colouring arising from a group, this is possible as x1y1 and x2y2 have the same colour.
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order n satisfies the Hall-Paige condition then the Latin square formed like L(G) but with
entry u − v in the cell indexed by row u and column v, for each u, v ∈ G, has a transversal
whose whose permutation corresponds to a single fixed point and otherwise has cycles of
length k.

5 Partial transversals in Latin squares

Shortly after the formation of the Ryser-Brualdi-Stein conjecture (or, more precisely,
the portion due to Ryser [96]), Koksma [62] gave a simple argument that every Latin square
of order n has a partial transversal with at least 2n/3 cells. Drake [30] improved this bound
to 3n/4, before an approximate form of the conjecture was proved in 1978 independently by
Brouwer, De Vries and Wieringa [23] and Woolbright [107], each showing that every Latin
square of order n has a partial transversal with at least n − √n cells. In 1982, Shor [97]
gave a proof improving this bound to n − O(log2 n), though this paper contained an error
that was only noticed and fixed in 2008 by Hatami and Shor [53], using effectively the
original approach. Recently, Keevash, Pokrovskiy, Sudakov and Yepremyan [58] improved
this bound, which had essentially stood for 40 years, to show any Latin square of order n
has a partial transversal with n − O(log n/ log log n) cells. Very recently, Montgomery [76]
showed that every sufficiently large Latin square of order n has a partial transversal with
n − 1 cells. While this confirms the Ryser-Brualdi-Stein for large even n, it seems very
difficult to find a full transversal in a Latin square with large odd order using these methods
and certainly further ideas would be needed.

To discuss the proof of the bounds in [58, 76], we will use the rainbow subgraph for-
mulation of the problem. Suppose, then, that G is a bipartite copy of Kn,n which is properly
coloured with n colours. To find a find a large rainbow matching in G, Keevash, Pokrovskiy,
Sudakov and Yepremyan [58] essentially began with a large random almost-perfect rain-
bow matching, before successively modifying it, each time getting a rainbow matching that
is one edge larger, until it contains n − O(log n/ log log n) edges. Suppose the initial large
rainbow matching is M. Suppose further that there are vertices x, y ∈ V(G) \ V(M) which
are in different vertex classes in G, and an x, y-path P in G such that the even edges in this
path are in M and the odd edges (starting with the edge containing x) all have different
colours not used on M. Then, removing the even edges of P from M and adding the odd
edges gives a rainbow matching in G with one more edge. In [58], the initial large rainbow
rainbow matching M is found using the Rödl nibble (as discussed briefly in Section 2), and
has n − n1−α edges for some fixed small α > 0. The randomness of the initial matching M
implies (via some expansion properties) essentially that for every pair of vertices not in the
matching and every set of K log n/ log log n colours (for some fixed constant K) not on M
such a path P can be found. Moreover, this property is sufficiently robust that it can be used
to make iterative adjustments (with some additional care) until the rainbow matching uses
all but K log n/ log log n of the colours of G.

This brief outline belies the challenges overcome in [58], particularly in achieving a
bound that seems likely to be optimal using these or related methods. Indeed, if d =
log n/2 log log n and C is a set of d colours, then however a matching M is chosen in G
without using the colours in C, for any vertex v ∈ V(G), there are at most 2dd = o(

√
n)

paths from v which alternate between edges with colour in C and edges in M in the manner
of the path P described above. Thus, such paths certainly cannot exist between an arbitrary
pair of vertices. More broadly, the bound n−O(log n/ log log n) is plausibly a natural barrier
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for any method that does not alter its approach based on the specific colour of G, and the
underlying algebraic properties it might have (see, for example, the examples described in
Section 3).

A significant part of the work in [76], then, is to find some way to identify and exploit
(approximate) algebraic properties in the colouring of G. Following this, the approach taken
is an implementation of the absorption method, where, as in the outline of the work in [82]
by Müyesser and Pokrovskiy in Section 4, an absorption structure is found and set aside, be-
fore a large rainbow matching is found disjointly. Finding a large rainbow matching disjoint
from the absorption structure in [76] is possible if a substantial set of random colours and
vertices is reserved for this, following work by Montgomery, Pokrovskiy and Sudakov [79].

The key, then, is in developing some absorption structure. We recall from Section 4 that
we cannot hope to find an absorption structure that can absorb any small set of vertices.
In contrast to the previous methods involving the absorption of ‘zero-sum’ sets (i.e., those
in [19, 83]), here we do not have a structure with a well-determined, known, and exact
algebraic structure. Some condition is thus needed to define the sets we will be able to
absorb. In [76], a colour c0 is chosen (fairly arbitrarily) to function as an ‘identity colour’
and the condition for absorption is that the vertex set must be the vertex set of a matching
of colour-c0 edges. (A few edges are deleted for this to be true, but here we gloss over this
for simplicity.) More precisely, for some ℓ0, ℓ1 ≤ n we look for a balanced set Vabs of 2ℓ0
vertices and a set Cabs of ℓ0 + ℓ1 colours such that, for any balanced set W ⊂ V(H) \ Vabs

which is the vertex set of a matching of ℓ1 edges with colour c0, there is a rainbow matching
in G with vertex set Vabs ∪W and colour set Cabs.

In [76], this absorption structure is found using distributive absorption, so, as in our dis-
cussion in Section 4, a good starting point would be to find an absorber capable of absorbing
one of two sets of two vertices with ‘zero sum’ – here, instead, the ‘zero sum’ condition is
replaced by the set of two vertices being the vertex set of an edge with the identity colour,
c0. However, trying the construction in Section 4 with c = c0 (see Figure 6) to find an ab-
sorber here does not work as, without the algebraic structure conferred by a group, we may
not have that the third edge of the x2, y2-path has colour c3, but, perhaps, some other colour
c′3 (see Figure 7). Crucially, however, we can instead choose from what we have found a
structure that can absorb either the colour c3 or the colour c′3 (as depicted in Figure 7). That
is, using the labelling in Figures 6 and 7, taking V̂abs to be the set of all the vertices used and
Ĉabs to be the set of all the colours used except for c3 and c′3, we have that there is a rainbow
matching with vertex set V̂abs and colour set Ĉabs∪{c3} and a rainbow matching with vertex
set V̂abs and colour set Ĉabs ∪ {c′3} (see Figure 7). Note that if we knew G has many such
small absorbers capable of absorbing either c3 or c′3, then if we tried the previous absorber
construction for {x1, y1} and {x2, y2} and encountered the same problem we could now solve
it. Indeed, if we take, using new colours and vertices, a small absorber that can absorb either
c3 or c′3, then, in combination with the construction that failed because c3 , c′3 (adding both
c3 and c′3), it is relatively easy to see that this can absorb either {x1, y1} or {x2, y2}.

This is a small toe-hold into creating an absorption structure, but a crucial one, and it
motivates how we might study the colouring of G to gather something representative of
some of its (possible) algebraic structure. Looking at the pairs of colours, we consider
how many different small absorbers can absorb either one (as in Figure 7). A good way
to consider this to take a complete auxiliary graph K with the colour set of G as its vertex
set where each edge is weighted by the number of absorbers in G with the construction
in Figure 7 which can absorb either one of those two colours. If two colours c and d are
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Vabs
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c′3c1
c2c

c3 c1

c2 c
c1

c2

c3
cV̂abs

c′3
c

c1
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Figure 7: On the left, in contrast to Figure 6, with Cabs = {c1, c2, c3}, (Vabs,Cabs) can
absorb {x1, y1} but not {x2, y2} if c′3 , c3. Instead, with V̂abs = Vabs ∪ {x1, y1, x2, y2} and
Ĉabs = {c, c1, c2}, (V̂abs, Ĉabs) can absorb either c3 or c′3, as depicted by the matchings in the
middle and on the right, whose colour sets differ on {c3, c′3}.

connected by a short path of high weight edges in K, then, loosely speaking, we can chain
disjoint absorbers together along this path to create an absorber that can absorb either c or
d. Ideally, we want to know that, the majority of the time, when we attempt the construction
in Figure 7, if it fails because c′3 , c3, then we will be able to find many small absorbers
that can absorb c′3 or c3. To do this, in [76], most of the weight of K is essentially covered
by well-connected subgraphs whose edges have roughly equal weight in such a way that no
colour appears in too many subgraphs. This is done using techniques involving sublinear
expansion, which allows well-connected graphs to be found where the length of the connec-
tions can be controlled (so that any absorbers created using such a connection in K are not
too large). Sublinear expansion, as introduced by Komlós and Szemerédi [63, 64], is used
here as the non-zero-weighted edges of K might be sparse, yet carry a meaningful weight.
For more on sublinear expansion, and the many uses that have been found for it, we invite
the reader to turn to the survey by Letzter [70] which also appears in this volume.

While our discussion so far gives some indication of the approach taken in [76] to study
the algebraic properties of colourings, the actual implementation is somewhat more com-
plicated. Aside from the omission here of many details around the distributive absorption
approach, this is in part because the weight distribution on the auxiliary graph K can vary
widely. For example, when the colouring of G arises directly from the addition table of an
abelian group, then every weight will be 0. On the other hand, if the colouring of G is a
randomly chosen optimal colouring, then we expect K to be roughly evenly weighted with
total weight Θ(n5), and, between these two examples, there are a wide variety of plausible
auxiliary graphs K.

Suppose, however, that our absorption structure can be created. Note that the condition
on the set to be absorbed (that it is the vertex set of a matching of identity colour edges) is
quite restrictive – if a vertex is to be in the set to be absorbed then so must its neighbour
across an identity-colour edge. To be able to consider an arbitrary balanced vertex set,
an ‘addition structure’ is introduced in [76]. This consists of a set Vadd of vertices and a
set of colours Cadd so that, given any sufficiently small set W of vertices not in Vadd, G
contains two vertex-disjoint matchings M1 and M2 and two remainder vertices r1, r2, such
that these vertices altogether exactly form the set Vadd ∪W, and such that M2 is a rainbow
matching using each colour in Cadd exactly once and M1 is a matching of identity colour
edges. Thus, setting Ŵ = V(M1), we have a set which can be absorbed by the absorption
structure, while the matching M2 is included in the rainbow matching that is found. The two
remainder vertices are the two vertices not included in the final matching of n−1 edges. The
function of the addition structure here, effectively, is to take a general unstructured set W
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r2r1

Absorpt.
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Figure 8: An addition structure and an absorption structure on the left, along with a small
unstructured vertex set W. On the right, the addition structure transforms the unstructured
set into two ‘remainder vertices’ and a structured vertex set Ŵ which is suitable for absorp-
tion.

and transform it to a structured set Ŵ (with the loss of two remainder vertices) that is then
suitable for absorption (this is rather abstractly represented in Figure 8). The construction
of the addition structure is not particularly complex, though we include no further details
here, but we note that it works in an iterative fashion where more vertices are added to the
structure in pairs, all while a changing pair of ‘remainder vertices’ is considered along with
two large matchings. Thinking of this as addition with remainder vertices is a very useful
perspective when creating such a structure.

Finally, let us finish our discussion of the methods in [76] by noting how useful it is to
have two vertices which are omitted from the final matching. Considering the case where
the colouring arises from an abelian group, given an arbitrary balanced set of vertices, in
order for the addition structure to function any group element must be representable as the
sum of two vertices from the addition structure (i.e., any remainder can be represented as the
sum of two remainder vertices). This would be true if, say, the addition structure contained
a random set of n2/3 vertices, while using only one remainder vertex is not possible with
these methods. Thus, perhaps it is fair to say that finding a rainbow matching in G missing
one edge is not as close to an n-edge rainbow matching as it might seem. In some sense, the
degree of the discrepancy is not 1 but 3: we may choose two vertices and one colour to leave
out of the matching. For the methods in [76] we need the flexibility to omit at least two of
these — a brief discussion of a variant of the problem which is approachable using this is
in Section 6.1. Finding a rainbow matching without any of this flexibility (i.e., proving the
Ryser-Brualdi-Stein conjecture for large odd n) seems quite far beyond these methods, and
would certainly need new ideas.

6 Related problems

In the rainbow subgraph formulation, we have discussed the problem of finding large
rainbow matchings in optimally coloured complete bipartite balanced graphs. To finish this
survey, we will discuss some related work and conjectures. We consider what happens
when the colouring is proper but non-optimal (Section 6.1), when the coloured graph is not
bipartite but complete (Section 6.3), when the colouring is not required to be proper (Sec-
tion 6.4) and when multigraphs are used (Section 6.5). Additionally, we discuss the closely
related problem of large matchings in Steiner triple systems (Section 6.2). We cover these
topics beginning with those where the methods discussed in Section 5 give some progress.
Throughout this section, we touch only on the problems most closely connected to transver-
sals in Latin squares, and, for additional background and a much wider variety of problems
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on rainbow subgraphs, we refer the reader to the excellent survey by Pokrovskiy [90].

6.1 Generalised Latin squares

From the perspective of the rainbow subgraph formulation, it is natural to ask how large
a rainbow matching can be found in any properly coloured Kn,n. This corresponds to the
study of transversals in generalised Latin squares, also known as Latin arrays, of order n,
where an n by n grid is filled with symbols so that no symbol appears more than once in any
row or column. As non-optimal colourings have more colours than optimal colourings, it is
generally expected that large, or even perfect, rainbow matchings should be easier to find in
non-optimal colourings of Kn,n. For example, Montgomery, Pokrovskiy and Sudakov [78]
showed that any proper colouring of Kn,n where at most (1 − o(1))n colours appear more
than (1 − o(1))n times has a perfect rainbow matching.

The techniques used in work towards the Ryser-Brualdi-Stein conjecture have often
also been applied more generally to proper colourings of Kn,n. For example, Keevash,
Pokrovskiy, Sudakov and Yepremyan (see [58, Theorem 1.6]) showed that any such colour-
ing contains a rainbow matching with n−O(log n/ log log n) edges. The results of [78] show
that, for large n, we only need consider colourings which are, in some sense, close to an op-
timal colouring. For sufficiently large n, this allows the techniques described in Section 5
to show that any properly coloured Kn,n has a rainbow matching with n − 1 edges [76].

Beyond this, Best, Pula and Wanless [14] have conjectured that any properly coloured
Kn,n should have an (n − 1)-edge rainbow matching despite the deletion of any chosen
vertex, or, equivalently, that every proper colouring of Kn−1,n has a rainbow matching with
n − 1 edges. As Georgakopoulos [44] observed, this is a special case of a conjecture of
Haxell, Wilfong and Winkler (see also [5]). Though not proved in full in [76], the methods
described in Section 5 are strong enough to confirm this conjecture for sufficiently large n.
(Very roughly, that such a partial transversal would omit at least one colour and omit one
vertex is enough flexibility to allow the methods described in Section 5 to work, though it is
clearer from the sketches in Section 5 that the methods would work in a setting where two
vertices and no colours are omitted, such as to find an (n − 1)-edge rainbow matching in an
optimal colouring of Kn,n with the edges of any one colour removed.) This conjecture is a
weak version of a very strong conjecture by Stein [98], which we cover in Section 6.5.

6.2 Steiner triple systems

In addition to rainbow matchings in properly coloured balanced bipartite complete
graphs, transversals in Latin squares also have a natural expression as a matching in 3-
uniform hypergraphs. Given a Latin square L of order n, form a hypergraph H(L) by first
creating disjoint sets A and B of n vertices representing the rows and columns of L respec-
tively and a set C of n vertices representing the symbols of L. Then, for each pair of vertices
a ∈ A and b ∈ B, take the symbol c ∈ C in row a and column b of L and add abc to H(L).
Note that a partial transversal in the Latin square L corresponds to a matching (a set of
disjoint edges) inH(L), while a full transversal corresponds to a perfect matching.

Note further that any two vertices from different sets A, B and C are contained together
in exactly one edge of H(L). Thus, a Latin square of order n can be represented as what
is a tripartite version of a Steiner triple system. A Steiner triple system (STS) of order n
is a 3-uniform hypergraph with n vertices in which every pair of vertices is contained in
exactly one edge. Steiner triple systems are a type of design whose history dates back to
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Kirkman’s famous schoolgirl problem [59] from 1850 (which asked for a particular type of
Steiner triple system, called a resolvable design, with 15 vertices). Every vertex in an STS
of order n must be in n−1

2 edges, and the number of vertex pairs,
(
n
2

)
, must be divisible by 3.

Thus, Steiner triple systems of order n can only exist if n ≡ 1 or 3 mod 6. Kirkman [59]
showed that this condition is sufficient for the existence of an STS of order n.

The corresponding version of the Ryser-Brualdi-Stein conjecture was made for Steiner
triple systems in 1981 by Brouwer [22], as follows.

Conjecture 6.1 (Brouwer) Every Steiner triple system of order n has a matching of at least
n−4

3 edges.

Conjecture 6.1 would be tight for infinitely many n as seen by constructions of Wilson
(see [28]) and Bryant and Horsley [25, 26]. Improving on early bounds by Wang [103] and
Lindner and Phelps [71], Brouwer [22] gave the first asymptotic version of Conjecture 6.1
by showing that any STS of order n has a matching with at least n/3 − O(n2/3) edges. An
asymptotic version of Conjecture 6.1 can now, however, be proved with a simple applica-
tion of standard matching theorems for almost-regular hypergraphs proved using the nibble
method (see, for example, [8]). Refining such an approach and using large deviation in-
equalities, Alon, Kim and Spencer [6] improved Brouwer’s result to show that a matching
with n/3 − O(n1/2 log3/2 n) edges exists in any STS of order n.

More recently, Keevash, Pokrovskiy, Sudakov and Yepremyan [58] made the following
conversion of this problem to one on rainbow matchings, using it to apply their methods
and make a very significant improvement towards Conjecture 6.1. Assuming, for a slight
simplication, that n = 3m for some integer m, take a Steiner triple system S of order n and
partition V(S ) uniformly at random into sets A, B and C, each with size m. Form a bipartite
graph G with vertex classes A and B, and, for each a ∈ A and b ∈ B, if there is some c ∈ C
such that abc ∈ S , then put an edge between a and b in G with colour c. This gives a properly
coloured bipartite graph, and, moreover, one in which a rainbow matching corresponds to
a matching in the original Steiner triple system. The graph G is not a complete bipartite
graph, but does look roughly like an optimal colouring of Kn,n where edges have been
deleted independently at random with probability 2/3. This allowed Keevash, Pokrovskiy,
Sudakov and Yepremyan [58] to hugely improve the previous bound to show that any STS
of order n has a matching with n/3 − O(log n/ log log n) edges. Applying the techniques
described in Section 5 through this conversion introduces some complications, but in [76]
it is shown that Conjecture 6.1 holds for sufficiently large n.

As mentioned in Section 2, we can also consider perfect matchings in random Steiner
triple systems of order n ≡ 3 mod 6. Kwan [66] showed that such a random STS of order
n ≡ 3 mod 6 does have a perfect matching with high probability, and, moreover contains(
(1 − o(1)) n

2e2

)n/3
perfect matchings with high probability. Morris [80] adapted Kwan’s

proof to show that a random STS of order n ≡ 3 mod 6 has Ω(n) disjoint perfect matchings
with high probability. Ferber and Kwan [42] were then able to show (see Section 2) that
(1 − o(1))n disjoint perfect matchings can be found with high probability, while making the
corresponding conjecture to Conjecture 2.1, as follows.

Conjecture 6.2 (Ferber and Kwan) A random Steiner triple system of order n ≡ 3 mod 6
has a decomposition into perfect matchings with high probability.
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A Steiner triple system with such a decomposition as in Conjecture 6.2 is known as
resolvable. Whether there existed any resolvable STSs for each n ≡ 3 mod 6 was an
old problem in combinatorics. Their existence was known for several infinite families of
integers n (see [52]), but in general was only shown in famous work by Ray-Chaudhuri and
Wilson [92] in 1971.

6.3 Complete graphs and rainbow Hamilton cycles

What happens if we, instead, look for a large rainbow matching in a properly coloured
n-vertex complete graph, Kn? The limit on the size of the matching imposed by the number
of vertices (⌊n/2⌋) is much stronger than that imposed by the number of colours needed in
a proper colouring (n − 1 when n is even). This makes the problem much easier, and it is
more interesting to ask for a rainbow subgraph with more edges, or even n−1 edges, so that
almost all the colours might be used. The most natural subgraph to consider is a Hamilton
path. (For the consideration of trees more generally, we refer the reader to the survey by
Pokrovskiy [90].) However, giving a counterexample to a conjecture by Hahn [50], in
1984 Maamoun and Meyniel [72] gave an optimal colouring of Kn which has no rainbow
Hamilton path when n ≥ 4 is any power of 2. To see this colouring, take the complete graph
with the group Zk

2 (with k ≥ 2) as its vertex set, where each edge xy is coloured x+ y. Using
that 2x = 0 for every x ∈ Zk

2, this can easily be seen to be a proper colouring which never
uses 0, so that the colouring with Zk

2 \ {0} is optimal. If this graph has a rainbow Hamilton
path, then the corresponding equation to (3.1) shows that the sum of the two endvertices
must be 0, a contradiction. Therefore, the following conjecture of Andersen [9] from 1989
would be best possible when n ≥ 4 is a power of 2.

Conjecture 6.3 (Andersen) All proper edge-colourings of Kn have a rainbow path with
length n − 2.

This question can also be asked for rainbow cycles, where we note that, when n is even,
any optimal colouring of Kn does not have a rainbow Hamilton cycle simply as it does not
have enough colours to support this. Akbari, Etesame, Mahini and Mahmoody [4] have
asked whether all optimal colourings of Kn have a rainbow cycle with length n−2, although
the current author knows of no optimal colouring of Kn with no rainbow cycle with length
n− 1. We also can note that the known optimal colourings of Kn with no rainbow Hamilton
path are much rarer than the many examples of Latin squares with no full transversals given
in Section 3 (and are only known for when n ≥ 4 is a power of 2). It is, however, known that
a random optimal colouring of Kn will have a rainbow Hamilton path with high probability,
due to Gould, Kelly, Kühn and Osthus [48], who also showed that such a random colouring
will have a rainbow cycle containing all of the colours with high probability.

To date, the progress towards Conjecture 6.3 has not needed to distinguish between the
search for long rainbow paths or cycles. In contrast to rainbow matchings in the bipartite
case, it turns out to be difficult even to find a rainbow path or cycle containing (1 − o(1))n
vertices, and (after various improved bounds, as detailed in [7]) this was only done in 2017,
by Alon, Pokrovskiy and Sudakov [7]. More precisely, in [7] it is shown that any proper
colouring of Kn contains a rainbow cycle with n − O(n3/4) vertices. Balogh and Molla [11]
have used the techniques in [7] to show that in fact such a cycle with n−O(

√
n log n) vertices

always exists.
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Techniques used to work towards the Ryser-Brualdi-Stein conjecture do not seem to
translate naturally to work on Conjecture 6.3, and, for example, Keevash, Pokrovskiy, Su-
dakov and Yepremyan [58] did not apply their techniques to this problem (see [90]). Sim-
ilarly, the techniques described in Section 5 do not apply simply to work towards Conjec-
ture 6.3. However, with significant development, it seems likely progress can be made by
considering not only a single special ‘identity colour’, but a basis of colours that can be
used to represent the full colour set, while carrying out a more complicated addition using
these representations. This seems likely to show that, in any proper colouring of Kn, there is
a rainbow cycle with n − O(1) vertices and is the subject of forthcoming work by Benford,
Bowtell and Montgomery [13].

6.4 Non-proper colourings

Interestingly, that the colourings we have considered are proper may be an unnecessar-
ily strong condition if we want only to find a very large rainbow matching. In particular,
in 1975 Stein [98] made a series of 7 conjectures on transversals in arrays where the re-
strictions of Latin arrays are replaced (at least in part) by a restriction only on the number
of times a symbol appears in the entire array (or correspondingly only a restriction on the
number of times a colour appears in our edge-coloured graphs). Granted, it turns out that
these conjectures are mostly false, as shown by a counterexample by Pokrovskiy and Su-
dakov [91] and small variants of this (see [14]), but there remains the potential that very
large partial transversals can still be found under the same conditions.

For example, Stein conjectured that every equi-n square should have a partial transversal
of order n − 1, where an equi-n square is an n by n square in which each one of n symbols
appears exactly n times. Pokrovskiy and Sudakov [91] constructed an equi-n square with
no partial transversal of order n − 1

42 log n, but it remains an open question whether such
squares contain a partial transversal of order (1 − o(1))n. In this direction, the best bound
known is by Aharoni, Berger, Kotlar, and Ziv [2], who used topological methods to show
that every equi-n-square has a partial transversal of order at least 2n/3.

Finally, here, let us note that one of Stein’s conjectures in [98] does remain open
(see [14]). In the language of coloured graphs, this states that any colouring of Kn,n−1
in which no vertex in the larger vertex class is adjacent to more than one edge of any colour
(i.e., the colouring is proper on one side) should contain a rainbow matching with n − 1
edges. This conjecture is much stronger than the special case conjectured by Best, Pula and
Wanless [14] mentioned in Section 6.1, and, as such, remains widely open.

6.5 Multigraphs

Finally, let us turn to an interesting generalisation of the Ryser-Brualdi-Stein conjecture.
Considering an optimal colouring of Kn,n, we have n monochromatic (disjoint) matchings
of size n, and wish to form a matching with n or n − 1 edges using at most one edge per
matching. What if we no longer require these matchings to be disjoint, so that together they
form a multigraph? This, in an even more general form, is considered by the following
conjecture of Aharoni and Berger [1] (where n corresponds to n − 1 in our discussion so
far).

Conjecture 6.4 If G is a bipartite multigraph formed of n matchings of size n + 1, each of
a different colour, then G contains a rainbow matching with n edges.
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After a sequence of improvements by various authors (see, for example, [90]), the best
currently known bound towards Conjecture 6.4 that holds for all n is by Aharoni, Kotlar,
and Ziv [3], who show that if the matchings in Conjecture 6.4 are made large, with at least
3n/2 + 1 edges each, then there is always an n-edge rainbow matching. Conjecture 6.4 has
also been proven asymptotically by Pokrovskiy [89], who showed that if there are (1+o(1))n
edges in each matching then there is an n-edge rainbow matching. The difficulty of this
result, in comparison to the long-known approximate versions of Conjecture 3.2, shows the
ambition of Conjecture 6.4, and furthermore the techniques described in Section 5 do not
seem to be applicable. Thus, Conjecture 6.4 remains very open indeed. But, see: [81]
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[55] D. Y. Kang, T. Kelly, D. Kühn, A. Methuku, and D. Osthus. Graph and hypergraph
colouring via nibble methods: A survey. arXiv preprint arXiv:2106.13733, 2021.

[56] P. Keevash. The existence of designs. arXiv preprint arXiv:1401.3665, 2014.

[57] P. Keevash. Counting designs. Journal of the European Mathematical Society,
20(4):903–927, 2018.

[58] P. Keevash, A. Pokrovskiy, B. Sudakov, and L. Yepremyan. New bounds for Ryser’s
conjecture and related problems. Transactions of the American Mathematical Soci-
ety, Series B, 9(8):288–321, 2022.

[59] T. Kirkman. On a problem in combinatorics. Cambridge and Dublin Math J.,
2(1847):191–204, 1847.
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[82] A. Müyesser. Cycle type in Hall-Paige: A proof of the Friedlander-Gordon-
Tannenbaum conjecture. arXiv preprint arXiv:2303.16157, 2023.
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