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Abstract

In 2004, Kim and Vu conjectured that, when d = w(logn), the random d-regular graph

G4(n) can be sandwiched with high probability between two random binomial graphs G(n,p)

with edge probabilities asymptotically equal to %. That is, there should exist p, = (1 — 0(1))%,

p* = (1—&-0(1))% and a coupling (G, G,G*) such that G, ~ G(n,p.), G ~ G4(n), G* ~ G(n,p*),
and P(G, C G C G*) =1—0(1). Known as the sandwich conjecture, such a coupling is desirable
as it would allow properties of the random regular graph to be inferred from those of the more
easily studied binomial random graph. The conjecture was recently shown to be true when
d > log*n by Gao, Isaev and McKay. In this paper, we prove the sandwich conjecture in full.
We do so by analysing a natural coupling procedure introduced in earlier work by Gao, Isaev
and McKay, which had only previously been done when d > n/+/logn.

1 Introduction

Random graphs have been a central object of study in Combinatorics since the foundational work of
Erdds and Rényi [10] in 1959. The binomial random graph, or Erdds-Rényi random graph, G(n, p)
has vertex set [n] = {1,...,n} and each potential edge included independently at random with
probability p. Along with the closely related uniformly random graph with n vertices and [p(g’ﬂ
edges, G(n,p) is the most studied random graph model. The next most studied model is probably
that of the random regular graph Gg(n), which is chosen uniformly at random from all d-regular
graphs with vertex set [n]. Throughout this paper, and as is common, we will implicitly assume
that dn is even, so that the set of such graphs is non-empty.

The study of random regular graphs began in earnest in the late 1970’s, with early work including
that by Bender and Canfield [I} 2], Bollobas [3], and Wormald [31} 32]. Compared to G(n, p), where
the independence of the edges allows the use of a wide variety of techniques, studying G4(n) is often
much more difficult. For example, from developments [5], 22] of the breakthrough work of Pésa [27]
in 1976, it has been long understood when we may expect G(n,p) to be Hamiltonian. On the other
hand, it was widely anticipated that, for each 3 < d < n — 1, G4(n) should be Hamiltonian with
high probability (i.e., with probability 1 — o(1)), but proving this took the combined work of many
authors [4, [6l [7, 23] 28| 29] over the course of 20 years (see the surveys [I], B3] for more details),
using a variety of tools in different regimes for d, from the configuration model [4], through switching
methods [25], to estimates on the number of regular graphs [26, [30].
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This increased difficulty and technicality gives great appeal to finding links from Gg4(n) to
G(n,p), so that we may hopefully deduce properties of G4(n) from those known for G(n,p). In
2004, Kim and Vu [20] formalised this desire in their famous ‘sandwich conjecture’. They conjectured
that, if d = w(logn), then there are p.,p* = (1 + o(1))d/n and a coupling (G, G,G*) such that
Gy ~ G(n,py), G ~ G4(n), G* ~ G(n,p*), and P(Gx C G C G*) = 1—o0(1). If true, the requirement
d = w(logn) cannot be removed; as is well-known, for each C' > 0 there is some ¢ > 0 such that if
d = C'logn then, with probability 1 — o(n™1), G(n, (1 + €)d/n) has minimum degree less than d,
and hence contains no d-regular subgraph.

Kim and Vu [20] proved the lower part of their conjecture when logn < d < n'/3/log?n, and a
weakened upper part for the same range of d. More specifically, with high probability their coupling
(G, G, G*) satisfied G, C G and A(G\ G*) < (1 +0(1))logn. In 2017, Dudek, Frieze, Rucinski
and Sileikis [9] extended this by showing that the lower part holds when d = o(n), and that it can
be generalised to hypergraphs. Subsequently, a major breakthrough was made by Gao, Isaev and
McKay [14] [15], who gave the first coupling (G, G, G*) without a weakened upper part, that is,
in which P(G, C G C G*) =1 — o(1). This allowed them to show that the sandwich conjecture is
true if min{d,n — d} > n/v/Togn. Klimosova, Reiher, Rucinski and Sileikis [21] then extended this
to show that it holds for min{d,n — d} > (nlogn)3/* (while generalising it to biregular graphs).
Very significant progress was then made again by Gao, Isaev and McKay [13], who showed that the
conjecture is true provided that d > log4 n.

Here, we will prove the sandwich conjecture in full, in the following very slightly stronger form.

Theorem 1.1. For each € > 0 there is some C' > 0 such that the following holds for each d >
Clogn. There is some (1 —¢e)d/n < p.,p* < (1 +¢)d/n and a coupling (Gx,G,G*) of random
graphs such that G, ~ G(n,ps), G ~ G4(n), G* ~ G(n,p*), and P(G. C G C G*) =1 —o(1).

In their breakthrough initial work, Gao, Isaev and McKay [14] [15] introduced a beautiful natural
coupling process, and analysed it in the regime min{d,n — d} > n/y/logn. In order to prove
Theorem [I.1] we analyse this process throughout the whole regime d > C'logn. As highlighted by
Gao, Isaev and McKay [I5, Question 2.4], key to this analysis is showing that in certain random
graphs F a uniformly chosen d-regular subgraph is likely to include any given edge in F' with roughly
equal probability, and our success in doing so is of some independent interest (see Theorem [2.4]).
It allows us to avoid the complications of running two versions of this process, one after another,
as was done in the later work of Gao, Isaev and McKay [I3]. While this two-process coupling
ingeniously avoided the most significant challenge in analysing a coupling generated by the single
process, it encounters very significant barriers when d is below log* n.

We outline our methods in context with previous work in Section [2] but for now make some
brief remarks. As in [I3],[14] [15], we work via switching techniques, requiring the counting of certain
‘switching paths’. The accuracy we use for our bounds has to be carefully chosen, particularly in the
most critical regime, and our analysis is completely separate to previous work. Very broadly, our
improvements come in two main areas. Firstly, we work much more directly with random graphs
than [I3], which used pseudorandom properties from the spectral properties of random graphs.
Secondly, our bounds on the number of switching paths do not hold for every d-regular subgraph of
our random graph (as they do in [13]), but typically hold for sufficiently many for our proof. This
allows us to pivot in a slight but very useful way, considering instead ‘switching paths’ between two
random graphs rather than between a random graph and any one of its d-regular subgraphs.

While, due to [13], the previously open regime for Theorem is the upper part of the sandwich
for d = O(log* n), our methods here naturally work as long as d < n® for some fixed ¢ > 0. With
some brief additional work (see Section , we use our methods to give the upper part of the
sandwich for the whole range d > C'logn. This gives a more straightforward proof of the sandwich



conjecture in the whole regime as, for example, it avoids the complex analytic techniques used by
Gao, Isaev and McKay [I5 Section 7] when d = Q(n). For completion, and as our methods give
a slightly alternative approach, we also include a full proof of the lower part of the sandwich (see
Section . Altogether, then, we give a self-contained proof of Theorem which only relies on
some quoted results on the concentration of certain random variables (see Section .

It follows immediately from Theorem that, if do > d; = w(logn) and dy — di = Q(dy),
and din and dan are even, then there is a coupling (Gi,G2) with G ~ Gg,(n), G2 ~ Gg,(n),
and P(G; C Gg) = 1 —o(1). (This naturally improves the same conclusion when d > log*n by
Gao, Isaev and McKay [13].) That this monotonic coupling property for G(n, d) should be possible
for di < ds more widely was the subject of some discussion in the community (see [15]), but has
appeared only recently in print, in the following form.

Conjecture 1.2 (Gao, Isaev and McKay [15]). Let di,ds € [n — 1] with di < da be such that din
and dan are even and (di,d2) ¢ {(1,2),(n—3,n—2)}. Then, there is a coupling (G1,G2) of random
graphs such that G1 ~ Gg4,(n), G2 ~ Gg,(n), and, with probability 1 — o(1), G1 C Ga.

While the current progress on Conjecture can be found outlined in [I6], the most interesting
cases are perhaps where n is even and ds = dj+1 (so that good bounds on the probabilities involved
may imply the conjecture more widely). Here, the conjecture is known as long as d; = w(1) and
dy < n'/7/logn, due to work by Gao [12] and then Hollom, Lichev, Mond, Portier and Wang [16].

A version of the sandwich conjecture has also been proposed for graphs chosen uniformly at
random from those with vertex set [n] and degree sequence d = (di,...,d,), by Gao, Isaev and
McKay (see [15, Conjecture 1.4]), to generalise the sandwich conjecture beyond the sequences
d = (d,...,d). They conjectured that the corresponding coupling should be possible for sequences
d = (dy,...,d,) with d; = (14 o(1))d for each i € [n] under the same condition d = w(logn). The
results in [13] [14] [15] were shown in this wider generality (sometimes with a stronger bound needed
on the distribution of the d;). Our methods are likely to be able to make further progress here, but
to avoid further notational and technical cost we will prove only Theorem

As well as this potential generalisation, it is also natural to ask for which functions e = ¢(n) and
d = d(n) the coupling in Theoremexists. Broadly, it seems we should anticipate that the coupling
is likely to be possible if, with high probability, A(G(n, (1 —¢)d/n)) < d < 6(G(n, (1 + €)d/n)).
In this direction, we find the following conjecture appealing, for which we recall that the n-vertex
random graph process Go, G1,. .. ,G(g) begins with the graph Gy with vertex set [n] and no edges

and, for each ¢ > 1, G; is formed from G;_; by the addition of an edge selected uniformly and
independently at random from [n]®) \ E(G;_;).

Conjecture 1.3. Let Go, G, ... 7G(n) be the n-vertex random graph process and let 1 < d <n—1
2

be such that dn is even. Then, there is some G ~ Gg(n) for which the following holds with high
probability. For each 0 <1i < (721), if A(G;) < d then G; C G, and if §(G;) > d then G C Gj.

If true, proving Conjecture [1.3] seems to fundamentally require additional ideas rather than
simply a refinement of the techniques presented here. In the next section, we will give some brief
details of our notation before discussing in detail our proof and its relation to previous methods.
The rest of the paper is then outlined in detail, where the proof of the upper part of Theorem (1.1
appears in Sections [3] to [9] and the proof of the lower part appears in Section
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2 Preliminaries and proof discussion

In this section we will cover some of our notation, before discussing the proof of Theorem in
detail and giving a brief outline of the paper.

2.1 Notation

A graph G has vertex set V(G) and edge set E(G), and we let |G| = |V(G)| and e(G) = |E(G)].
For any two vertex sets U,V of a graph K, we use ex (U, V) = [{(u,v) :u € U,v € V,uv € E(K)}|,
and the set Ng(U) is the neighbourhood of U in G, that is, the set of vertices in V(G) \ U with
at least one neighbouring edge to U. Given a graph G, v € V(G) and e € V(G)®?), G — v is the
graph G[V(G) \ {v}], while G — e and G + e are, respectively, the graphs with vertex set V(G) and
edge set E(G)\ {e} and E(G)U{e}. We extend such notation in the usual manner to, for example,
G — A and G + E where A C V(G) and E C V(G)®?). Given graphs G and H, G\ H is the graph
with vertex set V(G) \ V(H) and edge set E(G) \ E(H).

All logarithms are natural. We use ‘hierarchy’ notation to manage the constants we use, where
o < 8 means that there is some non-negative decreasing function f such that what follows will
hold for all & < f(3). For hierarchies with more than 2 variables these functions are chosen from
right to left. For any a,b,c ¢ R, wesaya=b+tcifb—c<a<b+c

For each d,n € N, K4(n) is the set of d-regular graphs with vertex set [n], and, for each graph F
with V(F) = [n], Kg(F) = {K € K4(n) : K C F}. For distinct vertices x,y, an x,y-path is a path
with endvertices x and y. Though our paths are undirected, we implicitly assume the path starts
at = and ends at y. We say the path is (F, K)-alternating for graphs F' and K if, starting from z,
the edges are alternately in F' and then K. For each n € N, we use K, for the complete graph with
vertex set [n].

2.2 Proof discussion

Let € > 0 be constant and, for convenience in this discussion, take the slightly stronger condition
that d = w(logn). To prove Theorem [I.1|we will create the lower part of sandwich (i.e., (G, G) with
the required properties) using an edge addition process and the upper part of the sandwich (i.e.,
(G,G*)) using an edge removal process. These processes are essentially those used by Gao, Isaev
and McKay [14] [15] for their first result on the sandwich conjecture, and the main difference here is
in how we analyse it. The first process is (roughly) the complement of the other, but the analysis
is separate so we discuss them one after another in Section below, starting with the process
for the lower part of the sandwich. Both processes have a key result, Lemma and Theorem
respectively, that shows that the critical property we will need to construct the coupling is likely to
hold. These are understandable out of context, using only Definitions [2.1] and 2:3] We will prove
these key results using switching methods, as discussed in Section [2.2.2] The rest of the paper is
briefly outlined in Section [2.2.3]

2.2.1 Coupling processes

The lower part of the sandwich. Start with F' as the graph with vertex set [n] and no edges.
Iteratively, as long as F' is not a d-regular graph, pick a random edge e from [n] and if it is not
in E(F) then add it to F' with probability

HK € K4(n): F+eC K}|
maX fe(pn]2\ E(F) |{K € ]Cd(n) B+ f C K}|’

(1)



where IC4(n) is the set of d-regular graphs with vertex set [n]. Observe that here an edge e is
only added to F if F' is not d-regular but there is some d-regular graph containing F' + e; thus the
denominator at is always non-zero. Furthermore, as long as the process runs there is some edge
e in [n]®)\ E(F) which is added to F with strictly positive probability if it is chosen, so the process
stops with probability 1. Let G be the graph produced at the end of the process, which is then a
d-regular graph with vertex set [n]. The probability at (1)) is chosen so that G ~ G4(n) (as we will
later show in Section .

While doing this, we will simultaneously build a random graph G,, starting similarly with the
graph with vertex set [n] and no edges. When we consider the random edge e, we also consider
whether to add the random edge e to G or not; when e ¢ E(G,) we do this with the fixed probability
1 —1n, where 0 < n < ¢. Then, if e is not in F’ when it is considered and the probability at is
at least 1 — 7, we can couple the random addition of e so that e is always added to F' if it is added
to G,. As discussed below, with high probability, for most of this process, the probability at is
very close to 1. Thus, if we build such a random graph G, and stop when it has [(1 — 2n)dn/2]
edges, then with high probability we will have G, C F.

Now, observe that by symmetry P(G, = H) is the same for any graph H with V(H) = [n] and
e(H) = [(1—2n)dn/2]. Therefore, G, has the distribution of a uniformly random graph with vertex
set [n] and [(1 — 2n)dn/2] edges. As e(G(n, (1 —¢)d/n)) < [(1 —2n)dn/2] with high probability,
we can use a standard coupling of G(n, (1 —e)d/n) (so that it is within G, with high probability),
to get the exact coupling that we want.

As observed and proved by Gao, Isaev and McKay [13], for each 0 < i < dn/2, conditioned on
having i edges, the distribution of F' is simple to state. For this, then, for each 0 <i < dn/2 let F;
be the value of F' in this process when it has i edges. We use the following definition.

Definition 2.1. Let d,n,m € N with 0 < d < n —1, dn even, and 0 < m < dn/2. We say
F ~ F~(n,d,m) if F is a random graph with vertex set [n] which has the same distribution as
H — Eif H ~ G4(n) and E is a uniformly random set of m edges from E(H).

Then, for each 0 < i < dn/2, F; ~ F~(n,d,(dn/2) —i). We include a proof of this (along the
lines of [13]) in Section Given this, and the discussion above, to show that the probability at
is likely above 1 —n until F' has at least | (1 —n)dn/2| edges (which we can then expect is later
than when G, reaches [(1 — 2n)dn/2] edges), it will suffice to prove the following result.

Lemma 2.2. Let 1/n < 1/C < n,e < 1. Let d > Clogn and edn < m < dn/2. Let F ~
F~(n,d,m). Then, with probability 1 — o(n=2), for each e, f ¢ E(F), we have

{K € Kgin): F+eC K} < (1+n) [{K € Kg(n) : F+ f C K}|. 2)

We prove Lemma using switching methods (as discussed in Section and carried out in
Section using the work more generally in Section .

The upper part of the sandwich. The following process is the natural complement of the above
process producing F. Start with F' as the graph with vertex set [n] and edge set [n](?). Iteratively,
as long as F' is not a d-regular graph, pick a random edge e from [n](2) and if it is in F(F) then
remove it from F with probability

[{K € Kg(n) : K C F — e} _ [Ka(F —e)|
maXyseg(F) ’{K S lCd(n) K CF — f}‘ maXyre g(F) "Cd(F — f)"

3)

where ICj(F — e) is the set of d-regular subgraphs of F' — e with vertex set [n]. Observe that here
an edge e is only removed from F' if there is some d-regular graph in F' — e; thus the denominator



at (3) is always non-zero. Furthermore, as before, the process stops with probability 1 with a d-
regular graph, G say. The probability at is chosen so that G ~ G4(n) (as we will later show in
Section .

As before, we will want to argue that the probability at is, with high probability, close to 1
throughout much of the process (which will allow us, similarly, to couple it with a binomial random
graph, but one likely to contain F'). However, a bound of the form 1 — n, with n > 0 fixed, will not
be good enough here as, instead of adding dn/2 edges, the process will remove (g) — dn/2 edges
to get a d-regular graph. This is potentially far many more iterations, which would allow our error
terms to accumulate ruinously. We will have to use then a bound in place of 1 —n that depends on
the number of edges removed so far.

So much to the negative. In our favour, if we show a natural bound similar to Lemma then
it gives a better bound when translated into . That is, if we can show that, for each e, f € E(F),

H{E € Ka(F): e E(K)} < (1+n){K € Ka(F): f € E(K)}], (4)
we can deduce (as we do in Section that
[Ca(F — e)| _ [Ka(F)| — K € Ka(F) : e € E(K)}| Sq . Tdn/2
maxsep(r) [Ka(F = f)| - maxpepr)(IKa(F)| = {K € Ka(F) : f € B(K)}) —° e(F) —dn/2
()

Thus, we will be able to show from a bound like that the probability at will be very close to
1, and only when F has close to dn/2 edges (as it nears a d-regular graph) will our bound begin to
resemble 1 — O(7n).

This, however, is not good enough. Our ‘error term’ 7 in will need to change during the

process. For some Cy, p with 1/n < 1/Cy <« p < €, we will set n,,, = Cp max{logn7 <n10#>1/8 }’
for each m, and our desired value of 7 in will be (roughly) 1 — Ne(F), SO that we can show that
is always at least the right hand side of with (roughly) 7.y replacing 7. From (and as
proved in Section , as we will use this for each value of e(F') from (Z) down to L(l + %) %"J,

Nmdn/2

one key point is that the sum of m—dn2

be much smaller than .

The changing value of 7r) in the process makes it more difficult to create the corresponding
coupling to create G*. Indeed, starting with G* as the complete graph with vertex set [n], when
we consider an edge e, if e € F(G*), then (throughout most of the process) we will wish to remove
it with some probability likely to be lower than that at , except this will now change depending
on the value of e(F"). This, however, will be predictable enough that in creating G* we can use a
bound that does not depend on F (see Section [3.5)).

The most significant challenge, then, is to prove that bounds like that at are likely to hold
for much of the process (with our new, varying, error term in place of n7). As we will see (and as
discussed below), this is much more challenging than the corresponding bound in the lower part
of sandwich. Therefore, here, it is critical for us here that, as observed and proved by Gao, Isaev
and McKay [13], conditioned on its number of edges, F' has a nice distribution using the following
definition.

over m = e(F) in this range is O(Cou/¢), so that this will

Definition 2.3. Let d,n,m € N with 0 < d <n —1, dn even, and 0 < m < (g) —dn/2. We say
F ~ F(n,d,m) if F is a random graph with vertex set [n] which has the same distribution as H + E
if H~ Gg(n) and E is a uniformly random set of m edges from [n]? \ E(H).

For each dn/2 < i < (Z), let F; be the value of F' in this process when it has ¢ edges. Then,

for each dn/2 < i < (3), Fi ~ F(n,d,i — (dn/2)). We include a proof of this (along the lines of
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[13]) in Section We arrive now at the main challenge, requiring the key novelties of this paper.
From our discussion above (and as proved later in detail in Section , it will suffice to prove the
following.

Theorem 2.4. Let 1/n < 1/C < p < 1/Cy < ¢ < 1. Let d > Clogn and edn < m <

(n—1—d)n/2. Let F ~ F(n,d,m). Then, with probability 1 — o(n~2), for each e, f € E(F), we
have

nlogn

|{K€’Cd<F>:eeE<K>Hg<1+comax{ t (

logn’

1/8
) }) {K € Ka(F) : f € B(K)}.
6)

Similar to Lemma [2.2] we will prove Theorem using switching methods, but this will be
significantly more difficult. Why this is more challenging is explained below, but the new ideas we
use to do this are the heart of our ability to analyse this process as long as d = w(logn), compared
to the regime d > n/y/logn in which this was done by Gao, Isaev and McKay [I5]. (In [13] a
modified two-step process is used to neatly avoid some of these difficulties.)

m

2.2.2 Switching methods to prove Lemma and Theorem

The switching method was introduced by McKay [25], and is a crucial part of our analysis for both
the lower and upper part of the sandwich. We will explain these methods first in the context of the
lower part of the sandwich as they are much simpler, before discussing the challenges of switching
for the upper part and the key new ideas we will introduce. This also allows us to note one key
change in the analysis of the lower part of the sandwich which allows a simpler approach when d is
large (and is also used for the upper part of the sandwich).

Switching methods for the lower part of the sandwich, i.e., for Lemma Let F have
V(F) = [n], and let e, f € [n]® \ E(F) share no vertices. Suppose, for (2), we wish to compare the
number of d-regular subgraphs in KC4(n) containing F' + e with the number containing F' + f. Let
K¢ ={K c€Kygn): F+eC K,f ¢ BE(K)} and K = {K € Kg(n): F+f C K,e ¢ E(K)}, and
note that if we can show that |K¢| < (1 + n)|K/| then (2) will hold.

To use the switching method, we define a notion of ‘switching’ and consider when we can
transform K € K¢ into K’ € K/ using a switching. Comparing the number of ways we can do such
a transformation on K with the number of ways we could transform K’, will allow us to compare
k€| to |KC7|. This is best seen via an example.

Suppose for simplicity that d = o(n). Take the auxiliary bipartite graph L with vertex classes
K¢ and K/ where there is an edge between K € K¢ and K’ € K/ if E(K)AE(K') is a cycle with
length 10 in which e and f appear on opposite sides of the cycle (see Figure . Note that such a
cycle alternates between K \ K’ and K’ \ K. We now aim to show that, for some D > 0, for each
K € K¢ we have dr,(K) > (1 —7/3)D and for each K’ € K/ we have dy(K’) < (1+1/3)D, so that,
double-counting the edges of L gives

Kl - (1 =n/3)D < e(L) < |K*| - (1 +n/3)D, (7)

and, as 7 < 1, we thus have |[K¢| < (1 + n)|K7|.

Letting K € K¢, for each K’ € K/ with KK' € E(L), E(K)AE(K') is the edge set of a
length 10 cycle S which alternates between K \ F' and K, \ K with e and f on opposite sides.
Thus, we can bound dr(K) by counting such cycles. We will have that the vertex degrees of
K\ F are all (1+£n/100)A for some A (in Lemma this will be 2m/n). Arbitrarily labelling
V(e) = {v1,v6}, we will use the notation in Figure || to choose such a cycle S vertex by vertex.

7



V6 U7 U8 V9 V10

Figure 1: The cycle S alternating between K \ K’ (solid lines) and K’ \ K (dotted lines).

After labelling the vertices of f as vs and v1o (with 2 choices in total), and then choosing ve and
v7 (with at most n choices for each), we then have at most (1 + 7/100)A choices for choosing each
of vs, vy, vs, vg, as they are the neighbour in K \ F' of some previously chosen vertex. Therefore, we
have dp(K) < (14 1/100)*A%n? < (1 + n/3)A%n?.

This upper bound however, is actually very close to dy (K): to ensure for a choice of vy,v3,v4,v7,vs,
and vg that there is some K’ € K/ with E(S) = E(K)AE(K') we need only make sure that the
vertices are all distinct, and that vive, v3vy, vev7, v809 € E(K, \ K). When d = o(n), these addi-
tional conditions are rather weak as K, \ K is very dense, so we will have at least (1 — n/3)A%n?
such cycles (see Section . Each such cycle gives rise to an edge in L from K to a differ-
ent K" = K — FE(S)N E(K) + E(S) \ E(K). Therefore, including the lower bound, we have
dr(K) = (1 £n/3)A%n?2. As a similar bound can be shown for f (or using the symmetry between
e and f in our set-up), we can do the double-counting at @ using D = A%n?2.

For Lemma 2.2, as F' ~ F~(n,d, m), with m = w(nlogn) and d = w(logn), a simple concentra-
tion inequality (see Section and a union bound shows that K\ F' will be approximately regular,
allowing this sketch to be carried out when d = o(n). For larger d it is harder to count these
switching cycles as accurately, as no longer is K, \ K so dense. In previous work [I3], inequalities
like in such a regime were shown to be likely to hold using complex analytic methods. Here,
we will use instead two simple ideas to complete the proof when d = Q(n). These ideas are very
useful for the upper part of the sandwich, so we will introduce them now in the simpler setting of
the lower part.

Firstly, we note that we do not need to prove good bounds on the degrees in L that hold for all
K € K¢ UK/, That is, the double-counting at will tolerate good bounds which hold only for
most of the graphs K € K¢ U K/, while for any outliers we can use weaker bounds that are more
straightforward to prove. This will allow us to focus on proving good bounds for graphs K € KUK
which satisfy some pseudorandom conditions.

Then, in order to show it is likely that most of the graphs K € K.UK satisfy some pseudorandom
conditions, we exploit the distribution of F' ~ F~(n,d,m). Intuitively, if we form F by taking
K ~ K4(n) and deleting m random edges, then if a property is very likely to hold for K it should
be likely to hold for most of the d-regular graphs containing F. (This is proved with the exact
parameters we use in Sections and ) This means that instead of studying the properties of
the d-regular graphs containing F', we can more simply study a random d-regular graph.

Switching methods for the upper part of the sandwich, i.e., for Theorem After
using the two ideas above, carrying out a similar switching argument for the upper part (i.e., for
Theorem will essentially require us to show that if K ~ K4(n) and F' is formed from K by
adding m edges uniformly at random from [n]®) \ E(K) (and thus F ~ F(n,d,m)) then with high
probability we have the following for some suitable £.

A For each distinct =,y € [n| the number of (F'\ K, K)-alternating x, y-paths of length 2/ is well
concentrated.

Indeed, if some version of this holds where the paths avoid an arbitrary small set of vertices,
then we can put together two such paths between e and f to count degrees in the natural analogue



of the auxiliary graph L discussed above. This is done in detail in Section [4] while here we will
focus on [Al

Compared to similar tasks in the lower part, this is much more difficult in the region d = o(n)
as no longer is one of the K or F'\ K graphs very close to being complete. Our previous discussion
would correspond to paths of length 2¢ = 4, but now we will have to take ¢ = Q(logn/loglogn)
when d = logo(l) n, otherwise between some distinct z,y € [n] no such alternating paths will exist.
This pinpoints why the process for the upper part is so much harder to analyse via switchings than
the process for the lower part. In their work, Gao, Isaev, and McKay [13] used two processes, one
run after the other, so that (very roughly), when such (F'\ K, K)-alternating paths were found, at
least K was sparse when compared to F'\ K (see [13] for more details).

When F\ K is sufficiently dense, with m > n!*? for any fixed o > 0, we use the results of Kim
and Vu [19] on the concentration of multivariate polynomials to get sufficiently good bounds on the
counts for |A| (see Section . Thus, we can fix some small ¢ > 0, and assume that d < n? and
m < n't9. Take distinct z,y € [n] and let § = 2m/n, and note that we may expect F'\ K to have
vertex degrees (1 + 0(1))d. Due to the randomness of F'\ K and K, if we randomly walk out from
x using edges alternately from F'\ K and then K we should expect this random walk to rapidly
mix so that, as long as (say) ¢ > 2logn/log(dd), after 2¢ edges we are roughly no more likely to
arrive at y than any other vertex. Heuristically, considering the vertex degrees in F'\ K and in the
d-regular graph K, we should expect there are likely to be (1 + 0(1))6%d’/n (F \ K, K )-alternating
x, y-paths of length 2¢.

Bounds of this form were proved in certain regions (roughly when § > dlogn) by Gao, Isaev
and McKay [I3] by working via the spectral properties of binomial random graphs (and using
only that K is d-regular), while similar counts on paths within a single graph have been shown
by showing certain Markov chains mix rapidly (see, for example, as in [I§], building on work in
[8]). For Theorem we need to work with the two different random graph models, in particular
using properties of the more difficult to study random regular graph, and we need to deal with
various subtleties due to the accuracy we need and the weaker bound on d that we use. As far as
is convenient, then, we rely on pseudorandom conditions of the random graphs involved, in part so
that the results we prove may ultimately perhaps prove useful for the study of Conjecture [I.3]

The number of random walks discussed above can be bounded using bounds on the degrees of
F\ K and the regularity of K. However, when d = C'logn (for our large fixed C'), our paths will
have length 2¢ with ¢ = Q(logn/loglogn) and the degrees of F'\ K are likely to vary by up to
Qc(d). Thus, we cannot rely alone on the likely concentration of the degrees of F'\ K. However,
after revealing the edges of K, for each v € [n], we will have that ZueNK(v) dp\i(u) is better
concentrated. For any fixed vertex v, even when d = Clogn and § = 2ed, this is likely to be
concentrated up to an error term of O(1/¢). However, to get variables that are this concentrated
for every vertex v, we ultimately look a step further and consider ) . Nk @) > ueng () A (W)
(see in Lemma [5.3)).

Roughly, then, we count walks alternating between F'\ K and K using these sums of degrees,
and show that most of these walks are actually paths. To do so we rely on pseudorandom properties
that later appear as[[3]and[[4] Then, considering alternating paths from z and y respectively to sets
of different endvertices we use lower bounds on the number of edges in F'\ K between these different
sets of endvertices (using [I6]later) to give a lower bound between the number of alternating paths
between x and y. A subtlety that is hard to anticipate from our discussion so far is that perhaps the
most difficult case for Theorem is when d = C'logn and § = log®M n, but § = w(log®n). This
is because the error term, essentially 7, that we wish to use in the counting of our alternating paths
is to be smaller than Cop/logn (see (6)), but we still have £ = Q(logn/loglogn), so that when we
build our alternating paths of length ¢ from z, if the next edge from the current endpoint, say v,



is to be in K then v may have a fraction of neighbours in the path so far which exceeds nd, which
here is O(1). This creates some additional small but important complication that, for example, is
reflected in the error term we use in [Hl in Theorem [6.1] later.

To show that the number of (F \ K, K)-alternating x, y-paths of length 2¢ is likely bounded
above, we exploit our likely lower bound (applied with a slightly different path length) as well as
an inductive upper bound on the number of alternating paths from y. Revealing the edges in F'\ K
not containing x, we deduce that most vertices in [n] \ {x,y} — those not in Z, say — have at most
(1+0(n))dtd"/n (K, F\ K)-alternating paths of length 2/ — 1 to y. Then, revealing the edges in
F\ K next to z, we get that there are at most (1+O(n))§‘d’/n (F\ K, K)-alternating x, y-paths of
length 2¢ which do not have their second vertex in ZN Np\ i (7). As Z was a relatively small set (it
will have O(nn) vertices), using this and similar properties iteratively will allow us to give an upper
bound for all the z, y-paths we are interested in apart from those in an increasingly constrained set
of paths. After sufficiently many iterations, a simple bound on the remaining possibilities will be
sufficient to give us our desired upper bound. This argument is carried out in Section [7}

2.2.3 Paper outline

In Section [3] we give the details of the edge deletion process we use to create the upper part of
the sandwich, reducing the proof of the upper part of the sandwich to Theorem In Section
using our main switching argument we reduce proving Theoremto proving certain pseudorandom
conditions concerning switching paths are likely to hold for random graphs F' and K. In Sections
we prove these pseudorandom conditions are likely to hold when m < n!*? (for any fixed o > 0)
In Section |5, we give likely upper bounds on the number of (F'\ K, K)-alternating paths of a given
length which start from a fixed vertex. In Section [0 we give likely lower bounds on the number of
(F\ K, K)-alternating paths between any two fixed vertices (moreover, on such paths which avoid
an arbitrary small set of vertices). In Section [7| we give likely upper bounds on the number of
(F\ K, K)-alternating paths between any two fixed vertices. In Section |8) we give similar bounds
to Sections when m > n'*9 (for any fixed small ¢). In Section @7 we put this together to prove
Theorem In combination, this completes the proof for the upper part of the sandwich. In
Section we give the lower part of the sandwich and its analysis.

Note that a reader new to the subject may find it more accessible to start with the proof for
the lower part of the sandwich in Section [10] before moving on to the proof for the upper part of
the sandwich in Sections [3H9l

2.3 Concentration inequalities

We will use the following well-known result of McDiarmid [24, Theorem 2.3(b)].

Theorem 2.5. Let Xi,..., X, be independent random variables with 0 < X; <1 for each i € [n].
Let S=3%"1" | X; and p =ES. Then, for any e >0,

2
P(S > (1+¢)u) <exp <—2(1+i/3)> .

We will use Chernoff’s bound, in the following standard form (see, for example, [17), Corollary 2.2
and Theorem 2.10]).

Lemma 2.6 (Chernoft’s bound). Let X be a random wvariable with mean p which is binomially
distributed. Then for any 0 < v < 1, we have that

P(IX — pl > yu) < 2exp(—py?/3).

10



In addition, we will use work of Kim and Vu [19] on the concentration of multivariate polynomi-
als, in the form of Theorem but quote this in Section [8.2] so that the notation required is close
to its application.

3 The upper part of the sandwich

We now give the process producing (G,G*) for Theorem (essentially that of Gao, Isaev and
McKay [I4]) in Section before in the rest of this section showing that the required properties
hold (see Claim , subject only to the proof of Theorem [2.4

3.1 Edge deletion process

Let 0 < 1/C < e < 1 and d > Clogn. Let u and Cy be such that 1/C < u < 1/Cy < e. Note
that we can assume that (1+¢)d/n < 1, for otherwise in Theorem [I.1] we can take p* = 1. For each
0<i<(y) —dn/2, let

1/8
I nlogn
i = C ; : , 8
g 0 thax logn ((g) —dn/2—z> ®)

and for each ¢ > (g) —dn/2,let n; = 0. Let e, ea,... be edges drawn independently and uniformly
at random from [n]®). Let x1,s,... be independent random variables with z; ~ U([0, 1]) for each
i > 1. We will choose the random graphs G and G* using the sequences eq,es,... and x1, 9, .. ..
Produce G: Let Fy be the complete graph with vertex set [n], and let ¢(0) = 0. For each
1 <i<(3) —dn/2, let £(i) be the least £(i) > £(i — 1) for which e,; € E(F;_1) and

IKa(Fio1 — eqs)]
maXecp(r, ) |Ka(Fio1 —e)|’

9)

Lo(i) =
and let FZ‘ = Fz‘—l — eg(i). Let G = F(")—dn/2'
2
Produce G*: Let G{ be the complete graph with vertex set [n], and let m(0) = 0. Let R = [edn/8].
For each 1 <i < (3), let m(i) be the least m(i) > m(i — 1) for which e,,;) € E(G;_,) and

. Ni+Rr—1dn/2 e ny _ dn _
0 Il (3 e ey ifis() -9 R

1 otherwise,

(10)

Lm(i)

and let G = G}y — ep(p). Let M ~ Bin (1 +2){, (3)), and set G* = G(n)_y.
2

Note: Observe that, for each 1 < 7 < (g) —dn/2, an edge e € E(F;_1) is only removed from
F;_1 with probability bigger than 0 if |[Kg4(F;—1 — e)| > 0, and thus F; always contains at least
one d-regular graph. Furthermore, as F;_; is not d-regular, and KCy(F;_1) # (), there is some edge
e € E(F;_1) for which |[ICq(Fi—1 —e)| > 0, and thus with probability 1, we will successfully produce
... F (2)—dn/2> and hence G. Similarly, with probability 1, we will successfully produce G*.

3.2 Analysis overview and deduction of Theorem

We will show that this process has the following 3 main properties. Recall from Definition
that F' ~ F(n,d,m) is a random graph on n vertices with the same distribution as H + FE where
H ~ Gg(n) and E is a uniformly random set of m edges from [n]® \ E(H).

11



Claim 3.1. a) G* ~G(n,(1+¢)d/n).
b) For each 0 < i < () —dn/2, F; ~ F(n,d, () — dn/2 — ).
¢) With high probability, G C G*.
As G = F(g>_dn/2, Claim @ implies that G ~ Gg4(n). Therefore, Claim @ @ and

directly imply that (G,G*) satisfies the required properties in Theorem (1.1} Thus, to show the
upper part of the sandwich in Theorem exists, it is sufficient to prove Claim In the rest of
this section we will do this, subject only to the proof of Theorem [2.4]

3.3 Distribution of G*: proof of Claim Eﬂ

For each 0 < i < (), we have that ¢(G}) = (5) — i, and, by symmetry (as the right hand side of
depends only on 7), the distribution of G is uniform across all graphs with vertex set [n] and
() — i edges. Therefore, the distribution of G* is uniform when conditioned on e(G*) = 4, for any
0<i<(y). As G* = G(g)_M, for each 0 < i < (), we have P(e(G*) = i) = P(M = i). Since
M ~Bin (1 +¢)2,(3)), we therefore have that G* ~ G (n, (1 +¢)4).

3.4 Distribution of Fj: proof of Claim @

We now prove Claim @, as shown similarly by Gao, Isaev, and McKay for the corresponding
result in the lower bound of the sandwich (see [I4, Lemma 3]). We will prove by induction on ¢
that, for each 0 <14 < () —dn/2, F; ~ F(n,d, (3) — dn/2 — i).

First note that this is trivially true for ¢ = 0, and that, if F' is any graph with V(F') = [n] and
e(F) =m, where dn/2 < m < (}), then

n\ _ dn/2\ -
P(F(n,d,m —dn/2) = F) = |§Z((I;))|| : (g_;ﬂ/j) . (11)

Assume then that Fj_y ~ F(n,d,(}) —dn/2 — (i — 1)) and let F be an arbitrary graph with
V(F) = [n], e(F) = (3) — i, and Kq(F) # 0. Our aim is to show that

KB (@) —dnz )T
S T ((Z)—dn/2—z’> : (12)

so that, as F was arbitrary subject to V(F) = [n], e(F) = (5) — i, and Kq(F) # 0, we have
F; ~ F(n,d, (3) — dn/2 — ).

Let f € [n]® \ E(F). Consider P(F; = F|F;_y = F + f). If F;_; = F + f, the probability
that, for the first j' > £(i — 1) with ej € E(Fj_1), the edge ej is not immediately removed from
Fi_1 = F + f is, using (9) and that z;; ~ U([0,1]),

1 Z (1 7 |Ka(F + f—€)] )
e(F)+1 e BELf) maXeep(pig) |[Ka(F + f —e)
e(F)+1—dn/2 IICa(F + f)]
e(F)+1 maxXeecp(pyy) [Ka(F + f —e)l’

—1-

while the probability that e;; = f and ej; is removed from F; 1 = F' + f is

I [Ka(F)|
e(F)+1 maxeeppip) [Ka(F+ f—e)l

12



Therefore, letting p = P(F; = F|F;—1 = F + f), we have

a1 KalF)
e(F)+1 maxecppqp [Ka(F + f —e)l
_e(F)—l—l—dn/Z' IICa(F + f)| .
- (1 e(F)+1 maXeep(pig) [Ka(F + f — 6)\) b
so that K(F)|
A ) _ oA d
P = FEa = F4 D) = 0= Gy T 1= an2)KalF + ) 13)
Then, as by assumption we have that F;_; ~ F(n,d, (3) —dn/2 — (i — 1)), we see that
P(F;=F)= Y  PE=FF1=F+f)-P(F_1=F+f)
feMD\E(F)
3 [KCa(F)] Ka(F + 1) ( (5) —dn/2 >
e COO F T anDRF+ ] Kalll \(3) —dn/2 (1)
_Ka(P) - (5) —e(F) < (5) —dn/2 >
(Ka(n)| e(F)+1—dn/2 \()—dn/2—(i—1))
_ k()] ( (5) —dn/2 )
(Kam)| \(5) —dn/2—1i)

and thus holds, as required.

3.5 Containment of G in G*: proof of Claim

To prove Claim it will be convenient to define two more sequences of random graphs. Let
Hy have vertex set [n] and edge set [n]®). Let k(0) = 0. For each 1 <4 < (3) in turn, let k(i) be
the least & > k(i — 1) such that e, € F(H;1), and let H; = H; 1 — ep(;). That is, we form the
sequence Hy, Hy, ... by removing an edge as soon as it appears in the sequence ey, e, ... and k(7)
is the number of places we need to look along in this sequence to see 7 different edges.

Let G¢ have vertex set [n] and edge set [n](?). Recall that R = |edn/8]. For each 1 <i < (}),
if

NitrR—1dn/2 oo n
Triy < 1 (3)—dn/2—R—i+1 if i < () —dn/2—R (14)
1 otherwise

then let G;r = Gj ek(z—l) and, otherwise, let GJr G;r 1- Note that the right hand side of . is
the same as that in . Thus, when an edge e is con51dered for deletion in the sequences G¥,
and GE)L , Gf, ceuy it Will be deleted from one only if it is deleted from the other; the difference is
that, if it survives this, e will never be deleted in the sequence Gg , Gf, .... It is perhaps also worth
noting here that, instead of the choice in Section we could instead choose G* using the sequence
G(J{ ,G7,.... However, this would be a more difficult choice there as we do not have the property
that e(Gj) = (72‘) — ¢ for each 0 < ¢ < (g), and we prefer to keep our processes generating the
coupling (G, G*) as clean as possible.

We will consider the following two properties, both of which we show will occur with high
probability, and which together will imply that G C G*. For them, we use N = (Z) —dn/2 — 2R.

13



B1 For each 1 <1 < (g) —dn/2 — R, and each e € E(F;_1),

[Ka(Fi—1 — €| >1_ ni—1dn/2
maxrepr,_ ) [Ka(Fioi = )l = (5) —dn/2—i+1

B2 e(GY) <e(Hn)+ R.

Roughly speaking (see also Claim below), comparing the right hand side of with that of
@ and we see that, as long as holds, if an edge e; in the sequence e1, e, ... is deleted in
the sequence G, G, ... then it will also be deleted from Fp, F71, ... as long as the graph Fj from
which it is to be deleted does not have more than R more edges than the graph GZT, from which e;
was deleted. That the difference in the number of edges here is not too large will follow as long as
[B2] holds.

To prove Claim we will prove the following claim (using Theorem for Claim .

Claim 3.2. i) For each 1 <i < (}) —dn/2, k(i) < £(i), m().

11

i) If[B2]holds, then m(i) < k(i + R) for all 0 <i < N — R.

iii) For each 1 <4 < N, if BI] holds and m(j) < £(j + R) for all 1 < j <4, then Fj, p C G7.
)
)

v

holds with high probability.
v holds with high probability.

By Claim and and hold with high probability. When this happens, from
Claim and [ii)] we have that, for all 1 < j < N — R, m(j) < k(j + R) < £(j + R). Thus, by
Claim GCFNCGy_p AsG* = G’(kn)_M, when M > (g) — N+ R =dn/2+ 3R, we have

2
that G _p C G*. As M ~ Bin ((1+¢)%, (})) and R = |edn/8], by a Chernoff bound (Lemma,
with high probability we have M > (14 ¢)dn/2 — R > dn/2 + 3R. Therefore G C G* with high

probability. Thus, it is left only to prove Claim v)| which we do in Sections 3.5.5
respectively (using Theorem [2.4)).

3.5.1 Proof of Claim Eﬂ

Let 1 < i < (g) Observe that it follows from the definition of the processes that there are at
most ¢ — 1 unique edges in ey, ..., eg;)—1, while the edges ey(1), ..., e, are all unique and the edges

€m(1)s - - - » €m(i) are all unique. Thus, £(7), m(i) > k(i).

3.5.2 Proof of Claim

Suppose that holds. Let 0 < i < N — R and suppose, for contradiction, that k(i + R) < m(q).
Then, there is a set I C [i + R] such that |I| = R+ 1 and, for each j € I, k(j) ¢ {m(') : i’ € []]}.
Note that in particular [I| > 1. Take j € I. As k(j) < k(i + R) < m(i), there is some i’ € [i] such
that m(i’ — 1) < k(j) < m(i'). From Claim we have k(i — 1) < m(i — 1), so therefore j > i'.

As ey ;) is the first appearance of that edge in the sequence ey, ey, ..., we have ey;) € E(Gj_)).
Thus, as m(i' —1) < k(j) < m(i"), we have that does not hold with (k(j),4) replacing (m(i), 1),
that is,

N+ R-1dn/2 1 Nj+Rr—1dn/2

(3) —dn/2—R—i+1~  (})—dn/2—R—j+1’

Tr() > 1 =
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where we have used that j > i’. Therefore, from the condition at ., we have ey (;) € (G ), and
hence ey (;) € E(GY) for each k > j. In particular, as j <i+ R < N, er(j) € E(GY;). On the other
hand, ey ;) € E(H;), and thus ey ;) ¢ E(Hy) for any k > j. In partlcular again, ey;) ¢ E(HN).

Therefore, {ey;) : j € I} € E(GY) \ E(Hy), and thus [E(GY) \ E(Hy)| 2 R + 1. This
contradicts S0 We must have had k(i + R) > m(i).

3.5.3 Proof of Claim (3.2 E-

Fix 1 <i < N. Suppose that.holds and m(j) < L(j+R) forall 1 < j <i. Let e € [n]®\ E(GY).
Then, as e ¢ E(G}), there is some j € [i] with e,,(;) = e for which (10) holds with j replacing i, so

Nj+Rr—1dn/2
- () —dn/2—-R-j+1
As m(j) < €(j + R), there is some j' < j + R such that £(j' — 1) < m(j) < ¢(j'). Note that

<1- Nj+rR-1dn/2 <1_ nj—1dn/2 |B<j-| IKa(Fjr—1 = em))l
) () —dn/2—j—R+1~  (3)—dn/2—j +1 = maxeepu, ,) Ka(Fy1—e)]
where we have used that j' < j + R < (3) — dn/2 — R. Then, either e,,;) ¢ E(Fj_1), or, as
(5" — 1) < m(j) < £(5'), condition (9) in the process above implies that £(j') = m(j). In either

case, as j' < j+ R < i+ R, we thus have e ¢ E(F;,g). As e € [n]\ E(G?) was arbitrarily chosen,
we thus have Fi g C G7, as required.

3.5.4 is likely to hold: proof of Claim [3.2][iv)|

For each 1 < i < (5) —dn/2, we have F;_y ~ F(n,d, (5) —dn/2—(i—1)) by Clalm. Therefore,
by Theorem [2.4) and a union bound, with high probability we have, for each1 <i< ( —dn/2— R,
and each e, fEE( ~1),

{K € Ka(Fi1) : e € E(K)} < (14+ni-1) {K € Ka(Fi1) : f € E(K)}. (16)
Note also that, by double counting,
DBl = Y UK € KalFir) : ] € B(K))
fEE(F;_1)
> c(Fia) - min K € KalFio): £ € B (17)
Therefore, for each e € E(F;_1), we have
[Ka(Fi1 —e)| _ [Ka(Fi1)| = {K € Ka(Fi1) : e € E(K)}
maxsep(r_y) |[Ka(Fie1 — f)] - maxpepr,_)([Ka(Fio1)| — {K € Ka(Fi-1) = f € E(K)}|)
K € Ka(Fiy) : e € B(K)}| — mingep,_) [{K € Ka(Fiy) : f € B(K)}

\Ka(Fi—1)| — mingepr_) {K € ’Cd( Fi1): f e E(K)}|

O, mamingepr ) {K € Ka(Fia) - f € E(K)}|
- (Ka(Fi-1)| —mingepp,_,) {K € Ka(Fio1) : f € E(K)}
@ mflﬁmd(ﬂq)!
> 1-
(1= sty ) 1Ka(Fiy)|
ni—1dn/2 Ni—1dn/2

) LU B .

e(Fi—1) —dn/2 (5) —dn/2—i+1

Thus we have that holds with high probability, as required.
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3.5.5 is likely to hold: Proof of Claim

For each 1 <17 < (g), let y; = xy(;), and observe that yy, ...  Y(ny are independent random variables
2
whose distribution is uniform on [0, 1]. Recalling that R = |edn/8], for each 1 < i < (}) —dn/2—R,
let V; =0 if
Ni+R—1dn/2

(g) —dn/2—R—i+1

and Y; = 1 otherwise. As the condition in depends only on i, we also have that Yi,... ,Y(n)
2

are independent random variables. Recalling that N = (3) —dn/2 — 2R, let S = SN | Vi. Observe
from our processes producing Ho, Hy,... and G ,G7,... that S = e(G}) —e(Hy). We have, then,

yi <1-— (18)

_ Y Ni+R—1dn/2
ES = - ;
—~(3) —dn/2-R—i+1
1/8
ivj Codn /2 a4 P nlogn /
= (5)—dn/2-R—i+1 logn’ \ (3) —dn/2 — R—i+1
")—dn/2—R
~ Codn (3) z:/ lmax 1 (nlogn)l/8
2 Pt J logn’ J
(5) 1/8
< Codn Z 1( p N <nlogn)
- 2 j=R+1j logn j

< Codn  2plog(n?) N Codn /@) (nlogn)'/8
-2 logn 2 Jip 98 J

nlogn

10nlogn>1/8 < ledn/8] R
-2 2

1/8
< 2CHpdn + 4Chdn ( > < 2CHpdn + 4Chdn <

ean

where we have used that d > C'logn and 1/C < p < 1/Cy < e. Therefore, by Theorem applied
with € = 1, we have P(S > R) < exp(—R/8) = o(1). Thus, with high probability, e(G},) —e(Hy) =
S < R, and hence holds.

4 Main switching argument

In this section we will show that, if I is roughly regular, and for all but very few graphs K € Kq(F)
we have good bounds on the number of certain (F'\ K, K)-alternating x, y-paths for each fixed x
and y, we can use a switching argument to prove that the edges in F' appear in roughly the same
number of d-regular subgraphs of F. In certain situations, we want these switching x, y-paths to
avoid a set of up to 40logn vertices Z, and hereﬂ |Z| can be much larger than nd as we only use
the bound nd > Cj for some large constant Cy. Thus, if |(Z U {z}) N Nk (y)| is large this can affect
significantly the number of x, y-paths leaving y with an edge in K, which explains the error term
in below.

Theorem 4.1. Let d € [n], § > 0 and 0 < 1/Cy,n < 1 satisfy nd > Cy and n*5 > Cologn. Let
4 <¢<10logn. Let F be a graph with vertex set [n] and KCqy(F) # 0 for which the following holds.

IFor example, using the notation in Theorem when § = 2m/n = z.u(log8 n) and d = Clogn, we have n =
Cop/logn and nd = Cou - C = O(1).
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C1 For each v € [n], dp(v) =d+ (1 £n)d.
Suppose that, for all but at most n=5|KCq(F)| graphs K € K4(F) the following hold.

C2 For each distinct x,y € [n] and each Z C [n| with |Z| < 4¢, the number of (F \ K, K)-
alternating x,y-paths of length 2¢ which do not have any internal vertices in Z is at least

<1 —n— |(ZU{I}2?NK(ZU)|> dé(sé/n.

C3 For each distinct z,y € [n], the number of (F'\ K, K)-alternating x,y-paths of length 2¢ is at
most (1 +n)d*6’/n.

Then, for each e, f € E(F), {K € K4(F):e€ E(K)}| < (1+40n){K € K4(F): f € E(K)}|.

Proof. Let KP* be the set of K € K4(F) for which either or does not hold, so that, by our
assumptions, |[KP2d| < n=0|KCy(F)|. We will start by showing that each edge e € E(F) is contained
in at least a small portion of the graphs in KCy(F'), as follows.

Claim 4.2. For each e € E(F), [{K € Kq(F) : e € E(K)}| > d|Kyq(F)|/n?.

Proof of Claim[{.2. Let e € E(F). Suppose, for contradiction, that [{K € K4(F):e € E(K)}| <
IKg(F)|/n? Let Kf = {K € Kg(F) : e € E(K)} and K, = {K € Kyq(F) : e ¢ E(K)}. Let L.
be the auxiliary bipartite graph with vertex classes K and K, where there is an edge between
K e K} and K’ € K. if E(K)AE(K') is the edge set of a cycle of length 2¢ + 2.

First, note that, for each K € K and K’ € K, with KK’ € E(L.) we have that E(K)AE(K')—
eis an (F'\ K, K)-alternating path of length 2/ + 1 between the vertices in e. Thus, as A(F\ K) <
(1+n)d from for each K € K} we have dr,(K) < (1 +n)ts‘d".

Now, as [Kf| = {K € Ka(F) : e € E(K)}| < |Kq(F)|/n?, we have |[K7| > (1 - 25) [Kq(F)].
Thus for at least [KCq(F)|/2 graphs K’ € K. we have K’ ¢ KP4, Let K’ € K, be such a K’ and
let u,v be such that e = uv, so that uv ¢ E(K'). Choose v’ € Nks(u), with d possibilities. Then,
by with Z = {u} there are at least 6‘d‘/2n (F \ K', K')-alternating u’, v-paths P with length
2¢ which do not contain u, where we have used that n < 1 and nd > Cj. For each such path P, we
have K’ — uu' +uv — (E(P)N E(K')) + (E(P) \ E(K")) € K. Therefore, dr, (K') > §‘d™!/2n.

As this holds for at least [ICq(F)|/2 graphs K’ € K_, we have, double-counting the edges of L,
that |[KCF| - (14 n)%6*d" > e(L) > §%d*™ - |Kq(F)|/4n. Thus, |KF| > d|Ka(F)|/ (1 +n)"-4n) >
d|K4(F)|/n?, as required, where we have used that £ < 10logn and n < 1. |

Now, let e, f € E(F') share no vertices, and suppose, for contradiction, that
{KeKy(F):ec E(K)} > (14 18)){K € K4(F) : f € E(K)}|. (19)

Label vertices so that e = ujug and f = vive. Let K¢ be the set of K € Ky(F') which contain e but
not f, and let IO/ be the set of K € KCq(F) which contain f but not e. From and Claim
we have |[K¢| > 18n|{K € Ky(F) : f € E(K)}| > |[K4(F)|/n?, where have used that nd > Cj.

Let L. ; be the bipartite auxiliary graph with vertex classes ¢ and K/ where there is an edge
between K € K¢ and K’ € Kf if (E(K)AE(K"))\ {e, f} is the edge set of two vertex-disjoint paths
Py and P, such that, for each i € [2], P; is an (K’ \ K, K \ K')-alternating u;, v;-path of length
20 4 2. We will show the following claim.

Claim 4.3. For each K € K¢\ KPad, dr, (K) > (1— 10m)d* 26242 /n?2,
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Proof of Claim[{.3 Let K € K¢\ KP*. Fix v} € Ng(v1) \ {u1,u2,v2} and vh € Ng(v2)\
{u1,ug,v1,v}}, for which there are at least (d — 3)(d — 4) > (1 — n)d? choices, where we have
used that nd > Cp. Let vf € Np\g(v]) \ {u1,u2,v1,ve,v5}, with at least (1 — 21)d choices by
Let P; be an (F\ K, K)-alternating u1, v{-path of length 2¢ which does not have any internal
vertices in {ug,v1, v}, ve, vy}, noting that from there are at least (1 — 2n) d‘6/n choices for P,
again using that nd > Cj.

Let Z = V(P1) U {uz,v1,v],v2,v5}. Let vy € Np\g(v5) \ Z be such that [Nk (vy) N Z| < nd/2.
Note that the number of edges in K adjacent to Z is at least nd/2 - [{v : |[Ng(v) N Z| > nd/2}| and
at most d|Z|. Therefore the number of choices for v§ is at least

/ / d|Z|
dp\k (vg) = |Z] = [{v : [Nk (v) N Z] > nd/2}] = dp\g (v2) — | 2] = e (1 —2n)9,
where we have used that dp\ g (v5) > (1 —n)d byﬂ 7?0 > Cplogn and £ < 10logn. Then, let P,
be an (F \ K, K)-alternating us, v5-path of length 2¢ which does not have any internal vertices in
Z, so that, by the choice of v and by we have at least (1 — 2n)d*6¢/n choices for Ps.

Let K' = K—E(PUP,)NE(K)—{ujua, v1v], 0205 } + E(PLUPy)\ E(K)+{vive, v]v], vhv }. Note
that K’ € K/, and that we have made the unique choices for v}, v}, vy, Py,v4, Py which produces
this choice of K’. Therefore, combining our lower bounds on the choices made, we have

[3Y4 [3v4 d2€+252€+2

i, (K) 2 (L= ) (L= 208 (1= 2) S (1= 205 (1= 200" = (1= 10) =,

e, f n

as required. B

From and we have that, for each K € K4(F) \ K" and each distinct z,y € [n] the
number of (F'\ K, K )-alternating z,y-paths of length 2¢ + 2 is at most (1 + 1) - d - (1 + n) d*6*/n.
Thus, applying this to (uy,v1) and (ug,v2), and using (1 +n)* < (1 + 57), we have the following
property.

D1 For each K’ € K/ \ KP*d| we have dr. (K') < (1+ 5n)d> 4252642 /n2,

Furthermore, using we have that for each K € Ky4(F') and each distinct x,y € [n] the number
of (F'\ K, K)-alternating z, y-paths of length 2¢ + 2 is at most (1 +n)*F16*H1dt < \/n .- §H1qt L
where we have used that ¢ < 10logn and n < 1. Therefore, we have the following property.

D2 For each K’ € K/, we have d,_ (K') < n - §%+2q22,

Using that |[KP2d| < n=6|Cy(F)|, we have

526+2 g20+2 KC.(F
e(Leyf) < |/Cf| - (1+57m) = + | 2(6 )l - 5202 g20+2
Clm 5202 g20+2 el 52422042
< (1 5) n? + | n 2 n2 (20)

where we have used that |K¢| > [KCq(F)|/n?.
Furthermore, as |[K¢| > [KCq(F)|/n?, we have |K¢\ KP2d| > (1 — 1/n)|K¢|. Thus, by Claim
we have
d20+2520+2

e(Les) 2 (1 =1/n)|K"] - (1 = 10m) — 5
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In combination with , we have that

52@4—2 20+2 52Z+2d2€+2
(1= 3/m) ||+ (1 = 10m) *—G— < KT (1459) 5 —.

As nd > Cy implies nn > Cp, we have that [{K € Kq(F) : e € E(K)}| < (14 18n) {K € K4(F) :
f € E(K)}|, a contradiction to (|19)).

Therefore, for each e, f € E(F') which share no vertices we have [{K € K4(F) : e € E(K)}| <
(14+18n)|{K € K4(F) : f € E(K)}|. Let, then, e, f € E(F). Pick ¢/ € E(F) with no vertices in
V(e) UV (f). Then, we have

HK € Kg(F):e€ E(F)} < (1+18n) {K € K4(F) : ¢ € E(K)}|

<
< (1440n) {K € Ky(F) : f € E(K)}|,

as required. O

5 Upper bounds for alternating paths from a fixed vertex

We now prove the following lemma, which gives a good upper bound on the number of (F'\ K, K)-
alternating paths starting from a fixed vertex. (That is, unlike our ultimate goal of one of
the endpoints of the paths considered is not fixed). As with the next two sections, we consider the
regime corresponding to m < n'T? in Theorem for some small fixed o > 0, but we prove that
one of the properties, in Lemma holds more widely so that we can use it in Section [§] and
also to conclude that is likely to hold. As with our results across the next three sections, instead
of working in F'(n,d, m) here we work with the slightly easier to study random graph F' formed by
taking K ~ K4(n) and adding edges independently at random with some probability p chosen so
that the expected number of added edges is m. When we apply the main results of these sections,
in Section [J] at the cost of a manageable increase in the probability the events considered hold, we
will easily be able to translate these results into the model F(n,d, m).

Lemma 5.1. Let 1/n < 1/C < ¢ <1 and 1/C < o,u < 1. Let d € [n] and m € N satisfy
d> Clogn and edn/2 <m < n't7. Let 6 = 2m/n and let

)\:max{ 'u2 ’<n ogn> }
log“n m

Let p = m((5) —dn/2)~t. Let K € Kq(n), form E by including each element of n]?\ E(K)
uniformly at random with probability p, and let F = K + F.
Then, with probability 1 — o(n~'%), we have the following.

E For each 1 < ¢ <10logn and v € [n|, the number of (F'\ K, K)-alternating paths with length
20 starting at v is at most (14 30\)d*6".

In Section we give pseudorandom conditions and [F2)) and show they imply [El These
conditions concern the degrees in F'\ K, as well as certain sums of degrees, and we prove the likely
bounds we need in Section[5.2] Finally, we use this to conclude that Lemma [5.1 holds in Section[5.3
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5.1 Pseudorandom properties for upper bounds for paths from a vertex

To show the number of (F'\ K, K)-alternating paths from a vertex are bounded we will use bounds
on the degrees of F'\ K and, as discussed in Section a more complicated condition on certain
degree sums required for the accuracy we need. Due to this more complicated condition, we prove
the lemma by induction by considering not the number of paths, but the sum of the degrees in
F\ K of the endpoints of the paths we wish to consider.

Lemma 5.2. Let 0 < A< 1. Let d,6 > 0, let K € K4(n) and let F' be a graph with vertex set [n]
for which the following properties hold.

F1 For each v € [n], dp\g(v) < (1+A)6.
F2 For each v € [n],

> > )dF\K(u') < <1 + 10271) 8d - dp\ g (v).

UENp\ i (v) W ENEK (u

Then, the following holds.

F3 For each 1 <{ < 10logn and v € [n], the number of (F'\ K, K)-alternating paths with length
20 starting at v is at most (1 4+ 30\)d‘6".

Proof. Let v' € [n]. We will first show by induction that, for each 1 <i < 10logn,

Z #{(K, F \ K)-alternating v', u-paths length 2i — 1} - dp\ g (u)
ueV(G)

<(1 N () 21
< (1+N) ( +logn> 5td (21)

For this, first note that holds for i = 1 by using that there are d vertices u € V(G) for
which there is a (K, F\ K)-alternating v’, u-path of length 1. Suppose then that 1 < i < 10logn
and that holds with ¢ replaced by ¢ — 1. Then,

Z #{(K, F \ K)-alternating v', u-paths of length 2i — 1} - dp\ j (u)

ueV(G)
< Z #{(K,F \ K)-alternating v’, u’-paths of length 2i — 3} - Z Z dp\ i (w)
uw' eV (Q) wW'E€Np\ g (u') uENk (u')
2 A . It . !
< |1+ ] -od - Z #{(K, F'\ K)-alternating v', u'-paths length 2i — 3} - dp\ g (u')
08" WeV(G)

Ao\

<(1+XN)- (1 + ) o'd".
logn

Therefore, holds for . Thus, holds for all 1 <4 < 10logn.
For each 1 < i < 10logn, it therefore follows from that, for each v/ € [n], the number of
(K, F'\ K)-alternating paths with length 2i starting at v’ is at most

A\ 200 — N\ . . o
A+ (1422 sia < (14 20+ 20=DA sig < (14 300 st
logn logn
where we have used that A < 1. Thus, holds. O
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5.2 Likely properties of F'\ K: degree bounds

We now prove a result we mainly use to deduce the pseudorandom conditions used in Lemma
Note that, as mentioned at the start of the section, the first of these properties is proved for (d, m)
more widely so that it can be applied in Section [§ and to show that is likely to hold.

Lemma 5.3. Let 1/n < 1/C < 1/C',0 < 1 and 1/C < e. Let d > Clogn and let m satisfy
edn/2 <m < (3) —dn/2. Leté— 2m/n and let p=m ((5) — dn /2) . Let K € K4(n), form E by

including each element of [n]?) \ E(K) uniformly at random with probability p, and let F = K + E.
Then, the following holds with probability 1 — o(n=1%).

G1 For each v € [n],

<1 el 10%”) § < dp g (v) < (1 +C 10%”) .

Furthermore, if d < n° and m < n'*?, the following holds with probability 1 — o(n™4).

G2 For each v € [n],

<1 - §> dpg(v)-6d< Y > dpx() < (1 + ?) dp\k (v) - 0d.

uENp\ g (v) v ENg (u)

Proof. For each v € [n], by an application of Chernoff’s bound, as dp\ g (v) is binomially distributed
with parameters n — 1 — d and p, and p(n — 1 — d) = 2m/n = §, we have that

P(dF\K(v) # (1 + ' logn/é) 5) < 2exp <_C”2;((S)gn : 5) = o(n~19). (22)

Thus, taking a union bound over all v € [n], with probability 1 — o(n=14 - 1| holds, as desired.

Let, then, v € [n] and suppose d < n° and m < n'*?. Reveal the edges of E next to v, and let
A = Np\g(v). Note that the probability that there is a vertex u € [n] with [Ng (u) N A| > 100 is,
asd <n? and p < 4m/n2 < 4n"_1, at most

d 100 100 —-15
. < = .
n (100>p < n(pd) o(n™?)

Thus with probability 1 — o(n~19), for each vertex u € [n], |[Ng(u) N A| < 100. Furthermore, by
(22), we have 6/2 < |A| < 26 with probability 1 — o(n™'?).

Let E, be the set of edges e € ([n] \ {v})@ \ E( ) which contain at least one vertex in A. For
cach zy € E,, let w,, = |Ni(z) N Al 4+ [Nk (y) N Al, so that wg, < 200 as |Ng(u) N A| < 100 for
each u € [n]. Note that

S =3 Y dues o) = (u )rA\dm—l—d) (23)

:cyEEU u€A u €Nk (u)

where we have used that, for each v’ € [n], we have d( Kn\K)—v (') € {n—2—d,n—1—d}. Therefore,
we can take subsets EU i, i € [200], in B, such that | E, ;| > |A|d(n—1—d)/400 and, for each zy € E,,
[{i € [200] : 2y € B} = Wgy. For example, if we randomly assign each zy € E, to wy, of the

E,;, i € [200], for each 2y € FE,. Then, for each i € [200], we have E|E, ;| = > eye i, 5%, and by
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Theorem [2.5 there is a positive probability that |E, ;| > 2E|FE,;|/3 > |A]d(n — 1 — d)/400 for all
i € [200], Where we have used (| .

For each i € [200], let X,; = |F,; N E|. Revealing the edges of E not containing v, we
have that, for each ¢ € [200], X, ; is a binomial random variable with mean E|X, ;| = p[EM\ >
|Aldp(n — 1 —d)/400 > 6%d/800. Therefore, we have, via a Chernoff bound, that, for each i € [200],

1 EX,; d _
P (|Xv,i -EX, ;| > 105 IEXw') < 2exp (—3101632> < 2exp <—106> =o(n™"), (24)

where we have used that d > C'logn.

Let
v - Z Z d(F\K Z Xv 0

u€A GNK(u) 1€[200]

Then, by (24), with probability 1 — o(n~1%), we have |X,; — EX,;| < 155 - EX,; for each i € [200]
and, hence,

1 1
X, —EX,[ < > (1 Xoi —EXy)) < Y 105 BXvi = 155 EXo. (25)
i€[200] i€[200]

Furthermore, by (23), we have that EX, = (1 £ J5) [A|dp(n —d — 1) = (1 & ;) |A| - dé. Thus,
implies that X, = (1£ 5) [A] - 6d = (1 + ) dp\ i (v) - 6d.
Noting that

Xo— Y > dpk()| < Z Z 1<d dp\x (v) = g dp\k (v) - 6d,

we have that holds for v with probability 1 — o(n_15). Taking a union bound over all v € [n]
thus shows that holds with probability 1 — o(n~'*), as desired. O

5.3 Proof of Lemma [5.1]
Combining Lemma [5.2] and Lemma [5.3] it is now easy to prove Lemma [5.1]

Proof of Lemma[5.1]. Take the variables as set up in Lemma so that 1/n < 1/C < ¢ < 1,
1/C < o,p < 1, d > Clogn, edn/2 < m < nlt7, § = 2m/n and p = m((5) —dn/2)" 1

Furthermore, we have
p? nlogn 1/4
A = max 5 ( > . (26)
log“n m

Let K ~ Gg(n), form E by including each element of [n](®) \ E(K) uniformly at random with
probability p, and let F' = K+ E. Thus, we want to show that holds with probability 1 —o(n=14).
Let ¢’ satisfy 1/C < 1/C" < 1. As 6 =2m/n > £C'log n, we have that

26) / 1/4 [y 1/4 1/4
¢ loin 20, lo?n‘)\<nli>ngn> < loin‘A<2lc()5gn) =C'A <102g(5n> <A

Also, since m > eCnlogn/2, we have

2 n <nlogn>3/4 1 (nlogn>1/4 A

d m m logn m ~ logn’
Thus, by Lemma we have that [F1] and [F2 - 2| hold with probability 1 — o(n~'4). Then, by
Lemma 5.2 . we have that [E . holds with probability 1 — o(n™'4). O
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6 Lower bounds for switching paths

We now prove our likely lower bound on the number of (F'\ K, K)-alternating paths between two
fixed vertices, that appears as in Theorem as follows.

Theorem 6.1. Let 1/n < 1/C < 1/Chy < e <1 and 1/C < o,u < 1. Letd € [n] and m € N
satisfy d > C'logn and edn/2 < m < n'T7. Let § = 2m/n and let

2 1 1/4
)\:max{ ,u2 ’(n ogn> .
log“n m

Let p = m((5) — dn/2)"'. Let K ~ Gq(n), form E by including each element of [n]?)\ E(K)
uniformly at random with probability p, and let F = K+ E. Let £y be the smallest integer for which
sl q=1) > n. Then, with probability 1 — o(n='*), we have the following.

H For each distinct x,y € [n|, each Z C [n] with |Z| < 40logn, and each £ with 10y < £ <
10logn the number of (F'\ K, K)-alternating x,y-paths of length 2¢ which do not have any
internal vertices in Z is at least (1 — CoX — w> d‘st/n.

In Section we give pseudorandom conditions and show they imply Of these
pseudorandom conditions, [[1] and [[2] will already follow from Lemma [5.3] The conditions
and [I5| will be used to show expansion conditions in the graphs K and F'\ K, and we prove [I3|is
likely to hold in Section [6.2] and [[4] and [[5]is likely to hold in Section The condition [[6] concerns
edges in F'\ K between large sets and is shown to likely hold in Section Finally, we put this
together in Section to prove Theorem

6.1 Pseudorandom properties for lower bounds for path counts

To show good bounds on the expansion of certain vertex sets U in a graph H (applied with H = K
and H = F' \ K for Theorem , we will use that few vertices have more than one neighbour in
H in U, so that the size of Ny (U) is close to the sum of the degrees in H of the vertices in U. For
this, we will use the following convenient definition.

Definition 6.2. For a vertex set U in a graph F', we define E>9 p(U) to be the set of edges
zy € E(F) with z € U, y ¢ U for which there is some 2’ € U \ {z} with 2'y € E(F).

We now give our pseudorandom conditions for bounding below the number of (F'\ K, K)-
alternating paths between two fixed vertices, and deduce the bound we need, as follows.

Lemma 6.3. Let 1/n < 1/C < 1/Cy <1 and 1/C < 0 < 1. Let d > Clogn with d,§ <n®. Let
log~3n < X\ < 1 satisfy \d > Cologn. Let K € Kq(n) and let F be a graph with vertex set [n], such
that K C F and the following properties hold.

I1 For each v € [n], dp\g(v) = (1 £ A)J.

I2 For each v € [n],

)

uENp\k (v) W ENK (u
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I3 For each U C [n], if there is some U’ C [n] with |U'| <4|U|/6 and U C U'U Np\g(U"), then

N . An

AUl if U] < 157155m
Eso (U U) <{ Toen e
| B, i (U)] + ex( >—{ MUl if U< 2

14 For each U C [n] with |U| < An/1008 logn, if there is some U’ C [n] with |U’'| < 4|U|/d and
U C U UNg(U'), then

A
|Eso ik (U)| +ep\g (U) <

o|U].
_logn| |

I5 For each U C [n] with |[U| <100logn, [{v € [n]\ U : dp\k(v,U) > 10}| < 100logn.

16 For any disjoint sets U,V C [n] with |U|, |V| > 1)\7721“ we have

)
epk (U, V) > (1 =) E|U\|V|-

Let €y be the smallest integer for which §o—1d%0—1) > n_ Then, the following holds.

I7 For each distinct x,y € [n], each Z C [n] with |Z| < 40logn, and each 10¢y < £ < 10logn
the number of (F \ K, K)-alternating x,y-paths of length 2¢ which do not have any internal

vertices in Z is at least (1 — CoX — w> d*st/n.

Proof. Let £1 be the smallest integer for which 6(1t1)d(t+1) > \p /(2.107), so that fg—3 < 1 < £o—2
as Ad > Cylogn. As d,§ < n?, we have that £ > 1, and as d > C'logn and 6 > Cylogn we have
(1 <logn/loglogn. Let r = [An/(8 - 107 - §“1d"1)] < 6d/2. We will show the following claim.

Claim 6.4. Let X, Yy C [n] be disjoint with | Xo| = Y| = r such that there are disjoint X{,, YJ C [n]
with Xo C Nk (X(), Yo C Ng(Yy) and | X, |Yy| < 4r/d. Then, for each W C [n] with |W| < 3r+\d,
there are at least (1 — Co\/4)r20%61+1d%4 /n (F \ K, K)-alternating paths of length 4¢; + 1 which
start in Xg, end in Yy, and have no internal vertices in Xo U Yy U W.

Proof of Claim[6.4 Tteratively, for each 1 <14 < ¢y, let
Xoi—1 = Np\ g (Xai—2)\ ((Uii:_oQ(Xj U Yj)) U Np\ g (Yai—2) U W) ;

Yai—1 = Np\ g (Yai—2)\ ((U?i_(f(Xj U Yj)) U Np\ i (X2i—2) U W) ,

Xai = Nk (Xai-1)\ ((U?QBI(Xj U Yj)) U Nk (Yai—1) U W) ;
and
Yai = N (Yai 1)\ ((u?i:;)l(xj U Yj)) U N (Xai_1) U W) :

Note that, for each edge in F'\ K between Xy, and Yoy, , there is an (F'\ K, K)-alternating path of
length 4¢1 + 1 which starts in X and ends in Y, and has no internal vertices in Xo U Yy U W, and
each such path is different. Thus, to prove the claim, it is sufficient to prove that ep\ Kk (Xae,, Yor,) >
(1 —CoA/4) - r2§2tt+l g2t /n.
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We will show by induction that, for each 1 < i < /4,

20\
(1 T logn  20A- 1{i=1}> ' Z dp\ i (v) < [X2i-1] < Z dp\ i (v), (27)
& vEXoi_2 vEX9i_9
20\
L= =200 Ly ) Y0 dpg(©) < Yol € ) dp(v), (28)
g UGYQrL‘_Q ”UGYQ»L'_Q

ZU€X2¢ dF\K(U)
Z’UGXQZ'_Q dF\K(’U)

(1 _ 20N 20\ - 1{ie{1,z1}}> -dd <

20
logn < (1 + + 20\ - 1{2’6{1,[1}}) - do,

logn
(29)

and

Y veyy; A\ (V) - (

20\ 20\
(1 " logn 20 - 1{z‘e{1,£1}}> ~dd < 14+ ——+20\- l{ie{lfl}}> - do.

> veY o AP\ (V) ~ logn
(30)
For this, let 1 < i < /1 and assume that f hold for each 1 < a < 7.
We start by showing that, for each 1 < a < 1,
4 a Sa 6 a Sa
gd o%r S ‘Xga‘, |}/2a‘ S gd 6%r. (31)

As | Xo| =1, usingvve have that (1 —A)ér <> v dp\g(v) < (1+A)ér. Thus, by applied
for each 1 < a < i, we have, as i < ¢; = o(logn) and A\ < 1, that

a—1
> drk(v) 2 <1 - IQOA - 20)\> : <1 — 12(“ ) d*s® - (1 — \)or > %d“é““r (32)

vEXaq ogn ogmn
and
2 9 a—1 11
Z dF\K(U) < <1 + L)\ + 20)\) . <1 + 0)\) d%6? . (1 + )\)57’ < ——qeseti, (33)
vEX 20 logn logn 10

Using [T1] we therefore have that holds for |Xo4|. Similarly, holds for |Yaq].
Now, for each 1 < a < i, using |Xo| = |Yo| = r when @ = 1 and otherwise and for
i=a—1,by [27) withi=a

4 6
gd“_léar < | X2a-1], [Yaa_1] < gda—léar. (34)

If = 1, then set X1 = X{, and Y_; = Y| (using the sets in the claim statement). Whether
i = 1, or not, we then have that Xo; o U Y29 C Ng(X2;—3U Ys;_3), and, from the properties of
X{ and Yj or by and , | Xo; 3 U Yo 3| <35 1d=2r < 4|X9;_o U Ya;_o|/d. Furthermore,
either as | Xo| = |Yp| = 7 or by with @ =i — 1, and as 6“d** < An/(2-107) by the choice of /1,
we have that

An il < An An

6 . 4 .
XoioUYe o] <2 —d 151 < 2. B
[ Xoi—2 U Yoo < 5 r 107 — dd ~ 1006 logn

(35)
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Thus, from we have,

A \ o
|E>o p\ ik (X2i—2 U Y2 2)| < Tam -6 Xojo| < ——— 28" . (36)
ogn logn

Furthermore, we have Uii:_[f(Xa uY,) C (U?f;o?’(Xa U Ya)) U Ng (Uzi:_o?’(Xa U Ya)), and, using
and ,

2i—3
. 6 L 4 4
| U3 (X, UY,)| <2 = > glal2lgle/2ly < 357 d 2y < X2 U Yaiaf < - A2 (X, UY,)].

a=0

Similarly to (35), we have | U2} (X, UY,)| < An/1006 logn. Thus, from we have

i— A i A S
ervi (Vi (Xa UYa)) < (o 0 [ (Ko UYa)| < o - 30, (37)

where we have used and . Therefore, as Ad > Cjlogn, this implies that

W[ <3r+X < <102n + A 1{“}) 0t (38)

we have that

( > dF\K(’U)) — | X2i1| < [Eso p i (Xai2 U Yaioa)| + ep i (U3 —5 (X UYy)) + [W]

vEX2i—2

E9.€0-E ( A

logn
B / A
< (logn + A 1{1':1}) 8- Y dpk(v). (39)

vEXai—2

From , we get the lower-bound in holds. As |Xg9;—1| < \NF\K(X%_Q)\ < Zvexm,g dF\K(v),
we therefore have that holds entirely. Furthermore, by a similar deduction to those above using

we have that %diiléir < | Xgi—1]| < %diiléir. Similarly, we can deduce that

( > dF\K(”)) — [Y2i—1| < <102;\n +>\'1{i—1}> 8- Y dpg(v), (40)

vEY2_2 vEY2; 2

that holds, and that %di_lcsir < Y] < gdi_léir.
Now, working similarly to above, we have that Xo; 1 U Yy, 1 C NF\K(X}L‘_Q U Y2;_2) and
’Xgi,Q U )/22'72‘ < 4|X21',1 U Y2i71|/5. Furthermore, we have that

6 . 1. _ 2\ , e if i< 4y
Xoi 1 UYoi 1| <2 —d 150y < 2220 gi-l-tigi-ti < ] 10%logn )
[Xoimg UYaim| < 2- 5 "= 07 | oy ifi= 0.

Thus, from [[3] we have

logn

A
<logn + A Lz

IN

A
) i— 1= - i=0 v b
‘E>2K(X2z 1 UY5; 1>‘< < —i—)\l{ g})d’XQ 1 UY5; 1’
) -38td'r. (41)
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Furthermore, we have that U2/ (X,UY,) C (UX (X, UY,)) UNp\ g (U3 (X, UY,)), and U2
(X, UY,)| <3di7161r < 4| U]} (X, UY,)|/d, while

Ain if 42
U2 (X, UY,)| < 3d e < L”? i1t gl < | T0dlogn ?fl‘ <ty
2-10 106d 1fz:£1.

Thus, from [[3] we have

o A .
ex (U2 (XaUY,)) < <logn +A- 1{i€1}> | U2 (X, UY,)|
A o
< Al -38d'r. 42
< (o +3 Lpman ) 350 (42

Therefore, we have that

d| Xoi—1| — | Xoi| < |E>2,x(X2i—1 UYai1)| +ex (Uzi:_()l(Xa UY,)) + W]
(1, @2),@3) A o
S < + )\ . 1{i€{1,£1}}> . 7(51le

logn
A
< 1y .8.d- ) 4
< (logn+)\ {ze{ul}}) 8-d ve%:” dp\ (V) (43)
Now,
wq
Y dpx) < ) > Y dpg(v) < ( logn> > dpk(v)
vEXo; u€X2i—2 WENp\ i (u) vENK (w) vEXo;i_o
and

Z dF\K('U)IIEII Z Z Z dF\K(U) — (1 + )\)(5d . Z dF\K(U) — |XQZ'_]_|

vEX9; u€X2;—2 WENp\ g (u) vVENK (w) vEX2i-2
— (1 + N)3(d| X2i—1] — | X2])

A
Z dF\K(U) —od - <logn + A 1{i€{1,€1}}) -19 - Z dF\K(’U)

VEX9; 9 vEX2i—2

29, @3) A
> (1 — > -0d
logn

Thus, we have that holds. Similarly (with in place of (39)), holds.
Therefore, by induction, f hold for each 1 <i < ¢;. Applying for each 1 < i < /4,
and using that [ Y oy dp\r(v)] > (1 = A)or by we have

d v o i _ 01 SO +1
2 veXop, AP\K (V) . (1 —40)) - (1 — \)dhsh S (1 45\ )dagt > An
(1+X)0 (14+N\)6

|X2€1| > 08’

where we have used [[1| again and ¢; = o(logn). As, similarly, |Yap,| > (1 — 45))d“ 6% > An/108,
we have, by [[6] that

9

) 5 2 CoA\ r2620+1 420
ey (X, Yan) 2 (1-0) 2 Xan [¥an | 2 (1-0)2- (1 = asn)aatr) > (1= D2).

4 n

and thus the claim holds. -
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Using this claim, we can now connect vertices with paths with length 4¢; + 5, as follows.

Claim 6.5. Let u,v € [n] be distinct and W C [n]\ {x,y} with |IW| < Ad. Then, there are at least
(1—CoA/2)6203@20+2 ) (F\ K, K )-alternating u, v-paths of length 4¢1 +5 which have no internal
vertices in W.

Proof of Claim[6.5 Let Uy = Np\g(u) \ (W U {v} U Np\g(v)) and Vi = Np\g(v) \ (W U {u} U
Np\k(u)). Let Uy = N (Ur)\ (WU{u,v}UNg(V1)UVi) and Vo = N (V1) \ (W U{u, v} UNg (Up)U
U1). Using similar arguments to those in the proof of Claim we have (1 — 2X)dd < |Us|, |Va| <
(14 2X)dd.

Let s = |Us| and t = |Va|, so that s,t > r, and enumerate Uy = {ui,...,us} and Vo =
{v1,...,v}. For each i € [s], pick u; € Nk(u;) N Uy and for each j € [t] pick vj € Nk(vj) N Vi.
For each i € [s], let U; = {uf,w g, ... uj .} and Ui = {ui, Wit1,-.,uipr—1}, and, for each

€ [t], let V = {v/ vl g+1’ .. .,v}+7,_1} and V] = {vj,Vj41,...,Vj4r—1}, with addition in the indices
modulo s and t as appropriate. For each i € [s] and j € [t], let W;; = W U {u,v} UU; UV}, so that
|Wi ;| < 3r+Ad. Now, by Claim there are at least (1 — %) (2R (F\ K, K)-alternating

n
Ui, Vj—paths with length 4¢; 4 1 with no internal vertices in W ;, each of which can be extended to
an (F'\ K, K)-alternating u, v-path with length 4¢; 4+ 5 with no internal vertices in W. Therefore,
as each such path appears for 72 pairs (4,7), the number of (F'\ K, K)-alternating u, v-paths with
length 4¢; + 5 with no internal vertices in W is at least

2 ¢201+1 3201 201+3 j201+2 201+3 3201+2
<1_C’o)\)‘r5 d ~st12><1—02>\>(1 2. 201 (1_COA>_5 d

4 n n 2 n

)

as required, where we have used that s,¢ > (1 — 2X)dd. J

Finally, we can show that [[7/holds. Let z,y € [n] be distinct and let Z C [n] with |Z] < 40logn.
Let v/ € Ng(y)\ (ZU{x}), with d— [(ZU{x}) N Nk (y)| choices. For each i > 0, let P; be the set of
pairs (v, P) such that P is an (F'\ K, K)-alternating 3/, v-path of length 2 with no vertices in ZU{x}
and dp\ g (v, ZUV(P)U{z,y}) < (1{7;:0} +1/logn) Ad. Note that [Po| =1 as [Z U {z, y}| < Ad.

Claim 6.6. For each 1 <7 < 10logn,
21\
(v.P)EP: : (v.P)EPis

Proof of Claim[6.6. Let (v, P) € Pi_1. Let Zt =V (P)U Z U {x,y}, so that |ZT| < 100logn. Let
B be the set of w € [n] \ ZT with dp\ j(w, ZT) > 10 so that, by we have |B| < 100logn.

For each (u,v’) with u € Np\g(v) \ Z* and v' € Nk (u) \ (Z* U B), there is a path P’ such that
P C P and (v/, P") € P; by definition of B. Therefore,

Z Z dp\g (V') — Z dp\k (V')

UENp\ g (v) v/ ENK (u) (v',P"YeP;:PCP’
mm
< > INg)|-20+ ) > 26
UENF\K(U)mZJr UGNF\K(U) U’ENK(U)O(Z+UB)
< 20d - [Np\g (v) N Z [+ (|E>2,x (Np\ i (v)| + 27 U BJ) - 26

)\d 20

<2d6 - (13213 + 1/logn) A6 + 20 +200logn - 28

< (2-1g=1y +10/logn) - )\52d.
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Now, we have ZuENF\K(v) D veNK (u) dp\g (V') > (1=X/logn)dd-dp\ k (v) byand dp\r(v) > 0/2
by [[1] so it follows that

> dp\g (V) > (1= 4\ 1oy — 21X -log ™' n) 6d - dpy e (v).
(v',P")eP;:PCP’
Therefore,
Z dp\x (v) = Z Z dp\k (V)
(’U,P)E'Pi (’U,P)E'Pi,1 (v’,P/)EPi:PCP/

> (1—4X 1oy — 210 -log tn)od- Y dpk(v).
(v,P)EPi—1

as claimed. ]

Now, let ¢ satisfy 10¢p < ¢ < 10logn. Let o = ¢ — (2¢; +3) > 0. Let (v, P) € Py,, so that, by
Claim 6.6 applied for each i € [¢3] and [I1} the number of choices for (v, P) is at least

lo—1
2 (0, P)epy, dr\x (V) (1o 2N (1 2N e (=00
(I+X)o logn logn (L+ )

2 (1 9 g,

Then, let P’ be an (F'\ K, K)-alternating z, v-path of length 4¢; + 5 with no internal vertices in
ZUV(P)U{y}, with at least (1 —Co\/2)6*1T3d261+2 /n, options by Claim Then, (PUP") +y'y
is an (F'\ K, K)-alternating z, y-path with length 2¢. Combining our choices for y’, P and P’, the
number of choices is at least

20143 j201+2
(d—(Z U {x}) N Nk()]) <1 _ CT) sta gt (1 - C;A) 5 :

> <1 — oo - Z AN NK<y>r> &

)

as required. Thus, [['7] holds. O

6.2 Likely properties of G4(n): expansion

The following two lemmas, Lemma [6.7] and Lemma will be applied with two different values
of A (A and A\/logn), which motivates why these Lemmas use the bounds A > 6—1410g_4n and
Aod > C'logn. The two lemmas give a likely bound for, respectively, ex (U) and |E>g i (U)| with
K ~ Gg(n), so that in combination they will be used to prove Both of these lemmas are
proved using switching techniques. For convenience, after their proofs we will combine them into

Corollary

Lemma 6.7. Let 6%1 log™*n <A< 1and1/C < 1, and let d satisfy d > C'logn and d = o(n). Let
0 > Clogn satisfy \od > C'logn, and let ¢ = 26/n. Let K ~ Gg4(n) and F ~ G(n,q). Then, with
probability 1 — o(n™14), the following holds.

J For each U C [n], if [U| < 1%51 and there is some W C [n] with |W| < 4|U|/§ and U C

W UNp(W), then ex(U) < 22U
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Proof. By Chernoff’s bound and a union bound, with probability 1 — o(n~'*), we have A(F) < 3.
Fixing F with this property, we now show the following holds with probability 1 — o(n~14).

J’ For each W C [n], if |W] < %, then ex (W U Np(W)) < 24 - 5|W|.
This will complete the proof of the lemma as |J'| implies |J| Indeed, when it holds, if U C [n] and
W C [n] satisfy |U| < {5, |[W| < 4|U|/6 and U C W U Np(W), then |[W| < 3%, so that, from
we have

Ad Ad
ex(U) <ex(WUNp(W)) < 3 oIW| < ?|U\,

and thus [l holds.

Let then W C [n] with [W| < An/10%6, and set m = |[W/|. Let W' = W U Ng(W), so that
|W’| < 46m. For each i € Ny, let K be the set of K € Ky4(n) for which e(K[W’]) = i. We will show
the following.

Claim 6.8. For each i > Adém/16, |K!| < [Ki~Y /e.

Proof of Claim[6.8. Let L; be an auxiliary bipartite graph with vertex classes K¢ and K~!, and
put an edge between K € K! and K’ € K~ if KAK' is a cycle with length 6 with exactly two
vertices in W/ = W U Np(W), which moreover have an edge between them in K.

Firstly, let K € K'. Pick v, vy with vive € E(K[W']), with 2i possibilities as K € K. Then, pick
vs, vg with vgvy € E(K—W'—Ng(v2)), with, as |W'| < 4dm, at least 2(dn/2—d-(40m+d)) > 3dn/4
possibilities. Then, pick vs, v with vs,vs € E(K — W' —{vs,v4} — Ng(v4) — Ng(v1)), with at least
2(dn/2 — d - (40m + 2 + 2d)) > 3dn/4 possibilities. Then, noting that K — {vive, vsvs, v5v6} +
{vous3, v4v5, vgv1} € K~1 is a neighbour of K in L;, we have

1 dn\* _ 1
dLi(K)22-2i-<34n> > Zidn?. (44)

Then, let K’ € K1, Pick v, v3 with vy € W’ and vovs € E(K'), with at most 46md possibilities.
Similarly, pick vi,vg with v;1 € W’ and vvg € E(K'), with at most 40md possibilities. Then,
pick vy and vs with vyvs € E(K’), with at most dn possibilities. Therefore, in total, we have
dr,(K') < 16d35°m?n/2.

Therefore, from this and , double-counting the edges of L; we get

id?*n?
2
so that, as i > Adém/16 and m < An/1036,

16d36%2m?n
< 27

K < (L) < =T,

IKC?| 16d6*m? _ 2560m 1
S < < <=,
K== in — Xn T e
as required. B
Therefore, applying the claim repeatedly, we have, for each i > Addm/8,

; Adém Cmlogn
1 < oxp (=257 ) - IKato)] < exp (- CEE ) - o

where we have used that A\dé > C'logn. In particular,

2 .
= |7 : < C’mlogn>
< n- ex _—— .
2 Ry SO 16

i=Adém /8
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Now, as there were at most ( ) < n™ choices for W with |[W| = m, we have that |J’ . does not
hold with probability at most

An /10368

Z n™-n exp( Cmfégn) = o(n™1%),

as required, using that 1/C < 1. O

Similarly to Lemma [6.7, we now prove the following lemma which shows a likely bound on
|E>9 g (U)| for many sets U in K ~ G4(n) using switching techniques.

Lemma 6.9. Let log™*n < A\ < 1 and 1/C < 1. Let d > Clogn satisfy d = o(n). Let 6
satisfy Aod > C'logn, and let ¢ = 26/n. Let K ~ Gg4(n) and F ~ G(n,q). Then, with probability
1 —o(n™1%), the following holds.

K For each U C [n], if [U| < % and there is some W C [n] with |W| < 4|U|/6 and U C

W U Ng(W), then |Eso k(U)| < 22|U].

Proof. By Chernoff’s bound and a union bound, with probability 1 — o(n~!%), we have A(F) < 3.
Fixing I’ with this property, we now show the following holds with probability 1 — o(n~14).

K’ For each W C [n], if |W]| < then |Eso x (W U Np(W))| < 24 . 5|W|.

2. 105(5d7

This Will easily complete the proof of the lemma as, by Lemma we have that, with probability
1 —o(n™1) El holds with A\/64 in place of A\. Then, if [K'| holds, for each U C [n] and W C [n]
satlsfylng \U| < 106d’ |W| < 4|U|/d and U C W U Np(W), we have [W U Np(W)| < 45|W| < 16|U|

and [W| < 5 1035d, so that, from.we have

)\d /\ d
|E>o k (U)| < |Esox(WUNp(W))|[+ex(WUNp(W)) < — - 6|W| t 61 (WUNp(W)| < 7\(]’,

and thus [K] holds.
Let W C [n] with [W| < An/(2-1034d), and set m = |W/|. Let W = W U Ng(W), so that
[W’| < 46m. For each i € Ny, let K be the set of K € K4(n) for which

> max{dg (v, W) — 1,0} =i. (45)
vE[n]\W'

We study this rather than |E>g i (W')|, as removing an edge vv’ between v € [n] \ W’ and v' € W’
when v has exactly 2 neighbours in W’ will reduce |E>2 i (W’)| by 2 (and 1 if v has more than 2
neighbours in W), but the quantity at will always reduce by 1 when v has at least 2 neighbours
in W’. We will then use the simple bound that

> max{dx(v,W') = 1,0} < [Esox(W)| <2 > max{dx(v,W')—1,0}.  (46)
ve[n]\W'’ vE[n\W’

Using switching methods, we now show the following.

Claim 6.10. For each i > \ddm/32, |K?| < [Ki7L|/ /e.
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Proof of Claim[6.10. Let i > Addm/32. Let L; be an auxiliary bipartite graph with vertex classes
' and K=, and put an edge between K € K? and K’ € Ki~! if KAK' is a cycle with length 6
with exactly 1 vertex in W’.

Firstly, let K € K'. Pick v1,ve with v; € W and vjve € Exo g (W’), with at least  possibilities
as K € K'. Then, pick v, vs with vzvy € BE(K — W' — Ng(W') — Nk (v2)), with at least 2(dn/2 —
d - (46m + 45m - d + d)) > 3dn/4 possibilities, where we have used that §dm < An/(2-10?). Then,
pick vs, vg with vs,v6 € E(K — W' — Ng(W') —{vs,v4} — Nk (v4)), with at least 2(dn/2 —d- (46m +
46m - d+2+d)) > 3dn/4 possibilities. Note that K — {v1v2, v3v4, 506} + {v2v3, v405, vev1 } € K71
is a neighbour of K in L;, as viva € E>g x(W') and vs3,v4,vs5,v6 & Ng(W’). Thus we have

2
AL, (K) > i- <3fi”) >

Then, let K’ € Ki~!. To switch from K’ we need to increase > vep\wr max{dg (v, W) —1,0} by
one. If vy is the vertex of the cycle in W’ and vivy € E(K’), it must be the case that vy € Ny (W').
This is so that vy already has another neighbour from W’ in K other than v; and so adding vyvs to
K’ will increase ), ¢\ max{d (v, W’) — 1,0} by one. Thus we must pick vi, vy with v; € W'
and vy € N/ (W), with at most 46m -4dmd possibilities. Then, pick vs, vg with vevs, vivg € E(K'),
with at most d? possibilities. Then, pick vy and vs with v4vs € E(K'), with at most dn possibilities.
Therefore, in total, we have dr,(K') < 16d*5?m?n.

Therefore, from this and , double-counting the edges of L; we get

id*n?. (47)

id*n?
2
so that, as i > A\ddm/32 and m < An/(2-10%6d),

K < e(Ly) < 16d%6%m®n - K77,

s - 32d%6%m? o 32-32dom _ 1
K=t =  in - An - e’

as required. B

Therefore, applying the claim repeatedly, we have, for each i > Adém /16,

K| Addm Cmlogn
<exp|——— | <exp|—7+——
1KCa(n)| — 64 )~ 64 ’

where we have used that Add > C'logn. In particular,

2 .
= || 9 < Cm logn)
< n- ex _—— .
2 gy SO 64

i=\dom,/16

Thus, using (46)), with probability at least 1 —n? exp (—%), we have that |Eso ik (Ng(W))| <

2 - Adom/16.
Now, as there were at most (TZ) < n™ choices for W with |W| = m, we have that does not
hold with probability at most

An/2:1038d
n™-nexp | ——o=— ) = o(n™%),

m=1

as required. O
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In combination, Lemmas and imply the following.

Corollary 6.11. Let log™*n < A < 1 and 1/C < 1. Let d > Clogn satz’sfy d = o(n). Let
m € N and suppose § = 2m/n satisfies )\5d > Clogn. Let p=m((3) —dn/2)7'. Let K ~ Gq4(n),

form E by including each element of [n]®) \ E(K) uniformly at random with probabz'lity p, and let
F = K + E. Then, with probability 1 — o(n™4), the following holds.

L For each U C [n], if [U| < % and there is some W C [n] with |W| < 4|U|/6 and U C
W uJ NF(W), then €K(U) + |E227K(U)‘ < )\d|U‘

Proof. Let ¢ = 26/n. Independently, select K ~ G4(n) and F' ~ G(n,q). When |E(F') \ E(K)| >
m, then let E be a uniformly random set of m edges from E(F’)\ E(K), and otherwise let E be a
uniformly random set of m edges from [n]? \ E(K). Then, by symmetry, we have F' ~ F(n,d,m).

Now, as d = o(n), we have E|E(F')\ E(K)| > q((}) —dn/2) > 1.16n/2. By a simple application
of a Chernoff bound, then, we have that, with probability 1 — o(n™'4), |E(F") \ E(K)| > m, and
when this happens F' C F’. Furthermore, if F' C F’ and |[L| holds for F’ in place of F', then |L| holds
with F. Thus, the corollary follows from Lemmas [6.7] and O

6.3 Likely properties of '\ K: expansion

For similarly to our work in Section we again split this into Lemma and Lemma [6.13
where the first of these holds more easily. We then show a result that implies that is likely to
hold.

Lemma 6.12. Let 1/n < 1/C < ¢ < 1. Let d and X satisfy log>n < X\ < 1, 103d < \n, and
d>Clogn. Let m € N satisfy edn/2 < m < n'to. Let § = 2m/n and suppose that A6 > C'logn.
Let p = m((3) —dn/2)7'. Let K ~ Gy(n), form E by including each element of [n]?) \ E(K)
uniformly at random with probability p, and let F = K + E.

Then, with probability 1 — o(n™14), the following holds.

M For each U C [n] with |[U| < An/1006logn, if there is some U’ C [n] with |U'| < 4|U|/d and
UcCU UNg(U'), then

emi(U) < S|U]|

~ 2logn .
Proof. Let U C [n] with |U| < An/1000logn and let s = |U|. We will show that, with probability
1 —exp (—w(s)), U satisfies the property we want, and then take a union bound over all sets U we

must consider.

Let X =e(F \ K[U]) and let M = [ﬁfgsn—‘ so that again, we have

P(X > QI\ngn> < % <(S)> P < Z <es p> M <ZSJ\24Z)>

=M i=

2 . .
es’p _ esp logn < 2es - logn < 2e
2M — A - An — 1000
and Ad > C'logn , we thus obtain that

Ads Cs

2 .
s u 2e \' 2¢ '\ Zlogn 2 \ 2
P(X> < <2 <2 — exp (—
( - 210gn) _i;w<1005) = (1005) - (1005) exp (—w(s)),
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where we have used that 6 > Celogn. Let us now count the number of sets U C [n] with |U| = s
for which there is some U’ C [n] with |U’| < 4s/d and U C U’ U Nk (U’). Note that the condition
|U’'| < 4|U|/d implies that if there is some such U then we must have 1 < 4s/d, which in turn
implies that s > d/4 > C'logn/4. Since [U' U Nk (U’)| < (d+1)|U’|, the number of possible choices
for such a U C U' U Nk (U’) is at most

s/d o As/d i 4s/d
Z <Z> L 9ld+D)i < Z <n2(d+1)) <9 <n2(d+1)> < 9
i=1 =1

as d > C'logn. Thus, the probability that [M] does not hold is at most

n

S 25 exp (—w(s)) = o(n M),

s=Clogn/4
as required. O
We now give our likely bound on |E> g\ g/, similarly to the bound proved in Lemma

Lemma 6.13. Let 1/n < 1/C < e,0 < 1. Let d and X satisfy log>n < XA < 1, 103d < An, and
d>Clogn. Let m e N satisfy edn/2 <m < n't?. Let § = 2m/n and suppose that A6 > C'logn.
Let p = m((3) —dn/2)7t. Let K ~ Ggy(n), form E by including each element of [n]?) \ E(K)
uniformly at random with probability p, and let F = K + E. Then, with probability 1 — o(n™14), the
following holds.

N For each U C [n] with |U| < An/1008logn, if there is some U' C [n] with |U'| < 4|U|/d and

[
U cC U UNg(U'), then
A

2logn'

B> p\x (U)| < S|UJ.
Proof. Let U C [n] with |U| < An/1008 logn, and set s = |U|. We will show that, with probability
1 —exp (—Q(s)), U satisfies the property we want, so that the result follows by a union bound over
all such U for which there is some U’ C [n] with |U’| < 4|U|/d and U C U’ U Nk (U’), as at the end
of Lemma [6.12

Consider a process in which we reveal edges in E by taking each v € [n| \ U and revealing
potential edges in F into U until a neighbour of v in U has been revealed or it has been revealed
that v has no neighbours in U. Let V' be the set of vertices v after this which have a neighbour in
U. Then, reveal the rest of the edges between V and U that have not yet been considered, and let
X be the number of edges between V' and U revealed here. Note that |Exy p\ g (U)| < 2X.

Now, let £ be the event that [V| < 3ds. As V = Np\ g (U), by a simple application of Chernoff’s
bound, with probability 1 — exp(—w(s)), £ holds. Let Y = X if £ holds, and Y = 0 otherwise.
Thus, with probability 1 — exp(—w(s)), |[E>2 p\x(U)| <2V,

For M = [ Ads —‘ = Q(s), we have, then

4logn
[wlvi 3852 3552
Ads UV 5-308\ 3655 D 3658 D
PlY>—]< b < b <

As

2 .
3eds*p < 3esp - 4logn < 24esd logn < 24e <13
M~ A - An — 100 —
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we see that

A0S 3957 AS
—i/3 ~T3logn _
IP’(YZ 410gn) Siz]\:/le 12 < 4e” 12logn < exp (—C's/20).

Thus |E>e g (U)| < 2Y with probability 1 — exp (—C's/20). Similarly to the end of the proof of
Lemma we know that there are at most 2°° sets U such that |U| = s, there is some set U’
with |U’| <4s/d and U C U' U Ng(U'); and this is only possible is s > d/4 > C'logn/4. Thus the
probability that [N| does not hold is at most

n

Z 255 . exp (—=C's/20) = o(n™ %)
s=C'logn/4

as required. 0
We now prove our result that will imply that [L5]is likely to hold.

Lemma 6.14. Let 1/n < 1/C < g,0 < 1. Let 0 < p < n°~! and let H ~ G(n,p). Then, with
probability 1 — o(n='), for each U C [n] with |U| < 100logn, |[{v € [n]\ U : dy(v,U) > 10}| <
1001og n.

Proof. Let U C [n] satisfy |[U| < 100logn. For each v € [n]\ U, the probability that dg(v,U) > 10
is at most ('%')p10 < |U|W9p!0 < n=?. Then, the probability that [{v € [n]\ U : dy(v) > 10}| >
100logn is, setting k = 100logn, at most Y i, (1)n~% < 3, nn~% <n-n~8. Taking a union
bound over all sets U C [n] satisfying |U| < 100 log n, the property in the lemma does not hold with
probability at most 2n* - n!=8% = o(n=14), as required. O

6.4 Connection properties of F'\ K
We now prove that [[6]is likely to hold, in the following lemma.

Lemma 6.15. Let 1/n < 1/C < g,0 < 1. Let d,\ and p satisfy log™>n < \u < 1 and
d > Clogn. Let m € N satisfy edn < m < n'*?. Let § = 2m/n and suppose that \>ué > C'logn.
Let p = m((3) —dn/2)7'. Let K ~ Gg(n), form E by including each element of [n]?) \ E(K)
uniformly at random with probability p, and let F = K + E. Then, with probability 1 —o(n~'*), for
each disjoint sets U,V C [n] with |U|,|V| > un, we have ep\ (U, V) = (1 & AU V).

Proof. First note that, for each disjoint U,V C [n] with |U| > |[V| > un, we have, as Aun > /n >
10d that

A
(1 - 5) UV < |UIIV] = dU| = d|V| < eg,\x (U, V) < [U[|V].

Therefore, we have

A

Note that p = —5— = (1£2)2. As Ap|U|[V| = A2 (1—2)2 - |U| - pn > N2ps|U|/2 >
%|U |logn, we have by an application of a Chernoff bound (Lemma | that, with probability
I~ exp(—5[U] log ),
A A
1- 5 plU|V] < eF\K<U7 V)< |1+ 5 plU[|V].
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Thus, ep\ (U, V) # (1 £ )\)%|UHV| for some U,V C [n] with |U| > |V| > pun with probability at

most " N
n n _cC _ (14
g g <m1> <m2> exp(—1ggmzlogn) = o(n™%). O

mi1=pun ma=mi

6.5 Proof of Theorem [6.1]

Finally, we can combine our work in this section to prove Theorem

Proof of Theorem [6.1,. Take the variables as set up in Theorem[6.1] so that 1/n < 1/C < 1/Cy < 5
1/C < po < 1, d > Clogn, edn/2 < m < n'*7, § = 2m/n, and p = m((}) — dn/2)™!

Furthermore, we have
u? nlogn 1/4
A = max 5 ( > , (48)
log®n m

and £y is the smallest integer for which §¢0—1d(0=1) > n. Let C’ satisty 1/C < 1/C" < 1.

Let K ~ Gy(n), form E by including each element of [n]®) \ E(K) uniformly at random with
probability p, and let F' = K 4+ E. By Lemma in order to prove Theorem it is sufficient to
show that hold with probability 1 — o(n~14).

Note that

‘ 1/4 1/4 1/4
logn . /logn m _ /logn A\ ) _ o logn <
nlogn ) 2logn 26

where we have used that § > ed > £Clogn. Thus, by Lemma [5.3] we have that [[1] holds with
probability 1 — o(n™14).
Furthermore, we have

A 1 (nlogn 1/4> 1 [logn 1/4_1 ) 3/4>g
logn — logn m “logn \ ¢ 5 \logn -5’

so that, by Lemma @7 we have that |2 holds with probability 1 — o(n~14).

By Corollary [6.11] with \' = A/logn and C’, as N'dd > A6 > C’logn, we have that, with
probability 1 — o(n~'%), [I3| holds whenever \U | < An/10%dlogn. Similarly, Corollary u apphed
with A and C’ shows that, with probablhty 1—o(n 14 .holds whenever |U| < An/10%d. Thus, [I
holds with probability 1 —o(n=14). Furthermore by Lemmas and @l applied with C’, we have
that, with probability 1 — o(n~'4), [I4| holds with probability 1 —o(n~'), while, by Lemma
holds with probability 1 — o(n~'4).

We have, as § > Cclogn, that

m 1) logn

Thus, by Lemma[6.15|with 4 = A/10% and C", holds with probability 1—o(n~!%). This completes
the proof that I hold with probability 1 — o(n~1*), completing the proof of the theorem. [

7 Upper bounds for switching paths

In this section, we are now able to show that our upper bound on the number of (F \ K, K)-
alternating paths between two fixed vertices, that is, is likely to hold in the regime m < 1 + o,
where ¢ is a small fixed constant.
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Lemma 7.1. Let 1/n < 1/C <« p < 1/Ch < e <1land1l/n < 0 < 1. Letd € [n] and m € N
satisfy d > C'logn and edn/2 < m < n'T7. Let § = 2m/n and let

1n = Cpmax a nlogn v
0 logn’ m ’

Let p = m((3) —dn/2)"'. Let K ~ Gq(n), form E by including each element of [n]?)\ E(K)
uniformly at random with probability p, and let F = K + E. Then, with probability 1 — o(n~'°), we
have the following.

O For each distinct x,y € [n] and eachlogn < ¢ < 10logn, the number of (F'\ K, K)-alternating
x,y-paths of length 20 is at most (14 1) d*6*/n.

Proof. We start by showing that, for each distinct x,y € [n| and each logn < ¢ < 10logn, with
some very high probability, a bound on the number of (F'\ K, K)-alternating x, y-paths holds if we
restrict these paths to those which do not have their second vertex in some small set of vertices, as

follows.
Claim 7.2. For each distinct z,y € [n] and each %logn < £ < 10log n, with probability 1—o(n~'4)
the following holds.

Y

P1 There is some set Z C [n] with |Z| < nd/5 for which the number of (F'\ K, K)-alternating
x, y-paths of length 2¢ in which the second vertex is not in Z is at most (1 + g) d*st/n.

Proof of Claim[7.3. Let A\ = (n/Cy)?. Fix z,y € [n]. Reveal K ~ Gg4(n). Reveal the edges of F
which do not contain z. By Theorem (noting that % log n > 104, for £y as defined in Theorem [6.1)
and Lemma we have that, with probability 1 — o(n~1*), the following hold.

P2 Foreach z € Ng(y)\{z} and w € [n]\{z,y, z}, the number of (F\ K, K)-alternating z, w-paths
of length 2¢ —2 which do not contain {z,y} is at least (1 — CoA — w> d=tst =1 .

P3 For each z € Nk (y)\ {2z}, the number of (F'\ K, K)-alternating paths of length 2/ — 2 starting
at z is at most (1 + CpA) d*~15¢ L.

Let W = [n] \ ({z,y} U Nk(z,y) U Nk (Nk(y))), so that Nk (y) N ({w} U Nk (w)) for each

=0
weW and [W|>n—2—2d—d?>>n—2d% By applyingfor each z € Nk (y) \ {z}, we have
the following.

P4 For each w € W, the number of (K, F'\ K)-alternating y, w-paths of length 2¢ — 1 which do
not contain z is at least (d — |[Ng(y) N {z}|) - (1 — CoA) df—154—1/n'

Let B be the set of vertices w € [n] \ {z,y} for which the number of (K, F'\ K)-alternating
y, w-paths of length 2¢ — 1 not containing x is more than (14 7/10)d’6*~!/n. Then, the number of
(K, F'\ K)-alternating paths of length 2¢ — 1 starting at y which do not contain x is at least

dl /—1 défl(&)‘ffl

Bl (14 n/10)=— 4 [W\ B (1= CoA) (d — [Ni(y) N {a}]) “——
d2—15£—1
> (1Bl -1/10+ (n = 2d%) (1 = CoN) ) (d = [Nic(y) N {a}) ——.

From this number is at most (d — | N (y) N {x}|) - (1 + Co)) d*~16*71, so we have

2d?
(14 CoA) — (n—2d?) - (1 — CoA) /n _ (2CoA + T) 10n _m

Bl <
1B| < n/10n - 1 - 20°
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where we have used that d < n® < ny/n/100 and \ = (n/Cy)>.

Now, reveal the edges next to z in £, and let Z = BN Np\ g (). Note that E|Z| < pnn/20 <
n6/10. As né > Cod(logn/5)/® > Cylogn, by a Chernoff bound (Lemma [2.6) we have that,
with probability 1 — o(n™14), |Z| < né/5. Choose C’ satisfying 1/c < 1/C" < 1 so that n >
(6/ logn)g/gy/lo% > (Ce)3/8 10% > 20C" lo%. Applying Lemma with probability 1 —
o(n™'*) we have that dp\g(v) < (1 +1n/20)0. Assuming these properties, we have both that
|Z] < nd/5 and that the number of (F'\ K, K)-alternating x,y-paths of length 2/ in which the
second vertex is not in Z is at most

<(1+2) d'ot
5/ n

<1+%>6-<1+1%)

Thus, the claim holds. [

dZ5€—1

By Claim with probability 1 — o(n=11), holds for each distinct x,y € [n| and each
%logn < ¢ < 10logn. By Lemma with probability 1 — o(n™14), the following holds for each
1 <?<10logn.

P5 For each z € [n], the number of (F'\ K, K)-alternating paths of length 2¢ starting at z is at
most (1 + Co) d’o°.

Assuming and that holds for each distinct =,y € [n] and each %log n < £ < 10logn, we will
now show that [OQ] holds.

Let z,y € [n] be distinct, and let P, , be the set of (F'\ K, K)-alternating x, y-paths of length
2¢. We will now show by induction that, for each 0 < i < £/2, there is a set Q; of at most (ndd/5)"
(F'\ K, K)-alternating paths of length 2i which start at = such that the number of paths in P, ,

not containing a subpath in Q; is at most (1 + g) . d‘%" . Z;;B (g)]

This is trivially true for ¢ = 0 by letting Qg contain only the degenerate path of length 0 with
vertex set {x}. Let, then, ¢ > 0, and suppose there is such a set Q;_1. For each v € [n], using
let Z;, be such that |Z;,| < nd/5 and the number of (F\ K, K)-alternating v, y-paths of length
20 — 2(i — 1) in which the second vertex is not in Z;, is at most (14 %) dt= =D gt=6=1) 1y,

Let Q; be the set of (F \ K, K)-alternating paths @ of length 2i starting at x for which the
subpath of @) of length (2i — 2) containing « is in Q;_; and the penultimate vertex of ) is in Z;,
where v is the antepenultimate vertex of (). Then, the number of paths in P, , not containing a

subpath in Q; is, as |Q;—1| < (ndd/5)"!, at most

i—2 . (i1 sl (i i—1 .
(4 3) S () el () < () ()

while |Q;] < |Qi—1]- (nd/5) - d < (ndd/5)".

Therefore, by induction, there is a set Q|;/9| of at most (ndd/5) /2] (F\ K, K)-alternating paths
of length 2[¢/2| which start at x such that the number of paths in P, , not containing a subpath
in Q|y/) is at most

(1+3) 45

L6/2]-1

B <) iy=(e) @

(SN

Furthermore, using the number of paths in P, , containing a subpath in Q9| is at most

e—Le2) ge-10/2) < o 10/2) gegt < M 4

1Q1e/2)| - (1 + CoN)d d < aplt2lgtdt < 3
where we have used that £ > logn and n < 1. In combination with (49, we have that [O] holds for
x and y, as required. .
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8 Concentration for switching paths in the non-critical range

In this section, we prove corresponding bounds to those in Theorem [6.1]and Lemmal[7.1]when § > n?
for some fixed o > 0, using shorter alternating paths, as in the following lemma.

Lemma 8.1. Let 1/n < 1/C < 1/k < 0 <1 and 1/C < ¢,u,1/Cy < 1. Let d > Clogn and
edn/2 <m < () —dn/2. Let § = 2m/n and suppose that § > n”. Let p = m((5) — dn/2)~" and
n = Cop/logn. Let K ~ Gg(n), form E by including each element of [n]® \ E(K) uniformly at
random with probability p, and let F = K + E.

Then, with probability 1 — o(n=10), for every distinct z,y € [n] and every Z C [n] with |Z| < 4k,
the number of (F' \ K, K)-alternating x,y-paths with length 2k and no interior vertices in Z is
(1 £ n)skdk /n.

As this includes the case where d is large, we will first need to prove a result on the distribution
of edges in G4(n) in this regime, which we do in Section Then, in Section we quote a result
of Kim and Vu [19] and prove Lemma

8.1 Edge distribution in G4(n) for large d.

When d is very large, switching methods in G4(n) are hard to implement and we need some ad-
ditional preparation on the likely distribution of edges between large vertex subsets of G4(n). We
will prove the result we need using that the random binomial graph G(n,q) for some ¢ ~ d/n is
d-regular with at least some very small probability. Thus, when properties hold with exception-
ally high probability in G(n,q), we can infer the property holds with high probability in Gy4(n).
This was similarly done by Krivelevich, Sudakov, Vu and Wormald [23] using a result of Shamir
and Upfal [30]. For completion, we will give a different simple proof of the specific result we need
(Claim , while proving the following lemma.

Lemma 8.2. Let 1/n < 1. Let n%% < d < n. Then, for all but at most e "|KCq(n)| graphs
K € K4(n), we have the following property.

Q For each U,V C [n] with |U|,|V| > n"% we have e (U, V) = (1 :I:n_o'm)%|UHV\.

Proof. That the lemma holds when d > n — n%% follows immediately from the following claim.

Claim 8.3. If d > n — n%%, then [Q| holds for every K € K4(n).

Proof of Claim[8.3. Let K € Kq(n) and d > n—n®%. Let U,V C [n] with |U| > |V| > n%98. Then,
ex(U,V) 2 |U||[V| = |U|(n =1 =d) 2 [U|[V| = [U| - 0™ > (1 =7 "®)|U||V],

so that ex (U, V) = (1 £n 02)|U[|V| = (1 £ N4 |U||V]. B

Suppose, then, that d < n — n%%. Let m = [n%?] and

din=2m) _ _ 1 qpp-01y2 (50)

q:(n—m)(n—m—l) n

Let G ~ G(n,q). We will show that, with at least some small probability, G is d-regular, as follows.
Claim 8.4. With probability at least exp(—n'9!), G is d-regular.
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Proof of Claim[84 Let A C [n] satisfy |A| = m and let B = [n] \ A. Enumerate A = {a1,...,an}
and B = {b1,...,by—m}. For each i € [n —m], let d; = d — dgp)(bi). Note that E(dgp(bi)) =
qn —m —1) >d/2 >n"9/2 for each i € [n —m]. Thus, by a Chernoff bound (Lemma and a
union bound, with probability at least 1 — 1/2n? we have that, for every i € [n — m)],

. d( 2m) n06 — dm 0.6
Now,
dm, . n0-99 . n0'9/2 . n0.6,
n—m n
and 0.96 0.96 0.9
dm <m.w:m—m-w§m—no'9 n_0'04/2§m—n0'6.

n—m ~ n —nd9 n —nd9
Therefore, with probability at least 1 — 1/2n?, we have that 0 < d; < m for every i € [n — m).
Furthermore, by the choice of ¢, note that P(e(G—A) = i) is maximised at i = ¢(",") = d(n—2m)/2
and thus we have e(G — A) = ¢(",") = d(n — 2m)/2 with probability at least 1/n*. When
this happens, Zie[nfm} d; = dm. Thus, with probability at least 1/2n?, > jdi = dm and
0 < d; < m for each i € [m)].

Assuming these properties hold, we can observe there is a bipartite graph H between vertex
classes A and B such that dg(a;) = d for each ¢ € [m] and dg(b;) = d; for each i € [n —m]. Indeed,
this can be done by connecting b; to ay for each k € [m] for which there is some k¥’ = & mod m
with >0, _;dj < k' <> .;d;. Then, for each i € [n—m)], as d; < m, we have that b; is connected to
d; different vertices in A, and as y, d;j = dm, for each i € [m], we have that a; is connected
to d different vertices in B.

Futhermore, the probability that G[A] = () and G[A, B] = H is at least

i€[n—m

jE€[n—m]

)

min{d, n— d} > m(nfm)qt(v;)

: > - mn=m)— (%) > 202 . exp(—n!9)
n

my (00)
min{q,l _q}m(n—m)—i-(Q) <

and when this happens G is d-regular. Thus, we have that G(n,d/n) is d-regular with probability
at least exp(—n'9). O

We now show that [Q]is very likely to be true with G in place of K, as follows.
Claim 8.5. The probability that [Q| with G in place of K is not satisfied is at most exp(—n!2).

Proof of Claim[8.3. Let U,V C [n] satisfy |U|, |V| > n"%. Then, by a Chernoff bound (Lemma/2.6)),
we have that

eq(U, V) =eq(U\V,V) +eqg(UNV,V\U)+2eq(UNV) = (1£n""%/2)qU||V|

with probability 1 — exp(—=Q(n=%02 . n1% . (d/n))) = 1 — exp(—Q(n'??)) using and that
d > n%%. By a union bound, we therefore have that G satisfies [Q|in place of K with probability
1— 22" exp(—Q(n'9)) > 1 — exp(—n'?), as required. o

As P(G = K') is constant on K’ € K4(n), if K ~ K4(n) then the probability that K does not
satisfy [Q] is, by Claim and Claim at most

P(G does not satisfy [Q) - exp(—n'92)
P(G is d-regular) = exp(—nt9)

— exp(n'? = n'%?) < exp(—n),

and thus the lemma also holds when d < n — n%9. O
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8.2 Concentration for switching paths for large d

We will use a result of Kim and Vu [19] on the concentration of positive polynomials with constant
degree, whose variables are independent Bernoulli random variables. By the main theorem of [19]
(stated without varying probabilities for simplicity), we have the following.

Theorem 8.6. Let k be a fized constant. Let N € N and p € [0,1]. Let Xi,..., Xy be independent
random variables with P(X; = 1) = p and P(X; = 0) = 1 — p for each i € [N]. Let E be a set of
subsets of [N] with size k and let w(e) >0 for eache € E. Let Y =" gw(e) - [[;ce Xi-
For each A C [N], let Ea={e C[N]\A:eUA€E} and let Ya =3 g, w(eUA)- [ X
For each 1 Z 0, let EIY = maXAC[N}:|A‘:Z- EYA Let EmaXy — max;>o EIY and EY = max;>1 EZY
Then, for each o > 1, we have

P (|y —EY| > sF(k)V2(EmY  EY)V2. ak> = O(exp(—a + (k — 1) logn)).
We can now prove Lemma [8.1] using a fairly direct application of Theorem

Proof of Lemma[8-d Note that as edn/2 < m < (}) — dn/2, we have (1 + ¢)d < n — 1. Thus,
d<n/(1+¢)<(1—¢/2)n and by Lemma with probability 1 — o(n~'?), we have the following
property when d > n09.

R For each U,V C [n] with |U|,|V| > n%%, we have ex (U, V) = (1 £ n ) 4|7 ||V].

We now assume that K has this property if d > n%%, and otherwise that K € Ky(n), and choose
edges from [n]®) \ E(K). For this, let N = () — dn/2, and enumerate )P\ B(K) = {e1,...,en}.
Let p = m/N = 6/(n — 1 —d), so that p(n —1 —d) = §. Let X;, i € [N], be independent
Bernoulli random variables with probability p. Let F’ be the graph with vertex set [n] and edge set
{ei NS []\/*],)(Z = 1}.

Fix distinct x,y € [n] and a set Z C [n] with |Z| < 4k. We will show the property we want
holds with probability 1 — o(n~'27%) so that the result follows by a union bound. Let E be the set
of I C [N] with |I| = k such that if H; is the graph with vertex set [n] and edge set {e; : i € I},
then there is at least one (Hj, K)-alternating x, y-path of length 2k with no interior vertices in Z.
For each I € E, let w(I) be the number of (Hy, K)-alternating z,y-paths of length 2k with no
interior vertices in Z. Let Y = > ;cgw(l) - [[ie; 14e;em(rr)y- Observe that Y is the number of
(F', K)-alternating x, y-paths of length 2k with no interior vertices in Z.

The result we want will follow from Theorem and the following two claims.

: okdk sk dk

Claim 8.8. E'Y < ()" . d:o"%

n

From these claims it follows that E™**Y = max {EY,E'Y} < 26*d*/n and that E'Y < (%)k :
§k=1d* /n. Let o = log® n, and note, for an application of Theorem that

)24V O log - () _
51/2n — 2n ’
where we have used that ¢ > n?. Therefore, by Claim [8.7] and Theorem [8.6] we have that

k
Sk(k!)l/Q(EmaXY'E/Y)l/Q'Oék < 8 (

skdk

P (Y #(1+ 77)n> = O(exp(—log?n + (k — 1) logn)) = o(n"1274%),

as required. It is left then only to prove the two claims.
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Proof of Claim[8.7. We prove this differently according to whether a) d < n%9 or b) d > n%%.
Assume first that a) d < n%% and note that in this case, n/(n —d—1) < (1+7/10). Note too that
there are at most d - (dn)*~1 paths vgvy ... vy such that vy = z, v = y, and vy;_1v9; € E(K) for
each 0 < i <k — 1. Thus we have,

k k k gk
Eygd.(dn)k—l.pk:d.<5nd) §(1+ﬂ>5d7

n n—1-— 2 n

where we have used that n = Cou/logn and d < n%%.
On the other hand, letting vg = 2 and vor, = ¥y, as nd = Coud/logn > CouC, there are at least
(1 —n/4)d choices of vor_1 € Ng(var) \ (Z U {vo}). Then, for each 1 < i < k —1 in turn, choose
(v2i—1,v2;) so that ve;_1vy; € E(K) and vg;—1 and vg; are distinct from wvg, vy, ..., v9i—2, v9r_1 and
vog, and not in Z, and ve;_9v9;_1, v2;vax—1 ¢ E(K). For each such i, when we go to pick (vg;—1, vo;),
let
W; = Z U{vo,v1,...,v2i—2} U {var_1,v21} U Ng (v2i—2, Vag—1),

and note that |Wl’ < 6k + 1+ 2d. When we choose (Ugifl,vgi), any (1)21',1,’021') with ve; _qv9; €
E(K — W;) has the properties we want, and

2% (K — W;) > d(n — 2|W;]) > (1 - wik) d(n—d—1),

where we have used that d < n%% and 1/n < u,1/k,1/Cy and n = Cou/logn. Therefore, we have

ez (1) a (1) don—a=0)" 2 (12 ) e 2 (- 3)

Thus, the claim holds when d < n%%.

Therefore, we can assume that b) d > n”?”? so that, in particular, |E| holds. Note, moreover,
that, as d < (1 —¢/2)n, we have n —d —1 > en/3. Let vp = x and vy, = y. For each 1 < i < 2k —3,
pick v; € [n] \ ({vak, vo, v1, ..., vi—1} U Z) such that v; € Nk, \g(vi-1) if 7 is odd and v; € Ng (vi—1)
is even. Note that the number of ways to do this is at least (d — 6k)" 2 (n—d—1—6k)*! =
(1£ 5)*3d"2(n— 1 —d)* ! = (1 £ n/4)d*%(n — 1 — d)*~!, where we have used that d > n®%
and n —1—d >0 > n?. Then, pick distinct vor_o and vor_1 in [n] \ ({veg,vo,v1,...,v26—3} U Z)
with vog_o € Ng(vog—3), vor—1 € Ni(ver) and vor_over—1 ¢ E(K), so that, by @ the number of
choices for voy_o and vop_1 is, as d > n%?? and n — 1 —d > en/3,

—d—1 2(n—d—1
_ 2. (ndl 00 :(H:ﬂ)—d (n=d=-1)
n 10 n

0.99

(14 2n7%M)a? — (1 £n 000)g2.

S

Therefore, the number of choices for v1, ..., vo,_1 is (1 £1/2)d*(n — d — 1) /n. Thus, we have

EY:(H:Q)
2

dk(n —d — l)kpk _ (

k(sk
; 3

1+ =
2 n

0.99 B

9y
as required, completing the proof of the lemma in the case d > n

Proof of Claim . Let A C [N] with 1 < |A] < k. Let vgvy...vg, be an arbitrary x,y-path
(so that vg = = and vg, = y) with vej_1vy; € E(K) and vgj_ov9;—1 ¢ E(K) for each j € [k] and
{e; i € A} C {vgj—ov2j—1 : j € [k]}. We will bound above the number of possibilities for such a
path by counting the choices as we determine each of the vertices in this path. First, for each i € A,
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choose which edge va;_2v2;_1 is the edge e;, and the order of its vertices, so that both vy;_2 and
v9;—1 are determined. Note that there at most (2k)I4l < (2k)F choices for this.

Let V4 = {vo,var} UU;c4 V(e;). Observe the following holds for each j € [k]. If {vg;_1,v2;} C
Va, then (vgj_1,v9;) is already determined. If [{vgj_1,v2;} N Va| = 1, then either vyj_1 or vy is
determined, so there are at most d possibilities for (vgj_1,v2;) as vaj_1v9; € E(K). If {vgj_1,v9;} N
Va = 0, then there are at most dn choices for (vaj_1,v2;) as vaj_1v9; € E(K). For each s € {0,1,2},
let 75 be the number of j € [k] with [{vj—1,v2;} N V4| = s. Then, the number of choices for the
vertices vy, v1, . . . , Uog not in Vy is at most d™ (dn)"™. We have r1+2ro+1 = |V4| and ro+ri1+re = k,
sorg =k —|Va|/2 —r1/2 4+ 1/2. In particular, the number of choices for the vertices is at most
dr (dn)ro —Jn (nd)k—|VA|/2—r1/2.

Suppose first that |A| < k. If vy € V(e;) for some j € A, then (as vor, ¢ UicaV(e;)) |Va| =
2|A|+1 and we can also observe that 71 > 2. Indeed, as |A| < k, not every edge vajvo;41, 0 < j <k,
is in {e; : i € A}. Thus, we can choose jg to be the least 0 < j < k with vojvaj41 € {e; : i € A},
and j; to be the largest 0 < j < k with V2jV25+1 ¢ {ei (1€ A} Then, V241 +1 ¢ V4 and V25,42 € Va,
while, as vov1 € {e; : i € A}, jo > 1, so that v25,—1 € Va but vgj, ¢ V4. Thus, as jo < j1, we have
r1 > 2. Therefore, the number of possibilities for vy, v1 ..., v9 not in V4 is at most

3

- (nd)F 1Al (51)

d 7’1/2
" (nd)k~IVal/2=m /24172 <n> (nd)F~141 <

Suppose then that vy ¢ V(e;) for any j € A, so that, therefore, |V4| = 2|A| +2. We can also
observe that 71 > 1, as for the smallest 0 < j < k such that vojvej41 € {e; : ¢ € A} we have
[{v2j—1,v2;} N V4| = 1. Then, the number of choices for vy, v1, ..., v, not in Vy is at most

r1/2
" (nd)k—|VA\/2—T1/2+1/2 —dn (nd)k—\A|—1/2—r1/2 _ <Z> #(nd)k—hﬂ < \1/,? . (nd)k_lA‘ (52)

Recall that n — 1 — d > en/3. Therefore, including our initial choices, from and , we
have that

EYj < (2k)F -

S

dk—1Al+1 5n k—|A|
(nd) AL pE=IAL — (of)E . .
(nd)t A 1A = (k) = y

n—1-—
<8k‘>k dk:—|A|+1(5k—|A| <8k>k dksk—1

9 n 9 n

)

where we have used that |A| > 1.

Furthermore, if |A| = k, then V4 = {v; : 0 < ¢ < 2k}. In this case the number of choices is O(1),
so that EY4 = O(1) = o(6*~1d*~!/n), where we have used that § > n” and 1/k < o. Therefore, we
have E'Y < (%)k . dkif_l, as required. O

O

9 Proof of Theorem 2.4

In Section we prove a simple result that allows us to convert likely properties of (F, K), where
F ~ F(n,d,m) is generated by adding random non-edges to K ~ G4(n), to properties likely to hold
for most of the d-regular subgraphs K of F' ~ F(n,d, m). Then, in Section using the results in
Sections we prove Theorem

43



9.1 Translating likely properties of GG4(n) into subgraphs of F(n,d,m)

Among all graphs F’ with dn/2 + m edges, where F ~ F(n,d,m), we have that P(F = F’') is
proportional to |[ICq(F")|. Thus, any property likely to hold for G ~ G4(n) is likely to hold for most
of the d-regular subgraphs of F' ~ F(n,d,m). This is important for our argument, so we prove this
precisely with the bounds we will use, as follows.

Lemma 9.1. Let d,n,m € N satisfy 0 <m < (n—1—d)n/2. Let K ~ Gy(n), let E be a uniformly
random set of m edges from [n]®\ E(K), and let F = K + E. Let P be such that (F,K) ¢ P with
probability o(n=%). Then, with probability 1 —o(n=2), [{K' € Kq(F) : (F,K') ¢ P}| <n 6 |Kq(F)|.

Proof. Let F be the set of graphs F’ with m + dn/2 edges, vertex set [n], and KCq(F") # 0, and
note that P(F € F) = 1. Let F' be the set of F’ € F for which |[{K' € K4(F') : (F',K') ¢ P}| >
n8KC4(F")|. We wish to prove that P(F € F') = o(n2). For this, note that

P(FK)¢P)=Y Y PBUFRK)=(FK)) 1p ke

F'eF K’elCd (F")

( a2 Yo D> lwker

"Cd( )‘ F’e]—'K'eIC F')
> ! S Lk = L B(Fe F)
Ky = . _
Kam)| (B)72) iz "’
Thus, as P((F, K) ¢ P) = o(n™8), we have P(F € F') = o(n™2), as required. O

9.2 Proof of Theorem [2.4]

Finally, we can combine our work so far to prove Theorem

Proof of Theorem[2.4. Take the variables as set up in Theorem so that 1/n < 1/C < p <
1/Ch< ek 1,d>Clogn, and edn/2 <m < (n—1—d)n/2. Let

1 1/8
n:COmax{u,<n 0gn> } (53)
logn m

Pick k and o with 1/n < l/k < o< 1. If d<n?, then let £ = [2logn], and otherwise let ¢ = k.

Let p = m(( ) —dn/2)"!. Let K ~ Gg4(n). Let E be a set of m edges chosen uniformly at
random from [n]®) \ E(K), and let F = K + E. Furthermore, form E’ by including each element of
[n]® \ E(K) uniformly at random with probability p, and let F' = K + E’. Note that p is chosen
so that P(|E'| = i) is maxmused at i = m, and, thus P(|E'| = m) > 1/n?. We will show that,
that with probability 1 — o(n~19) (C2| and |C3| hold for F in place of F. From this, it holds
that, with probability 1 — o(n - 2 and C (defined in Theorem 4 . hold for F'. Then, by
Lemma [9.1] m with probability 1 —o(n _2 ) we have that - holds and, for all but at most n_6|lCd( )|
graphs K € Kq(F) we have that [C2 - 2| and [C3| - 3| hold. Therefore, by Theorem 4.1} with probability
1 —o(n™?), (6) holds for each e, f ¢ E(F).

Thus to complete the proof of Theorem it suffices to proof that, with probability 1—o(n~19)
and [C3| hold for F’ in place of F. That [C1] holds with probability 1~ o(n~10) follovvs
from Lemma If d > n?, then |C2) n 2| and [C3] - 3| hold with probability 1 — o(n~!%) by Lemma
If d < n?, then and [C3| - 3| hold with probability 1 — o(n~'%) by Theorem 6.1 n and Lemma -
respectively. O
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10 The lower part of the sandwich

In this section, we give the lower part (G, G) of the sandwich and prove it satisfies Theorem . As
noted, this part of the theorem previously follows from the combination of work by Kim and Vu [20],
Dudek, Frieze, Ruciriski and Sileikis [9] and Gao, Isaev and McKay [14, [15]. Moreover, in [13], Gao,
Isaev and McKay use an edge addition process that is effectively the same as we use here, and
analyse it as long as d = w(logn). We include the lower part of the sandwich for completion, and
because, due to the use of our corresponding version of Lemma [0.1] the analysis is different. For
the coupling (G, G), the process used to create G is the complement of the process used for the
upper part, while for ease of analysis we generate G, via a sequence of graphs Hy, Hi,... chosen
to be more like the complement of the graphs Gar, G7,... in Section This coupling is given in
Section We then given an overview of the analysis of the process required in Section and
outline its proof over the rest of this section.

10.1 Edge addition process

Let 1/n <« 1/C < e < 1and d> Clogn. Let n satisfy 1/C < n < e. Let ey, eg, ... be a sequence
of edges drawn independently and uniformly at random from [n](z). Let z1,z9,... be independent
random variables with z; ~ U([0, 1]) for each ¢ > 1. Let Fyy be the empty graph with vertex set [n],
and let £(0) = 0. For each 1 < i < dn/2, do the following. Let (i) be the least £(i) > ¢(i — 1) for
which 65(7;) ¢ E(Fz_l) and

{K € Ka(n) : Fi_1 + eqq) C K}|
maXe¢p(r, ;) {K € Ka(n) : Fioy+e C K}

L) =

and let F; = F;_1 + €(i)- Then, let G = Fdn/2'

Let Hy be the empty graph with vertex set [n] and let k(0) = 0. For each 1 < i < (3), let k(i)
be the least k > k(i) such that ey ¢ {e1,...,e,_1} and, if x; < 1 —n then let H; = H;—1 + ey,
and, otherwise, let H; = H;_1. Let N = [dn/2—nn]. Let M ~ Bin ((1 — 8)%, (%) Ife(Hy) > M,
then let G, have vertex set [n] and edge set a uniformly random subset of M edges of E(Hy). If

e(Hn) < M, then let G, have vertex set [n] and edge set a uniformly random subset of M edges of
[n]?).

10.2 Analysis overview

Similarly to G* in Section (3| it follows by symmetry that for any two graphs G', G” with V(G’) =
V(G") = [n] and e(G’) = e(G") we have P(G, = G') = P(Gx = G"), and thus, due to the choice of
M, Gy ~G(n,(1- 5)%, (3)). Furthermore, when e(Hy) > M we have G, C Hy.

Now, similarly to H; in Section e(Hn) ~ Bin(N,1 —n) so, by a Chernoff bound we have
that e(Hy) > (1 —2n)N > (1 — 3n)dn/2 with high probability. As, by another Chernoff bound,
M < (1 —¢e+¢/2)dn/2 with high probability, we have e(Hy) > M with high probability. Thus, to
prove G, C G with high probability it is sufficient to prove that Hy C G with high probability.

Similarly to Claim we have the following claim, which we prove in Section Recall
that we say F ~ F~(n,d,m) if F' is a random graph with vertex set [n| which has the same
distribution as K — E if K ~ G4(n) and E is a uniformly-chosen set of m edges from E(K).

Claim 10.1. For each 0 <i < dn/2, F; ~ F~(n,d,dn/2 —1).

We will also use Lemma [2.2] After some preliminary work in Sections and we prove
this lemma in Section 0.6l We will now show that it follows from Claim [0.I] and Lemma [2.2]
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that (G, G) satisfies the desired properties in Theorem We have already noted that G, ~
G (n, (1 —5)%, (5)), and it follows from Claim @ with i = dn/2, that G = Fy,/5 ~ Gg(n).
Therefore, from the discussion above, we need only show that P(Hy C G) =1 — o(1).

By Claim and Lemma (applied with € = 1) with a union bound, with high probability,
for each 0 <47 < N and each e, f ¢ E(F;_1), we have

K € Kan) : Fioy + e C BUK)Y| < (140) {K € Ka(n) : Fit + f € B(K)}
and in particular,

‘{KG/Cd():le—i-eg CK}’ S
maXegp(r,_,) {K € Kq(n) : 21+6CK}|_1+77

>1-—n. (54)

Suppose, then, that e € E(Hy). Thus, there is some 1 < i < N with er@) = €, with e not in
€1, exi)—1, and with zp;) < 1 —mn. Now, the edges ey, €2y, - - -, €pn) are all distinct, so we
must have ¢(N) > k(). Thus, there is some j € [N] with ¢(j — 1) < k(i) < £(j). As e is not in
€1, Ch(i)—15 T(s) < 1 —n and holds, we therefore have £(j) = k(i) and e = ey(;) € E(F}) C
E(Fy4,)2) = E(F). Thus, Hy C F.

It is left then only to prove Claim and Lemma[2.2] We prove Claim[10.1]in Section[10.3] As
discussed in Section to prove Lemma we will use switching techniques, and in Section [10.4
we give the concentration result for switching paths that we will use for this, that is, Lemma [10.2]
In Section [10.5] we note that a corresponding version of Lemma holds here.

10.3 Distribution of Fj: proof of Claim

Claim can be shown by induction similarly to Claim (3 or we can observe our edge addition
process for d is the complement of the edge deletion process for n—1-—d.

Indeed, for each 0 < i < dn/2, let Ff be the complement of F;. Observe that £(i) is the least
£(i) > £(i — 1) for which ey;) € E(Ff ;) and

Zop < {K € Ka(n): Fi_y +€g(z c K} (K € Ka(n) : K° C FS, — ey}
1) = maXegE ’{K S ICd( ) : F i-1teC K}| maxeéE(Fi_l) |{K c }Cd(n) - KeC ‘cm—l *€}|
_ UCTL 1— d( —€g( ))‘
= MaXecp(Fe ]ICn 1—a(Ff —e)

and Ec = Fic_l — €¢(i)-

Thus, we can form Ff using an edge deletion process as in Section |3l Thus (as there we did not
use the condition d > C'logn), we have that F ~ F(n,n —d—1,4) for each ¢ € [dn /2], from which
it can be easily seen that F; ~ F'~(n,d,q) for each i € [dn/2], as required.

10.4 Concentration for switching paths

As discussed in Section [2.2.2] in this case at least one of the graphs used for the switching paths in
the proof of Lemma, is dense, so showing the concentration results that we need for the switching
paths is much easier than for the upper part of the sandwich. We do this now, where the main
subtlety we need to consider is the case where d is very large (so that the graph K, \ F is very
sparse).

Lemma 10.2. Let 1/n < 1/C < n,e. Let d > C'logn and edn < m < dn/2. Let K ~ G4(n), let
FE be a uniformly random set of m edges from E(K), and let F' = K — E. Then, with probability
1 —o(n=%), the following holds.
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Let z,y € [n] be distinct and let Z C [n] \ {z,y} satisfy |Z| < 10. Suppose, moreover, that if
d > n—10%/n, then Ny \k(x,Z U{y}) = 0. Then, the number of (K, \ K,K \ F)-alternating
x, y-paths of length 4 is (1 £1)(2m)%(n — 1 —d)?/n>.

Proof. Note that the result is trivial if d = n — 1 as there are no such paths, so we can assume that
d <n—1. By Lemma with probability 1 — o(n=?), the following property holds.

S1 If d > n%% then, for each U,V C [n] with |U]|,|V]| > n"% we have ex(U, V) = (1 £
n= UV

Assume, then that holds. We will proceed differently according to whether a) d < n%%?, b)
n—1-d<n® orc)d>n"?andn—1-d>n"%.

Suppose first that a) d < n%%. Let p = 2m/dn. Let E' C K be chosen by including each edge
in K independently at random with probability p, so that P(|E’| = m) > 1/n?, and let F' = K — E'.
As m > edn > eCnlogn, by a simple application of a Chernoff bound, and a union bound, we have
that, with probability 1 — o(n™8), dg\pr(v) = (1% 55) 2n for each v € [n]. Thus, the following
property holds with probability 1 — o(n~%).

S2 For each v € [n], di\ p(v) = (1 £ 55) 22

Assume, then, that holds. Let z,y € [n] be distinct and suppose Z C [n] \ {z,y} satisfies
|Z| < 10. Choose v3 € N\ p(y) \ (Z U {x}), with at most dp\p(y) = (1+£ 55) 22 and at least
divr(y) — |Z U{z} = (1+75) 2 choices by as m > eCnlogn. Then, choose vi,vy with
vive € E(K \ F), v1 € Ng,\k(2) \ (ZU{v3,y}) and va € Ng,\k(v3) \ (ZU{z,y}). Note that the
number of choices for v; and v9 is at most 2e(K \ F)) = 2m and at least

2e(K \ F) — 2d| N () U Nic(v3) U Z U {, 03, y}| > 2m — 2d(2d + 13) > (1 - %) -om,
where we used that m > edn and d < n%?9. Thus, the number of choices for vy, vs is (1 + %) - 2m.
Altogether, and using that n = (1 + %) (n—1—d) as d < n%% the number of (K, \ K, K \ F)-
alternating x, y-paths of length 4 is (1 +7)(2m)%(n — 1 — d)?/n>.

Suppose then that b) n — 1 — d < n®%. Take distinct z,y € [n] and take Z C [n] \ {z,y} with
|Z| <10 and, if d > n—10%/n, then N\ (x, ZU{y}) = 0. Choose v1 € N\ (x)\(ZU{y}), with
(1+ %) (n—1—d) choices (where we use that, if d < n—10%/n, then n(n—d—1)/10 > 11 > | ZU{y}|).
We will show that, with probability 1 — o(n=2!), the number of (K \ F, K,, \ K)-alternating v, y-
paths with length 3 avoiding Z U {z} is (1+ ) (2m)*(n — 1 — d)/n®. Thus, by a union bound,
with probability at least 1 — o(n2°), this holds for all choices of v; and hence the number of
(K, \ K, K\ F)-alternating x, y-paths with length 4 avoiding Z is

(1i%) (n—1—d)- (HEg) 2m)*(n — 1~ d) :(1i77)<2m)2(n717d)2.

n3 n3

Thus, by a union bound, with probability 1 — o(n=%), this holds for all distinct x,y € [n] and
Z C [n] \ {z,y} with |Z] < 10 and, if d > n — 10*/n, then Nk \k(z, Z U {y}) = 0.

Fix, then, such an z,y, Z and v;. Let E be the set of pairs (u,v) with u,v € [n]\ (ZU{z,v1,y}),
w € BE(K, \ K) and vju,vy € E(K). Then, |E| < (n—1—d)n and, as n —1 —d < n%9,

B> n-1-dn—2mn—-1-d)(13+2n—1-d) > (1—%) (n—1—dn,  (55)

so that |E| = (1+45) (n—1—d)n. Let G be an auxiliary multigraph with vertex class [n] and an
edge uv with multiplicity |{(u,v), (v, u)} N E|, so that G has maximum degree n—d—1. By Vizing’s
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Theorem for multlgraphs the edge chromatic number of G is at most (n—d-1) +2. Therefore,
we can partition Finton—d+1 disjoint sets El, Eg, e En d+1, where each set E;isa matching
— that is, a vertex v appears at most once in a pair in E .

Let p = 2m/dn. Let E' C E(K) be chosen by including each edge in K independently at random
with probability p, so that P(|E'| = m) > 1/n?, and let F = K — E'. For each i € [n —d + 1], let
X;=|ENE|. Let B={ic[n—1—d]:|E]| < Clogn}|.

Since each Ej is a matching, X; is a binomial random variable with mean E(XZ) = p|E;|. For
i ¢ B we have |E;| > Clogn. For such 4, by a Chernoff bound (Lemma , with probability
1 —o(n~*?) we have X; > (1+£ 35)p? |E;|, using p > & > 1/C and n > 1/C’ Thus by a union
bound, with probability 1 — o(n~?!) we have

n—d+1

Enpl= 3 Xi= (12 )p|E|+Z( — (155 ) PIE) - (56)

Let us bound the size of B. We have that |E| = Z?:_ldﬂ |E;| < |B|Clogn+ (n—d+1—|B|)n
and so rearranging and using we obtain
2n+n/10(n — 1 —d)n

n — Clogn

|B| < <44nn—1—d) <n®.

Thus, using p > ¢ and again, we have

Z\E\ < |B|Clogn < n%% . Clogn< p*|E|. (57)
1€B

Now, since 0 < X; < |E;| we see that

(1+2"0)21E¢\§Z(X (14 L) pIE) < ST,

i€B i€EB

and in particular, by we have >, p (XZ- —(1£44) p2|EZ\) = i%p2|E|. Putting this together

with we have with probability 1 — o(n=2!) that [E N E'| = (1+ %) p%|E|. Therefore, with
probability 1 —o(n~2!), the number of (K \ F, K,,\ K)-alternating v, y-paths with length 3 avoiding
ZU{z}is,asd=(1£)n

()1 = () () () 1= B0

n3

as required.
Suppose then that ¢) d > n%% and n—1—d > n%%. Take distinct z,y € [n], Z C [n]\{z, y} with
|Z] <10, and v3 € [n]\ (ZU{x,y}). We will show that, with probability 1—o(n~2!), the number of

(K, \ K, K\F)-alternating z, v3-paths with length 3 avoiding ZU{y} is (1 + %’7) (2m)(n—1—d)?/n?.

We have \NKH\K(x) \ (Z U{y,v3})| = (1 + ﬂ) (n—1-d) > n%® and ‘NKH\K(UIS) \ (Z U
{r.y}) =1+ %) (n—1—d) >n"%. Thus, by the number of pairs (v1, ve) with vivy € E(K),
v1 € Ng,\ k(%) \ {y,v3} and va € N\ (v3) \ {z,y} is

(107" (1 2)2 %(n —1—-d)?= <1 - 3;7) g(n —d—-1)2

Let A be the set of such pairs (v1,v2). For each i € [2], let A; = {wv : [{(u,v), (v,u)} N A| =i}
Let p = 2m/dn. Let E' C E(K) be chosen by including each edge in K independently at random
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with probability p, so that P(|E'| = m) > 1/n? and let F' = K — E’, and let X = 2|A;NE'|+]A;N
E’|. Note that X is the number of (K, \ K, K \ F’)-alternating x, vs-paths with length 3 avoiding
Z U{y}, and

EX = (11?’;7) %l(n—d—l)Qz <1j:3;> (Zg)(n—d—n?.

Thus, by a Chernoff bound applied to |A; N E’| and to |41 N E’|, we have, with probability 1 —
o(n™%3), that X = (1 + 2n) (2m)(n — 1 — d)?/n?. Thus, with probability 1 — o(n?'), the number of
(K, \ K, K \ F)-alternating x, v3-paths with length 3 avoiding Z U {y} is (1 + %’7) ) (1, — 4 —1)2.

Therefore, using a union bound and that there are (14 5)pd = (1 =+ ) 22 choices for vs €
Ngp(y) \ (Z U {z}), with probability 1 — o(n™2?), there are (1 + n)(2m)%(n —1—d)?/n® (K, \
K, K\ F)-alternating x, y-paths with length 4 avoiding Z. By a union bound, then, with probability
1 — o(n~8), this holds for all distinct =,y € [n], and Z C [n] \ {z,y} with |Z| < 10. O

10.5 Translating likely properties of G4(n) into subgraphs of F~(n,d, m)

We now note that a corresponding version of Lemma for F~(n,d,m) follows from taking com-
plements in Lemma (9.1

Lemma 10.3. Let d,n,m € N satisfy 0 < m < dn/2. Let K ~ G4(n), let E be a uniformly random
set of m edges from E(K), and let F = K — E. Let P be a set of pairs (F, K) such that (F,K) ¢ P
with probability o(n=%). Then, with probability 1 — o(n™2),

K’ € Kaln): (F,K') ¢ PA(FC K} < % UK € Ka(n): F c K'Y (58)

Proof. Let K = K, \ K, so that K ~ G,,_1_4(n), and let d = n — 1 — d. Note, moreover, that the
distribution of F is a uniformly random set of m edges from [n]?\ E(K), and 0 < m < (n—1—d)n/2.
Let F' = K + E, and note that, therefore, ' ~ F(n,n —1 —d,m).

Let P’ be the set of pairs (F’, K’) such that F’ has nd/2+m edges, V (F') = [n], K’ is d-regular,
K' C F' and (K, \ F',K, \ K') € P. Then, we have that (F,K) € P’ with probability 1 — o(n~9).
Therefore, by Lemma we have that, with probability 1 — o(n™2),

(K’ € KalF) : (F,K') ¢ P} <~ - [Ka(F)].

Thus, as {K' € Kq(n) : (F,K') ¢ PA(F C K} = {K' € Kg(F) : (F,K') ¢ P'}| and
\Kg(F)| = |{K' € K4(n) : F C K'}|, holds with probability 1 — o(n~2). O

10.6 Proof of Lemma 2.2

Finally, then, we use our work so far in this section to prove Lemma via a switching argument.

Proof of Lemmal[2.9 As set-up in Lemma let 1/n < 1/C < n,e < 1, let d > Clogn and
edn < m < dn/2, and let F ~ F~(n,d,m). Let K'(F) be the set of K € K4(n) for which FF C K
and the following holds.

T1 For each distinct z,y € [n] and each Z C [n]\ {z,y} with |Z| < 10 such that if d > n —103/7,
then Nk \g(x,Z) = 0, the following holds. The number of (K, \ K, K \ F)-alternating

z,y-paths of length 4 is (1 + 1) (2m)*(n — 1 — d)?/n®.
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By Lemma and Lemma we have that, with probability 1 — o(n~2),

KC(F)| > (1 - 1) {K € Ky(n): F C K}|. (59)

nb

By a simple application of a Chernoff bound and a union bound (and working via a graph F”
as in the proof of Lemma [10.2)), with probability 1 — o(n~2), F has the following property.

T2 For each v € [n], di\p(v) = (1 % 15) 2m/n.

Assuming that and hold, we will now prove that the property in the lemma holds. We
start by proving the following claim.

Claim 10.4. For each e € E(K, \ F'), we have

(K e Katm) s Frec )2 (1- 1) 20

HK € Kq(n): F C K}|.
Proof of Claim[I0- Let e € E(K,, \ F), and suppose, for contradiction, that

K € Ky(n): FC KY.  (60)

K € Kaln): F+ec K} < (1-1) 2m+n(27:”_1_d)
Let KFf ={K € K4(n) : F+eC K} and K = {K € K4(n) : F C K,e ¢ E(K)}. Let L be the
auxiliary bipartite graph with vertex classes K and K, where there is an edge between K € K
and K’ € K_ if E(K)AE(K') is the edge set of a cycle of length 6.

Let K € KF. Then, we have e € F(K \ F'). Let vy, vg be such that e = vjvg. As the number of
sequences vy, v3, vg, Vs With vovs € E(K), vg € Nk, \k (v3), v5 € Ng,\ i (v6) is at most (n—1—d)?dn,
we have
m(n —1—d)?

. .
Now, suppose K € K[ is such that holds. Then, by picking a neighbour ve of v1 in K, \ K
with at most (n — 1 — d) options, and then applying we have
U ) (2m)*(n —1—d)*

dL(K)g(n—l—d)-(l—i—l—O S

dr(K) < (n—1—d)%dn <

Note that by we have |[K|={K € Kg: F C K}| — |K| > w Thus we have

(2771)2(71—1—(1)3_i_\{KEICd:FCK}]'m(n—l—d)2

e(L) < K¢ (1+15)

n3 nb 5
4 n (2m)*(n —1—d)3 2|17 '(Zm)?’(n—l—d)Q
< Ik (1+10> n3 g(2m) - 2n? n4
n\ (2m)%(n —1—d)? _oon 2m)Pn-1-d)?
§|IC6+\-(1+10)( )(n3 ) +\lce|-10-( )(n4 ). (61)

Furthermore, by and (60), for at least (1— g5)|K_ | graphs K € K we have that holds.
Let K € K. be such a K and let v;,vs be such that e = vjv6. Choose a neighbour vs of v in
K \ F such that if d > n — 10%/n then vy ¢ Ng, \gx({vs}). If d > n —10%/n, then the number of
possibilities is, by and as m/n > ed > Celogn at least

I

2m 2-103>< 77)2m

(1= ) 2 Nk weh)] > (1 ) 20 -

100 100/ n n 50/ n
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and we have that N\ (v2, {v1,v6}) = 0. When d < n — 103, the number of choices for vy is,

by . at least 100) 2m/n, so in either case there are at least (1 — —) 2m/n choices. Then,
choose a (K, \ K K\ F)-alternating vg, 1)6 path with length 4 avoiding vy so that, as [T'1] - 1| holds for
K, there are at least (1 — 1) (2m)?*(n — d)?/n? possibilities. Thus,

) > (1 55) 5 (1 55) B > (1 ) B

n
As this holds for at least (1 — £5)|K | graphs K € K, we have

(2m)*(n — 1 - d)?
e(L) > (1 - 7) |- - .
In combination with (61f), we have

) -

n3

1—d)3 N ., (2m)3(n—1-d)?
> (1-g) el :

n4

Therefore,

K= (1= ) s e = (1= §) s = (M € Kalo) 7 K= K],

2 2 —1—4d)
so that 5 ( 1 d) 5
+nn—1-— n m
|- 2 >1—-=)————H{K ek FCK
e n(n—1-—4d) ( 2>n(n—1—d)’{ € Ka(n) < KH,
and thus 5
K> (1-2 o KeKyn): FCK
|e‘_( 2>2m+n(n—1—d)’{ € Ka(n) c K,
as required. B

Now, if n — 1 —d < nm/10n, then, from Claim we have for each f € E(K,, \ F) that

(4K € Ka): F 4+ € K= (1) (1= ) G K € Kaln) : F € K}

> |{K€ICd(n):FCK}|7

so that holds for every e € E(K,, \ F). Assume, then, that n —1 —d > nm/10n. As m > edn,
this implies that n — 1 —d > ned/10 > Cnelogn/10 > +/Clogn. Note that this implies that
d< 1+\F1 —<n- 103/n. Next we prove the following claim.

Claim 10.5. Let e, f € E(K,, \ F) share no vertices and let n —1 — d > nm/10n. Then,
K € Kg(n): F+eC B(K)}| < (1 + g) K € Ky(n): F+ f C B(K)}|. (62)

Proof of Claim[10.5. Fixing such e, f € E(K,, \ F), let K¢ ={K € K4(n) : F+eC K, f ¢ F(K)}
and K/ = {K € Kyg(n) : F+ f C K,e ¢ E(K)}. Note that follows if we have that |K¢| <
IH{K € K4(n) : F+ f C K}, so we can assume otherwise. Thus, by Claim we can assume
that

el > gHK €Kyn): F+fcC K} > %\{K € Ka(n): F C K}, (63)

Form the auxiliary bipartite graph L with vertex classes K¢ and K/, where there is an edge
between K € K¢ and K’ € K/ if E(K)AE(K') is the edge set of a 10-cycle in which e and f are
opposing edges of the cycle (see Figure .
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Suppose that K € K¢ satisfies [T'1] - Let x1,x2,y1,y2 be such that e = x122 and f = y1y2. By
1| applied with © = x1, y = y1 and Z = {x2,y2}, we have that the number of ( n \ K K \ F)-
alternating z1, y1-paths P of length 4 avoiding {z2, y2} is at least (1 — m) (2m)%(n — d)?/n3.
Pick such a path P. By the number of (K, \ K, K \ F)-alternating z, ya-paths of length 4

avoiding V (P) is at at least (1 — 1d5) - (2m)?(n — 1 — d)?/n® Therefore, we have that

dr(K) > <(1_ 1L> ' (2m)%(n —1 —d)2>2 . (1_ g) | 16m*(n — 1—d)4.

00 n3 nb

As, by (63), |K¢| > sL|{K € Kq(n) : F C K}|, this holds for at least (1 — 35) |[K¢| different K € K*
by . Therefore, we have

()2 (1= By per - (1= 1) 1T LZ D e (1 ) 1O T L2 g

On the other hand for each K’ € K/, we have (working similarly to the way we did in
Claim [10.4), d,(K') < (d*(n — 1 — d)?)%. Furthermore, for each K’ € K7/ for which [T1] holds,

we have dp (K') < (1 + 100) . w. As, by and (63)), this latter bound holds for all

n

but [{K € Kq(n): F C K}|/n% < |K¢|/n? graphs K’ € K/, we have

3n\ 16m'(n—1-a)* \/Ce’ 2 212
<1t /A _
(0 < 7] (14 555 - ML @ -1 ap)
3\ 16m*(n —1—d)* d*n3  16m*(n —1—d)*
— 1. 21 . :
K <1 * 100> 6 + 1K 16m* no
3\ 16mi(n—1-— d)4 n_ 16m*(n—1-d)*
< fl. 1+ =—L17. e
< K1 < + 1oo> 6 I 100 nb ’

where we have used that m > edn.
In combination with , we have that

. n n\ 16min—1—d)* f 3n Y\ 16m*(n —1—d)*
. -1 < . —_r
I (1 5 100) nb S 100 nb

)

and, hence, |[K¢| < (1+71/3)|Kf|, so that
HK € Kg(n): F+eC K} <|K°|+ {K € Kg(n): F+e+ f C K}|
< (1+g) CH |+ [{K € Kg(n) : F+e+ f C K}
< (1+3) HK € Ka(n): F + f € K}
as required. B

Let, then e, f € [n]®)\ E(F). Pick some ¢’ ¢ F(F) which is vertex-disjoint from e and f. Then,
by Claim applied twice, we have

K € Ky(n): F+ecC B(K)Y| < (1 + g) K € Ky(n): F+¢ © B(K)Y|

< (1 + g)Q {K € Ka(n): F+ f C B(K)}|,

so that, as n <« 1, holds, as required. O
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