Topics in random graphs

Richard Montgomery
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Abstract
These notes accompanied a graduate course given in Cambridge in the Lent term of
2018. The course aimed to cover a range of different techniques relevant to random graphs.
Any undefined notation is standard and can be found in, for example, [7, 13| [16]. Any
comments or corrections are welcome.
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1 Introduction

Consider graphs G which are finite and simple, with vertex set V(G) and edge set E(G), and
write |G| = |V(G)| and e(G) = |E(G)|. The study of random graphs began in full with the work
of Erdés and Rényi [I0]. We will study the following random graph model.

Definition. The binomial random graph or Erdés-Rényi random graph, G = G(n,p), has
V(G) = [n] = {1,...,n} and each possible edge is included independently at random with
probability p.

Definition. A graph property P is a collection of graphs.

Ezxample. P, ={G:e(G) >0} Ps={G: x(G) > 3}
P2 = {G : G contains a triangle} Ps ={G: x(G) # 3}
P3 ={G : e(Q) is odd}

Definition. P is non-trivial if every G € P has e(G) > 0 and, for sufficiently large n, 3G € P
with V(G) = [n].

Definition. P is monotone ift G € P, G C H and V(H) = V(G) = H € P. lLe., we cannot
leave P by adding edges.

Example. Py, Ps, Py above are monotone, while Ps, P are not.

Key meta-question. Is G(n,p) typically in P?

Definition. When p = p(n), say G(n,p) € P almost surely (a.s.) or with high probability
(w.h.p.) f P(G(n,p) € P) = 1 as n — oo.

Asymptotic notation: For f, g non-zero functions of n, if f(n)/g(n) — oo as n — oo, then
we say f = w(g) and g = o(f). If 3C > 0 such that, for all n, |f(n)| < C|g(n)|, then we say
f =0(g) and g = Q(f). Where the implicit constant C' depends on another variable, we will
indicate this in the subscript.

2 Thresholds

Definition. A function p is a threshold for a property P if

e p=o0(p) = G(n,p) ¢ P as., and

e p=w(p) = G(n,p) €P as.
Exercise. If pgy, p1 are thresholds for P then Je¢, C' > 0 such that cpy < p1 < Cpy.
Proposition 1. The function p = 1/n? is a threshold for P1 = {G : e(G) > 0}.

Proof. If p = w(p), then P(G(n,p) ¢ P) = (1 — p)(g) < er(3) = o(1). On the other hand, if
p = o(p), then P(G(n,p) € P) < p(3) = o(1). 0

The following lemma was first proved by Bollobds and Thomason [§].
Lemma 2. All non-trivial properties have a threshold.

Idea. We can couple probability models, i.e. ‘reveal edges in batches’.



Proposition 3. If Gy ~ G(n,p) and G1 ~ G(n,q) are independent, then Go U Gy ~ G(n,p +

q—pq)-
Proof. The events {e € E(GoUG1)}, e € [n]?, are independent and, Ve € [n]?),

Ple € E(GoUGh)) =1—=P(e ¢ E(Go)) -Ple ¢ E(G1)) =p+q—py.
Corollary 4. If P is monotone, then Vp,q € [0, 1],

P(G(n,p+q) ¢ P) <P(G(n,p) ¢ P)-P(G(n,q) ¢ P).

Proof of Lemma[d For each (sufficiently large) n, let p(n) be such that P(G(n,p) € P) =

O

N[

Note that, as G € P = e(G) > 0, P(G(n,0) € P) = 0. As there is some G € P with
V(G) = [n], and P is monotone, the complete graph on [n] is in P. Thus, P(G(n,1) € P) =1,

and such a p thus exists.
If p = w(p), then, applying Corollary {| |p/p| times, we have

1\ Llp/B]
f) —0asn — oo.

P(G(n,p) ¢ P) < (P(G(n,p) ¢ P)P/" = (2
If p = o(p), then, similarly,

5 =B(G(n.5) ¢ P) < (B(Gln.p) ¢ P) 77

Thus, as p = w(p), P(G(n,p) ¢ P) =1—0(1).

Ezercise. Prove that p = 1/n is a threshold for G(n,p) to contain a triangle.

3 Sharp Thresholds

Definition. A function p is a sharp threshold for a property P if, Ve > 0, as n — oo,
e P(G(n,(1—¢)p) € P) — 0, and
e P(G(n,(1+¢e)p) e P) = 1.

Ezxercise. If pg, p1 are sharp thresholds for P, then pg — p; — 0.

Definition. A threshold for P is coarse if P has no sharp threshold.

Ezample. P1 = {G : e(G) > 0} has a coarse threshold. Indeed, if p = C'/n?, with C' constant,
then P(G(n,p) e P)=1—-(1 —p)(;) —1—e9/2 as n — oo. Thus, if p was a sharp threshold
for Py, then, as G(n, 2p) is almost surely in P, we have p = w(1/n?), and as G(n,p/2) is almost

surely not in P, we have p = o(1/n?), a contradiction.
Exercise. P ={G : K3 C G} has a coarse threshold.

Rule of thumb. Properties that are ‘locally checkable’ have a coarse threshold. E.g. that G
contains a triangle can be confirmed with only three edges, but to confirm that §(G) > 0

requires at least n/2 edges. This notion was formalised by Friedgut [12].
Ezample. P ={G : §(G) > 2} has a (very!) sharp threshold, as follows.

Lemma 5. a) Ifp= lognloglogntw(d) "4p0p P(6(G(n,p)) >2) — 1 as n — oo.

n




b) If p= lognﬂog;ogn*w(l), then P(6(G(n,p)) <1) =1 as n — oo.

Ezercise. Show that, for each p € (0, 1), T <1 — p<e P

Proof of Lemma[3 Note that we can assume that &% < p < Qlc;g”. Let X be the number of

2n

vertices with degree at most 1 in G = G(n,p). Then,

EX =n((1—p)" "+ (n—1Dp(l —p)" %) = (1+o(1))n’*p(1 — p)". (1)

a) First moment method. From (I, and as p < %,
EX < (24 o(1))nlogn-e™P" = o(1).
Thus, by Markov’s inequality, P(X > 1) < EX = o(1).

b) Second moment method. From (I)), and as p > lozﬁ, we have

1 1 pn
EX > (5 + o(l))nlogn- 1-p)"> (5 + 0(1)>nlogn cet-r = w(l).
By Markov’s inequality (or Chebychev’s inequality),

E(X —EX)?) E(X?)

P(X =0) <P((X —EX)*> > (EX)?) < = 1.

(EX)2 (EX)2
Then,
E(X?) =EX + > P(d(u),d(v) < 1)
<EX + T:;((l —p)*" % 4 (20 = 3)p(1 = p)*" 1 + (n = 2)°p*(1 - p)>" )
=EX + (14 0o(1))n*p?(1 — p)*" = EX + (14 0o(1)) - (EX)%
Thus, P(X = 0) < 1/EX + (1+0o(1)) — 1 = o(1). O

4 Long paths and cycles

We will study how long a path we can typically find in G(n, %), with C a large constant. In
order to cover different techniques, we will prove 5 increasingly good bounds on the size of a
typical longest path in G(n, %) We will then show that if we start with the empty graph on n
vertices and add random edges one-by-one, then the first graph with minimum degree 2 almost
surely contains a Hamilton cycle (here, one with n vertices).

Definition. For each u € V(G), N(u) = {v : wv € E(G)}, and, for each U C V(G), N(U) =
(Uueu N (u)) \ U.

4.1 Long paths in G(n, %) I: Depth First Search

Theorem 6. G(n, %) almost surely has a path with length at least (1 — Oc(%))n.



The following nice analysis of the Depth First Search algorithm and its use to find long paths
(as part of a more general result) is due to Krivelevich, Lee and Sudakov [I9]. The result was
originally shown by Ajtai, Komlds and Szemerédi [I] and de la Vega [9].

Depth First Search (DFS) algorithm. Run the following algorithm on a graph G, governed
by the following updating variables:

U — the set of unexplored vertices,

D — the set of dead vertices,

r — the number of active vertices, and

A= (ay,...,a,) — the active vertices, which form a path in that order.

START: Pick some v € V(G), and let
U=V(@\{v}, D=0, r=1, and A= (a1)= (v).

STEP 1:
If possible, pick w € N(a,) N U, update

ary1 = w, A= (a1,...,0r,0,41), U—=U\{w}, andr—r+1,
and repeat STEP 1.

If not possible, go to STEP 2.

STEP 2:
The neighbours of a, are fully explored. Update

D_)Du{ar}’ A—>(a‘17---7ar—1), and r —7r—1.
If r > 1, go to STEP 1.

Otherwise (r = 0), go to STEP 3.

STEP 3:
If U # 0, pick v € U, update

r—1, a—v, U—=U\{v}, and A— (a1),

and go to STEP 1.

Otherwise, stop the algorithm.

OBSERVE: a) There are never any edges from D to U.

b) After each step, r + |U| + |D| = |G]|.

¢) During each step, either |U| decreases by 1 and |D| is unchanged, or |D| increases by 1
and |U| is unchanged.

d) The algorithm finishes when U = §) and » = 0, and thus D = V(G).

Definition. Say G is m-joined if there is an edge in G between any 2 disjoint vertex sets with
size m.

Lemma 7. If G is m-joined, then it has a path with more than |G| — 2m vertices.

Proof. Run DFS on G. By ¢) and d) above, after some step we must have |U| = |D| = s, for
some s. By a), and as G is m-joined, s < m. Thus, by b), at this point the active vertices form
a path with more than |G| — 2m vertices. O



Proposition 8. For sufficiently large constant C, G(n, %) is almost surely m-joined for each
m > 3nlog C/C.

Proof. Let m = 3nlogC/C, p= % and G = G(n,p). Then, for sufficiently large C,

2
P(3 disjoint A, B C V(G) with |A],|B|] = m,eq(A,B) =0) < (n) (1 fp)mQ
m

2m
<<@> e—pm*
—\m

< (026—3log0)m 0. O

Thus, Lemma[7] and Proposition [§ imply Theorem [6]
Ezercise. Prove G(n, %) almost surely has a cycle with length at least (1 — Oc(%))n.

Ezercise. Changing the algorithm or the analysis, show that G(n, %) almost surely has a path
with length at least (1 — Oc(&))n.

Ezercise. Let G, be a random subgraph of G, with each edge chosen independently at random
with probability p. Show that, if pk — oo and 6(G) > k, then G}, almost surely (as kK — 0o) has
a path with length (1 — o (1))k.
4.2 Long paths in G(n, ¢) II: Pésa rotation

n

To improve Theorem |§|, we will use Pésa rotation, first introduced by Pdésa [24] when studying
the appearance of Hamilton cycles in the binomial random graph.

Theorem 9. G(n, %) almost surely has a path with length at least (1 — Oc(E))n.

Poésa rotation: Consider a path P, a longest path containing V' (P) in a graph G with v as one
endpoint. Let u be the other endpoint and note that all the neighbours of u lie in P.

P: e °
v U

If € N(u), and y is the neighbour of = furthest from v in the path P, then we can break xy
and rotate P with v fized to get the new path P — xy + ux with endpoint y.

P—$y+ux Ps @.

v T Y u

We find a new vertex y, whose neighbours must also all lie in P (by the maximality of P). We
can then use edges from y to rotate again:

Definition. Let F(P,v) be the set of endpoints not equal to v which can be achieved by itera-
tively rotating P with v fixed.



OBSERVE: a) The maximality of P implies that, for each u € F(P,v), N(u) C V(P).
b) If zy € E(P) is broken for a rotation, then z or y becomes an endpoint.

Now, label, for each z € V(P), the neighbours of z in P as

P:. e#¥——F1- ——— e e e 9@
v 2= z z+ u

We then get the following claim.
Claim. If z € N(F(P,v)), then either z~ or 2T € F(P,v).

Proof. Let z € N(F(P,v)) and assume z~, 2" ¢ F(P,v). Pick y € F(P,v) with zy € F(G), and
let P, be a path with endpoint y reached by rotating P with v fixed. As 27, 2,21 ¢ F(P,v), by
b) above, both 2~z and zz* are not broken in rotating P to get P,. Thus, either P, is

v Z+ z 2z~ u
and thus z— € F(P,v), which is also a contradiction. O

Every vertex in N(F(P,v)) thus has a neighbour in F(P,v) in the graph P. As F(P,v) has
fewer than 2|F(P,v)| neighbours within P (using that v has only 1 neighbour in P), we get the
following.

Lemma 10. (Pésa’s Lemma) If P, a longest path containing V(P) in G has v as an endpoint,
then |N(F(P,v))| < 2|F(P,v)|.

Definition. G is a (d, m)-expander if, for all A C V(G) with |A| <m, |N(A4)| > d|A|.
That is, Pésa’s lemma implies that if G is a (2, m)-expander then |F(P,v)| > m.

Lemma 11. Let m,n € N satisfy m < n/20. Suppose |G| = n and, for each A C V(G) with
|Al =m, |N(A)| > 4n/5. Then, G has a path with length at least n — 2m.

Note. Compare this to Lemma [7], where G was required to be m-joined.

Proof of Lemma[I1l We will find a large subgraph G’ C G which is a (2,n/5)-expander by
removing a largest set that does not expand. Pick B C V(G), with |[N(B)| < 2|B| and |B| < m,
or B = (), to maximise |B].

Claim. For all U C V(G) \ B with |U| <n/5, |IN(U) \ B| > 2|U|.

Proof of claim. For contradiction, say there is some U C V(G) \ B with 0 < |U| < n/5 and
IN(U)\ B| < 2|U|. Then,

IN(UUB)| < |[N(U)\ B| + |N(B)| < 2|U| +2|B| = 2|U U B.



By the choice of B, then, |[U U B| > m. Pick A C U U B with |A| = m, so that

4 2
\N(UUB)|2|N(A)\—|UUB|2§— (g—i-m) z§+2mzz|UuB|,

a contradiction. O

Let G' = G — B = G[V(G) \ BJ, which, by the claim, is a (2,n/5)-expander. Pick a longest
path P in G’, with an endpoint v, say. By Lemma |Fg(P,v)| >n/5. As P is a longest path
in G’, there are no edges between Fg/ (P,v) and V(G')\ V(P) = V(G) \ (BUV(P)), so that, by
the condition in the lemma, |V(G) \ (BUV(P))| < m. Thus, |P| >n—|B|—m >n—2m. O

To find the condition for Lemma almost surely in G(n, p), we use the following concentra-
tion inequality.

Lemma 12. (Chernoff’s inequality — see, for example [16, Corollary 2.3]) If X is a binomial
variable and 0 < ¢ < 3/2, then

521EX>.

P(|X — EX| > cEX) < 26Xp(— :

Proposition 13. For sufficiently large C, in G = G(n, %) almost surely any A C V(G) with
|A] =m :=100n/C satisfies |N(A)| > 9n/10.

Proof. Let p = C/n. For each A C V(G) with |A| =m, and v € V(G) \ 4,
P(v ¢ N(4)) = (1—p)" < e = 10,

For large n, then, E|[N(A)| > 99n/100. As [N(A)| ~ Bin(n —m, (1 — p)™), by Lemma [12] with
e =1/20,

1 n
< i < — ).
B(IN(4)] < 9n/10) < P(IN(A)] < (1 - 55 )EIN(4)]) < 2exp (= 157)
As [V(G)M| = (M) < (22)m < C100/C < exp(n/10°), for large C, by a union bound, we have
n n
. _ < —_ — . _— = .
P(3A C V(G) with |A] = m and |N(4)| < 9n/10) < 2exp( 104) exp (105) o(1). O

Then, Lemma [T1] and Proposition [[3] imply Theorem [9}

4.3 Long paths in G(n, %) III: Revealing edges as needed

We will now improve Theorem [9] using an ad hoc method, which demonstrates how an algorithm
can be combined with revealing whether each edge is present or not only when it is relevant to
the algorithm.

We have used Pésa rotation on a maximal path P with an endpoint v in a (2, % )-expander
to get a linear-sized set F'(P,v) of possible endpoints. If we reveal more edges between a vertex
w ¢ V(P) and V(P) with probability <, then w has an neighbour in F(P,v) with probability

|F(Po)
1—(1—€) >1—e¢ €
n

9

and using such a neighbour we could find a path with vertex set V(P) U {w}. By repeating
(something like) this, we can iteratively extend the path, suceeding in attaching each other
vertex to the path with probability 1 — exp(—§(C)). This will allow us to prove the following.



Theorem 14. For sufficiently large C', G(n,C/n) almost surely contains a path with length at
least (1 — e=C/100)p,

Definition. A sequence of random variables X7, Xs,... is a martingale (respectively, super-
martingale or submartingale) if, for each i, E|X;| < co and E(X;| X1, ..., X;—1) = X;—1 (respec-
tively S Xi—l or Z Xi—l)-

Theorem 15. (Azuma-Hoeffding inequality) Let (X;)_, be a submartingale with Xo constant,
and, for each 1 <1i<mn, |X; — X;_1| < C;. Then, for allt >0,

2
P(X, <EX, —t) <exp (—n> .
2 Zi:l 012

Proof of Theorem[1]] Consider independent random graphs G, G ~ G(n,C/2n). By Proposi-
tion [3] it is sufficient to show that Gy U G1 almost surely contains a path with length at least
(1 — e=C/100y,,

Ezercise. Gy almost surely contains a (4,n/10)-expander Gj, C Gy with at least (1 — 1/100)n
vertices. (See proof of Lemma [11])

We will run an algorithm governed by the following updating variables:
H - alarge (2,n/10)-expander.
P - a path which increases in length throughout the algorithm.
D - the set of vertices we have failed to add to the path.
W - a utility set to ensure expansion is kept in H as we add vertices and edges.

START: Let H = G{, and let P be a longest path in H, with an endpoint v, say. Let W = D = ().
Carry out the following stage for each 1 <i < n.

STAGE 1:
If V(P)UD = [n], then let X; = 1.

Otherwise, pick w € [n] \ (V(P)U D) and reveal edges in G; between w and V(P) - say
this gives w the neighbourhood A in V(P).

If |[AN (Fg(P,v)\ W)| > 6, then let X; = 1, and do the following.
o If w ¢ V(GYy), then add 6 vertices from A\ W to W.

e Add w and the edges between w and A to H.

e Update P to be a maximal path in H containing V(P) and w, with v an endpoint.
Otherwise, update D — D U {w}, and let X; = 0.

OBSERVE: a) Each edge in G is revealed at most once.
b) At the end, |P| >n—|D|=n—|{i: X; =0} =Y, X;.
¢) Always: for each U C V(H) \ V(Gy), |[Ng(U)| > |[Ng(U,W)| > 6|U| — |U| = 5|U|.
d) Always: H is a (2,n/10)-expander, as follows.
Proof of d). Let U C V(H), with 1 < |U| < n/10, and set Uy = UNV(G}) and Uy = U\ V(Gj).

Either [Uy| > |U]/2, whence [Ny (U)| > | N, (U1)] > 40| > 20U,
or |Us| > |U|/2, whence [Ny (U)| > [N (Us)| — [Ui| > 5|Us| — |Us| = 4|Us| > 2|U]. O



e) Always: |[W| < 6|V(G) \ V(G})| < 3n/50, so, by Lemma [10] and d), |[Fg(P,v) \ W| >
n/10 — 3n/50 = n/25.

f) For each i, as at stage ¢ we have, by e), |Fg(P,v) \ W| > n/25,

5 .

ny\i [ CY Cc\%

< 2NV (=) (1= =

<3 (5) () (- 3)

7=0
< 60560/75
< e=C/100 /3
for large C.
Now, let ¢ = e~ ¢/190/3 and, for each 1 < j < m, let Y; = Zzl(XZ— — (1 —¢e)n). As

E(Y;[Y1,...,Yj_1) > 0 for each j, (Y;)7_; is a submartingale. As |Y; —Y; | <1, for each j, by
Theorem [T5] we have

P(Y, < —en) < exp (- (E”)Q> = o(1).

2n

Note that Y,, < —en implies that (3. ; X;) — (1 —&)n < —en. Thus, by a), at the end we almost
surely have that |P| > n — 2en. O

4.4 Long paths in G(n, %) IV: Pésa rotation and extension, and edge
sprinkling

To improve Theorem we will now use Pésa rotation and extension and edge sprinkling, a
method developed in the literature beginning with the pioneering work of Pésa [24].

Suppose G is a (2, £ )-expander and P C G is a maximal length path. By rotating both ends
of P we can find Q(n?) paths with different endvertex pairs. Adding such an endvertex pair
creates a cycle, and (often) a longer path.

Definition. Let ¢(G) be the length of a longest path in G.
Definition. e € V(G)? is a booster for G if (G + €) > {(G) or G + e is Hamiltonian.

OBSERVE: Iteratively adding |G| boosters to G gives a Hamiltonian graph.

Ezercise. Show that any (2,n/5)-expander is connected.
Lemma 16. A (2,n/5)-expander G has at least n®/50 boosters.

Proof. Let P be a longest path in G, with v an endpoint. For each z € F(P,v), let P, be a
v, z-path with V(P,) = V(P). Let

E={xy:xe F(Pv),ye€ F(Ps,x)}.
Cram A: |E| > n?/50.

Proof of Claim A. By Lemma |F(P,v)] > % and, for each z € F(P,v), |F(P,,z)| > 2.
Thus, |E| > (2)?/2. a

10



CraIM B: Each e € FE is a booster.

Proof of Claim B. For each e € E, G + e contains a cycle with vertex set V(P), C,. say. If
V(P) = V(G), G + e is thus Hamiltonian. If not, then, as G is connected, there is some
w € V(G)\ V(P) and z € V(P) with wz € E(G), so that C. + wz has a path with vertex set
V(P)U{w}. Thus, {(G +e) > (C. + wz) > U(G). O O

Lemma 17. If Gy is a (2, %)-expander with V(Go) = [n], and G = G(n,122), then Gy UG is

almost surely Hamiltonian.

Proof. Let m = 10n and p = 17%\0. Let G; ~ G(n,p), 1 <1i < m, be independent. By Proposi-
tion [3]
P(Go U G is Hamiltonian) > P( U}, G; is Hamiltonian).

For each 1 < i < m, let

X, = 1 G; contgins a booster for U;;%) Gj,
0 otherwise.

OBSERVE: y . X; >n = UG, is Hamiltonian.

For each 1 < i < m, U;;BG.j is a (2, ¥ )-expander as it contains Go. Thus, by Lemma

U;;%)Gj has at least n?/50 boosters, and hence

P(X;=0)<(1-p)" /P <e?<

N =

Thus, (Z;Zl(Xj — %)) is a submartingale, with differences at most 1. By Theorem
i=1

P, (X —3) < —n) < exp(fQ”Ti) = o(1). Thus, almost surely, ™" X; > m/2 —n >n and

hence U7 (G is Hamiltonian. O

To apply this we need to find large expanding subgraphs almost surely in G(n, %) The
expansion will follow from a few simple principles:

e Typically, there are few vertices with small degree.
e Vertices of small degree are mostly spaced apart.

e For sets U of non-small degree vertices, U U N (U) contains many edges, so typically must
be much bigger than U.

Definition. For any A C V(G), let eq(A) = e(G[A)]).

Definition. Let S C V(G). An S-path in G is a path with length at most 4 between two
vertices in S. An S-cycle is a cycle with length at most 4 containing some vertex in S.

Lemma 18. Let m,D > 4 be integers. Let G be an n-vertex graph and S = {v : d(v) < D}.
Let x be the number of vertices in G with degree at most 1. Let y be the number of S-paths and
S-cycles. Suppose that the following hold.

(1) x4+ 7y <n/5 and y < m.
(2) Every set A C V(G) with |A| = m satisfies |N(A)| > 4n/5.

11



(8) There are no sets A C V(G) with |A| < 10m and eg(A) > D|A|/100.
Then, G contains a (2,n/5)-expander with at least n — x — Ty vertices.

Proof. Let By be the set of vertices with degree at most 1 in G or vertices in an S-path or
S-cycle. Note that |By| < x4 5y and |Bp \ S| < 3y. Let By C V(G) \ (Bp U S) be a largest set
subject to either By = 0 or |B;| <y and eg((By U B1) \ S) > D|B1]/2.

Claim A. |B;| <y.

Proof of Claim A. Suppose to the contrary that |Bi| =y. Then, as | By \ S| < 3y,
eq((BoyUB1)\ S) > D|B1]/2 > D|(ByU By) \ S|/8.

But, as |[(Bo U B1) \ S| < 4y < 10m, this contradicts O

Let B = N(B1) N S. Each vertex in Bj is not in By, so has at most one neighbour in S.
Thus, |Bs| < |B1]| <y. Let H=G — (ByU By U By), and note that |[H| > n —xz — 7y.

Claim B. For each v € V(H)\ S, |[Ng(v) \ S| > D/4.

Proof of Claim B. Asv ¢ S, dg(v) > D. As v ¢ By, v can have at most 1 neighbour in S. If
|[Ng(v) N (Bo U By)| > D/2, then eg((Bo U By U {v})\ S) > D(|B1]| + 1)/2, contradicting the
choice of B;. Thus, |[Ng(v)\ S| >D—1—-D/2> D/4. O

Claim C. H is a (2,n/5)-expander.

Proof of Claim C. Let U C V(H) with 0 < |U| < n/5. If |U| > m, then, picking a set U’ C U
with [U’| = m and considering N (U’), we have, using [(1)] and

INa(U)| = 4n/5 — (|G| — [H|) = [U| = 2|U[ + (n/5 — 2 = Ty) > 2|U].

Suppose then that |[U| < m. Let Uy = U NS and Uy = U\ S. Each vertex in U; C S has no
neighbours in S, else we removed it. If a vertex in U; C S has a neighbour in G on an S-path or
S-cycle, or a neighbour in S\ {v} or N(S\ {v}), then v is on an S-path or S-cycle, and so is in
By, a contradiction. Thus, every vertex in Uy has non neighbours in V/(G)\ V(H). Furthermore,
no two neighbours in U; share any neighbours, as the vertices would then have been in By. Thus,
|Nu (Ur) \ S| = 2|U4].

Furthermore, by Claim B, e((Uz U Ny (Usz)) \ S) > D|Us|/8, and therefore, by (and as
|Us| < m), |(UzUNg(Usz))\ S| > 10|Uz|. Now, each vertex v € Us has at most one neighbour in
Ny (Uy), for otherwise v is in an S-path or S-cycle. Thus, |[Ng(U1) N Ny (Us)| < |Us|. Thus,

INu (U)| = [Ng (U)\S|=|Us|+ Ny (U2)\S|= |Ng (Ur) NNy (Uz)| = 2|UL[+7|Uz| 2 2|U]. O O

Proposition 19. Let C be a sufficiently large constant, G = G(n,C/n) and S = {v : d(v) <
C/100}. Then, almost surely, we have the following properties.
a) There are at most (14 oc(1))Ce~%n vertices with degree at most 1.

—3C/2

b) There are at most e n S-paths and S-cycles.
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Proof. For illustration, we will show that the expected number of such vertices or paths and
cycles satisfy a) and b), and leave their proofs by the second moment method to an exercise.

a) Let p = C/n and let X be the number of vertices with degree at most 1. Then,

EX =n-((1-p)" '+ —1p(l—p)"%) = (1+oL)pn(l - p)" = (1+o(1))Ce “n.

b) Let Y be the number of cycles with length at most 4. Then,
4
EY < anpk <20*,
k=3

By Markov’s inequality, we have P(Y > logn) = o(1).
Let 6 = 1/100 and let Z be the number of S-paths. Then,

4 26C m 4 4
EZ < an+1pé . (Z ( . )pz(l _p)2n—5—z>
=1

=0

20C 9 )
< dnC*. Z( e?”‘p) o—2om(1=0(1))

. 1
=0

< 86nC" - (%)250 e—2C(1—o(1))

25C
< 5 (¢ —2C(1-0(1))
< nC (5) ‘
<n-C%exp(—2(1 — o(1) — 201og(e/8))C) = oc(e3¢/2) . n.
Ezercise. Using the second moment method, prove a) and b). O

Proposition 20. Let p = C/n with C sufficiently large and C < 2logn. Let G = G(n,p) and
m = n/10%6. Then, almost surely, we have the following properties.

a) Every subset A C V(G) with |A| = m satisfies |[N(A)| > 4n/5.
b) There is no set A C V(G) with |A| < 10m and eq(A) > C|A|/107.
Proof. a) follows directly from Proposition

b) Let 6 = 10~7. For each 1 <t < 10m, let p; be the probability there is no set A C V(G)
with |A| =t and eg(A) > 6C|A|. Then,

n\ (t*/2\ scq
<
be= <t> (wt)p
6C't
en\t [ etp
< (= 1
<(7) (5¢)
_ egtpn t etfp 6Ct—t
— \ 26Ct 20C
- 2\ / et 6Ct7t< 31\ 92
“\20/) \26n = \462n '

If t < /n, then, as §Ct > 10, p; = o(n~1). If t > \/n, then, as e3t/45°n < 3/4, p, = O((3/4)")
o(n=1). Thus, b) holds with probability at least 1 — ;7 p; = 1 — o(1).

O
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Theorem 21. G(n, £) almost surely has a cycle with at least (1 — e~ (1= vertices.

Proof. Let A\ = C' — 1000 and G = G(n, A/n). We will show that, almost surely, G contains a
(2,n/5)-expander on at least e~ (17°c(1)Cn vertices. The result will then follow by Lemma
and Proposition [3]

Let S = {v:d(v) < A\/100}, X = [{v: d(v) < 1}| and let Y be the number of S-paths and
S-cycles. Almost surely, by Proposition |19, X +7Y < (1+0(1))Ae™*n < e~ (1=0c(M)Cp - Almost
surely, a) and b) in 20/ hold in G' with C replaced by A. Then, by Lemma [18| with m = n/10'°
and D = \/100, G is a (2,n/5)-expander. O

We can also use Lemma [17| to find a (very) sharp threshold for the appearance of Hamilton
cycles in the binomial random graph, for which we need the following.

Proposition 22. Let logn < A < 2logn, G = G(n,\/n) and S = {v : d(v) < A/100}. Then,
almost surely, G has no S-paths or S-cycles.

Proof. Let § =1/100 and p = A/n. Let X be the number of S-paths. Then,

26\

s () E (o

20\
< 3n%pA? - (26A + 1) (Qe”p ) o~ (2+o(1)np

26\
< (nlog* n) - exp(206Alog(1/8) — (24 o(1))\) = o(1).

Then, almost surely, there are no paths with length at most 4 and endpoints in S.

Let Y be the number of S-cycles. Then, similarly,

3 oA
—3\ . )
EY < . k+1 Kk n i1 — n—3—1
<n k§:2p n E . )P(1=p)

SA
<2 (AL 1) (Gg’) ~(Io()np < )5 (g) e~ (oM — 4(1).

Thus, almost surely, there are no such cycles in G. O

This gives the following theorem, due originally to Bollobds [5] and Komlés and Szemerédi [1§].

Theorem 23. Ifp = & "'Hogilog nte®) then G(n, p) is almost surely Hamiltonian.

Proof. Let ¢ =p—1000/n and G = G(n,q). By Lemma [17] and Proposition |3} it is sufficient to
show that G is almost surely a (2,n/5)-expander.

Note that g = ‘egntlos log ntw@  Thus, by Lemma 5(G) > 2 almost surely. Let 6 = 107°

=n/10' and S = {v: d( ) < (5qn} Almost surely, by Proposition any subset A C V(G)
Wlth |A] = m satisfies |[N(A4)| > 4n/5 and there is no set A C V(G) with |A| < 10m and
ec(A) > 0gn/100. Almost surely, by Proposition there are no cycles with a vertex in S or
paths with length at most 4 between vertices in S. Thus, by Lemma [I§ with m and D = dgn,
G is a (2,n/5)-expander, as required. O

14



4.5 Long paths in G(n, %) V: Conditional existence of boosters

We will improve on Theorem to give our final result on long cycles in G(n, %) using a
conditioning argument by Lee and Sudakov [21].

Given any fixed (2, ¥ )-expander H C K,,, H has many boosters, so that it is very likely one
of them will appear in G = G(n, p). Typically there are many such graphs H which will appear
in G, but by restricting such graphs further we can find a large set of (2, % )-expanders in G
which all have boosters in G. The graphs H being sparse in comparison to G is sufficient for
this to hold, as follows.

Lemma 24. Let p > 1/n and G = G(n,p). Almost surely, any (2, %)-expander H C G with
e(H) < pn?/10* has a booster in G.

Proof. Let § = 10=%. Let H be the set of (2,n/5)-expander graphs H with V(H) C [n] and
e(H) < §pn?. For each H € H, let By be the set of boosters in H which are not in E(H), so
that, by Lemma [10]

|Br| > n?/50 — §pn? > n?/100.

For each H € H, By contains no edges in H, so that
P(By N E(G) =0|H C G) =P(By NE(G) = 0) = (1 —p)/Brl < gpn?/100,
Let g be the probability that, for some H € H, H C G and e(G) N By = 0. Then,

g< Y P(HCG)ABaNEG) =0)= > PByNEG)=0HCG) PHCG).
HeH HeH

Therefore,

P(3H € H with H C G and By NE(G) =0) < Y P((H C G) A (Bu N E(G) = 0))

HeH

=Y P(BuNE(G)=0HCG) PHCQG)
HeH

< gmPn?/100 3 P(H C G)

HCK,,e(H)<5pn?
< —Pn*/100 (sznz (”2>pt
- imo \ 1
< —Pn*/100 %2 (e”2p>t
B t=0 t

Fy 2
< o—Pn?/100 2 (E) o

4]
< n?-exp((—1/100 4 §log(e/8))pn?)
< n? - exp(—pn?/1000) = o(1). O

Corollary 25. Let p > 10°/n and G = G(n,p). Almost surely, for any (2, %)-expander H C G
with e(H) < 5pn?/10°, G[V (H)] is Hamiltonian.
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Proof. Let § = 5/10%. Almost surely, G has the property from Lemma Let then H C G be
a (2, %)-expander with e(H) < dpn®. Let Hy = H and let £ < n be the largest integer for which
there is a sequence Hy C Hy C ... C Hy C G such that, for each 1 < ¢ < ¢, H; is formed by
adding a booster to H;_1.

Now, e(Hy) < 6pn? + £ < pn?/10* and Hy is a (2,n/5)-expander, so that, by the property
from Lemma H; has a booster in G. Thus, by the choice of ¢, we must have ¢/ = n. Thus,
Hy, and hence G[V (H)], is Hamiltonian. O

We can now prove two essentially best possible results about long cycles in G(n,C/n) and
Hamiltonicity in G(n,p). The first of these was originally proved by Frieze [14], and the second
by Ajtai, Komlés and Szemerédi [2].

Theorem 26. For any sufficiently large constant C, G(n,C/n) almost surely has a cycle on at
least (1 — (1 + 0o (1))Ce=)n vertices.

Theorem 27. If p = leentloglognten pg 0 c R then

n

0 if ¢ = —00
P(G(n,p) is Hamiltonian) — { e~ ¢ ifc, = ¢
1 if ¢, — 00.

These results follow from the following theorem.

Theorem 28. There exists some sufficiently large Cy such that the following holds for any
Co < XA <2logn. Let G = G(n,A\/n), X = {v:d(v) <1}, S = {v:d(v) < A/100} and let
Y be the number of S-paths and S-cycles in G. Then, almost surely, G has a cycle on at least
n — X — 7Y wvertices.

Proof. Almost surely, by Corollary for any (2,n/5)-expander subgraph H C G with e(H) <
5An /105, G[V(H)] is Hamiltonian. Let m = n/10'6. Almost surely, by Proposition the
following holds.

a) There are no sets A C V(G) with |A| < 10m and eg(A) > A A|/107.

Form Gy C G, a graph with vertex set V(G) by, for each v € V(G)\ S, adding min{d(v), \/10°}
edges adjacent to v. Note that e(Go) < An/10°.

Let G1 C G be a subset of G with each edge chosen independently at random with probability
1/10°. Noting that G; ~ G(n,\/10°n), by Lemma [12] we almost surely have e(G1) < An/10°
and, by Proposition we almost surely have the following.

b) For all A C V(G) with |A| =m, |[N(A4)| > 4n/5.

Now, Go U G; C G has X vertices with degree at most 1 and, letting S’ = {v : dev(v) <
A/107} C S, at most Y S’-paths and S’-cycles, and a) and b) hold. Thus, by Lemma
there is some (2,n/5)-expander H C Go U G on at least n — X — 7Y vertices. Hence, as
e(H) < e(GoUG1) < 5)0/10%, G[V(H)] is Hamiltonian. Le., G contains a cycle with at least
n — X — 7Y vertices. O

Theorem [26| follows from Proposition [19| and Theorem
Ezercise. Prove Theorem [27| by studying P(6(G(n,p)) > 2).
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4.6 Hamiltonicity in the random graph process

Let Gy be the empty graph with vertex set [n] and create the following sequence of random

graphs Go C G; C ... C G(§)7 where, for each 1 < M < (72’), Gy is formed from Gy by,

uniformly at random, adding a non-edge. We call {Gps} a0 the random graph process. Our
aim here is to show that, almost surely, the very edge we add in this process which gives the
graph minimum degree 2 also creates the first Hamilton cycle. That is, the hitting time for
Hamiltonicity and the hitting time for minimum degree at least 2 almost surely coincide.

Definition. Let G, as be the random graph with vertex set [n] and M edges, with all such
graphs equally likely.

Definition. Say an event holds in almost every (a.e.) random graph process if the event holds
almost surely in the random graph process.

Switching between graph models. Note that in the n-vertex random graph process {G s} ar>0
each Gy is distributed as G, pr. Often G(n,p) is easier to work with due to the independence
between edges. Fortunately, the random graph G, ps with M = p(g) edges is closely related to
G(n,p). For example G(n,p) almost surely has around p(g) edges, as follows.

Proposition 29. Let p > 10/n satisfy p = o(1). Then, almost surely, —n < e(G) — p(3) < n.

Proof. Let M = p(%) and e = n/M = 2/(n— 1)p < 1, so that e?M = n%/M = Q(1/p) = w(1).
By Lemma [[2] with &, we have

P(le(G) — M| < n) < 2exp(—e2M/3) = o(1). O
This allows us to move simply between models, as follows.
Proposition 30. If P is a graph property, then the following hold.

a) Let p > 10/n satisfy p = o(1). Suppose P almost surely contains G(n,p). Then, there is
some M with p(y) —n < M < p(3) +n for which, almost surely, G, ar € P.

b) Suppose that in almost every graph process, every graph has property P. Then, for any
p = p(n), G(n,p) is almost surely in P.

Proof. a) Let M = {M : p(}) —n < M < p(3) +n}. Let ¢ > 0 and let n be sufficiently large
that P(G(n,p) € P) > 1 — /2 and, using Proposition 29 that P(e(G(n,p)) € M) > 1 —¢/2.
Then,

P(e(G(n,p) € MAG(n,p) € P)) >1—c¢,

so that

Z P(Gn o € P)-Ple(G(n,p)) = M) =P(e(G(n,p)) € MAG(n,p) € P) > 1—c¢.
MeM

Thus, for some M € M, P(Gppr € P) > 1—c¢.

b) For each € > 0, we must have, for sufficiently large n, that P(Gy,,» € P) > 1 — ¢ for each
0 < M < (). Thus, for any p,

P(G(n,p) € P) = P(G(n,p) = M)-P(Gn,m € P) > P(G(n,p)=M)-(1—-¢)=1-¢c. O
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We will show the following theorem, which was originally proved by Bollobds [6]

Theorem 31. In almost every random graph process, for each 0 < M < (g), 6(Gu) > 2 =
G is Hamiltonian.

Thus, we have by Proposition ) applied with P = {G : §(G) > 2 = G is Hamiltonian},
we have the following.

Corollary 32. For any p = p(n), we have
P(G(n,p) is Hamiltonian) = P(5(G(n,p)) > 2) + o(1).

Before we prove Theorem we will record a couple of useful propositions, the first giving
a simple bound on the likely maximum degree.

Proposition 33. If p <2logn/n, then, almost surely, A(G(n,p)) < 10logn.

Proof. Let X be the number of vertices with degree more than 10logn. Then,

n enp 10logn
PIX>1)<EX<n- 10logn . <. 10logn _ 1). O
K== =" (H)logn)p =0 10logn <n-(e/5) o(1)

Proposition 34. Almost surely, G = G(n, (1 — ﬁ)k’%) satisfies the following properties with

S={v:dw) < hi%l} and m = n/101°.

Al 6(G)<1
A2 There is no set A C V(G) with |A] < 10m and eg(A) > |A|logn/107.

A3 Every subset A C V(G) with |A| = m satisfies [IN(A)| > 4n/5.
A4 There are no S-paths or S-cycles.
A5 |S| < nt/t

Proof. follows from Lemma and restate part of Proposition 20, while restates
Proposition 22
Proof of [AB} Let X = |S| and 6 = 1/100. Then,

dlogn dlogn
n i )= 1—i enp —(1—o0(1))pn.
< <
Ex_n;)(i)p n (F )
< n~logn- (6/5)élogne—(1 6— o(l))logn — 0(n1/4).
Thus, by Markov’s inequality, P(X < n'/4) = o(n™1). O

When combined with Proposition ), this gives the following corollary.

1_ 1 nlogn

Corollary 35. There exists some My = My(n such that in almost every

n-vertex random graph process {G s }rr>0, G, satzsﬁes ﬁ

We can now prove Theorem using a method from the work of Krivelevich, Lubetzky and
Sudakov [20].
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Proof of Theorem[31. Let {Gar}ar>0 be the n-vertex random graph process, and, for each M,
let eps be the edge added to Gp—1 to create Gps. Let § = 1/200, and take My < (1 — 5)"10%
from Corollary Let M, = "10% and My = (1+ 5)"10%.

Reveal edges €1, ea,...,en,. By the choice of My, almost surely, hold in Gjy,. Let
S ={v:dg,, (v) < 82}

Now, let Hpr, = Gag,. For each My < i < My, reveal whether e; contains a vertex in S or
not.

e If it does, let X s = 0, reveal eps (i.e., its exact location) and let Hyy = Hpr—1 + epr.
e If it does not, let X3y =1 and Hy; = Hpr_ 1.

When finished, let T = {M : My < M < My, Xy = 1}.

Claim A. Almost surely, |I| > dnlogn/4.

Proof of Claim A. As, by |S] < n'/4 we have, for each M, My < M < M,

E(Xar|Xatg, - Xnr—1) > (1 - (;L)—S(|J\/.7—1)> > 2

Thus, (ZZM:MOH(XM — 3/4))i]\ilMo+1 is a submartingale. By Theorem then, for ¢ =

dlogn/8,

M, t2
P 3 < -] <o ()

M=Muy+1

so that, as |I| = Z%IZMOH Xy and My — M, > olosn

onlogn
4

P <|1| < = o(1). O

We know the edges ey, M € I, lie within [n] \ S, but nothing further about their location,
other than they are not in Hyy,.
Claim B. Almost surely, for each My < M < M,, the following event Fj; holds.

Epy o There are no S-paths or S-cycles in Hyy.

Proof of Claim B. Note that we know FEjy, holds by If Epr—q holds then, for Ej; not to
hold eps must lie within Sps := SUNp,,_,(S)UNm,, , (Nu,,_,(S)). If, in addition, A(Hpr—1) <

10log n, then, by
1Sa| < 2(10log n)?[S| = o(n'/?).

Thus, letting Ea; be the event that Fy, fails,
2

_ n2/3
P(Erm|Env-1 A (A(Hp-1) < 10logn)) = o <(”)—M) = o(n™"?).

Now,

P(Ey for some Mg < M < Mo)
< P(A(Hz,) > 10logn) + P((Eyy for some Mg < M < M) A (A(Hyy,) < 10logn)).
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By Propositions [33] and 30p), P(A(Hys,) > 10logn) < P(A(Gn,ar,) > 10logn) = o(1). There-
fore,

P(Ey; for some My < M < M>)
M
<o)+ Y P(EmAEy_1A(A(Hy,)<10logn))
M=DMgy+1
Mo
<o(1)+ Y. P(EmAEy_1A(A(Hy-1)<10logn))
M=My+1
Mo
<o(1)+ Y. P(Em|Er—1A(A(Hpy—1)<10logn))
M=My+1
< o(1) + My -n~43 < o(1) + (nlogn) - n~ %3 = o(1). O

Note that, for each My < M < My, 6(Hpr) > 2 exactly when 6(Gpr) > 2. Thus, by Lemma
and Proposition we almost surely have 6(Hyz,) > 2. Let N be the smallest N < My such
that 6(Hy) > 2. By N > My, so that Gy is the first graph in the sequence {Gs}ar>0 with
minimum degree 2. Let Lo = Hy. By Claim B and Lemma and as §(Lg) > 2, Lo
is a (2,n/5)-expander.

Let m = |I| > dnlogn/4 (by Claim A) and label I = {j; : i € [m]} so that j1 < ... < jn.
For each 1 < M <m, let Ly; = Lo + (Zf\il ej,). For each 1 < M < m, let Yas be the indicator
function for the event that e;,, is a booster for Lys_;.

For each 1 < M < m, As Ly, and thus Lp;_1, is a (2, %)—expanden by Lemma the number
of boosters for Lys—; within [n]\ S but not in E(Lys—1) is at least g—; —n-|S|— M >n?/100.
Thus, for each 1 < M < m,

n? n 1
E(Yy|Yi, ... Y1) > [ — > .
(Yar¥1, ’M1)<1OO>/<2>50

By applying Theoremto the submartingale (>4,_, (Yar —1/50)),, we have that, almost
surely, > 4;_; Yar > m/100 > n. Thus, L,, is formed from Ly by adding iteratively n boosters
(and some other edges), and thus is Hamiltonian. Therefore, Gy = L,,, the first graph in the
sequence with minimum degree 2 is Hamiltonian. O

5 Random Directed Graphs

Orienting the edges of a graph can often create an interesting new problem. For example, giving
each edge uv = {u,v} an orientation and looking for a long directed cycle — where the edges
have the same direction around the cycle — nullifies our previous approach using Pésa rotation,
as rotation does not maintain a directed path.

Definition. An oriented graph D has vertex set V(D) and a set E(D) C {ub : u,v € V(D),u #
v} of directed edges, where at most one of uv and vt are in E(D).

Definition. A directed graph (digraph) D has vertex set V(D) and a set E(D) C {ub : u,v €
V(D),u # v} of directed edges, where u® and vt may both be in E(D).

We will work in random digraphs, though in practice we will typically have few u,v € V(D)
with wb, vit € E(D)
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Definition. Let D(n,p) be a random digraph with vertex set [n], where each of the possible
n(n — 1) edges occurs independently at random with probability p.

An elegant coupling argument of McDiarmid [22] allows us to give a good bound on the
appearance of oriented subgraphs in D(n,p), if we have a good bound on the appearence of the
underlying subgraph in G(n, p).

Theorem 36. Let F' be a digraph created from a graph H by orienting edges. Then, for any
n €N and p € (0,1),
P(D(n,p) contains a copy of F) > P(G(n,p) contains a copy of H).

Proof. We will interpolate between Dy ~ G(n,p) and Dy ~ D(n,p), with N = (}), using a

sequence of random digraphs Dy, D1, ..., Dy defined as follows using an arbitrary enumeration
e1,...,en of the edges of K,,, with e; = {v;, w;}.
For each 0 <14 < N, let D; be the random digraph where, for each j € [N],

e if j <4, then v;©; and wjv; are included independently of each other with probability p,
and

e if j > i, then v;W; and wjv; are included together with probability p, and otherwise
omitted.

Note that Dy ~ D(n,p), and Dy can be formed by replacing each uv € E(G(n,p)) with b and
vti. Considering the latter, in such a coupling any copy of H in G(n,p) corresponds to some
copy of F'in Dgy. Thus, using C to denote ‘contains a copy of’,

P(F € Do) = P(H C G(n,p)).

Now, let i € [N] and note that D; and D,_; differ only on {v;w;, w;v;}. Let D; = D; —
{vi;, wiv;} = Di—1 — {vW;, wiv; }.
EITHER a) F C D;, so that P(F C D;|D;) = P(F C D;_1|D;) = 1.
OR b) F € D;, but there is some e € {v;W;, wiv;} such that F C D; + e, so that

P(F C D;|D;) > p=P(F C D;_1|D;).
OR C) F g Dz + {’Ui_ﬁ)i, w{'vi}, so that ]P(F g D1|DZ) = P(F g D'L—l‘Dl) =0.

Note that in this division we have used that no copy of F' contains both v;w; and w;v;.

Thus, in each case R ~

P(F € Di|D;) 2 P(F G Di—1|D;),

so that P(F g Dl) > P(F g Difl).

Therefore,

P(F C Din,p) = P(F € Dy) 2 B(F < Do) = P(H € G(n,p). 0

Remark. Nothing of the specific structure of graphs is used in the proof of Theorem [36] We
equally could have proved the following

Theorem . Let [n], and ([n] % [2]), be subsets of [n] and [n] x [2] with each element chosen
independently at random with probability p. Let m : [n] x [2] — [n] be the projection onto the first
co-ordinate. Let A C P([n]) and let B C P([n] x [2]) be such that for all B € B and x € [n],
{z} x [2] ¢ B, and A C w(B). Then,

PABeB:BC ([n]x[2]),) >PEAc A: AC [n]p).
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Definition. A digraph D with n vertices is Hamiltonian if it contains a spanning directed cycle
(i.e. one with vertex set V(D)).

Combining Theorem [36] and Theorem [23] gives the following.

Corollary 37. Ifp = log nHOgiLOg ntw(l) , then D(n,p) is almost surely Hamiltonian.
Note. Corollary [37| was subsequently improved by Frieze [15].

Corollary 38. For each constant C' > 0, D(n, %) almost surely contains a directed cycle with
at least (1 — (1 + oc(1))Ce%)n vertices.

Are these corollaries best possible? Note that the best degree condition that holds in every
Hamiltonian digraph D is that 6+ (D) > 1.

Ezercise. Show, for each v € [n], if p = w, D = D(n,p), G = G(n,p) and j € {+,-},
then _
P(dp(v) > 1) =P(dg(v) > 1) =1 —-o(n"),

so that
P(6F(D)>1)>1—-2n-0o(n"t) =1—-o0(1).
Ezercise™. Show that if p = %, then D(n,p) is almost surely Hamiltonian.

Ezercise**. Show that D(n, ) almost surely contains a directed cycle with at least (1 — (1 +
oc(1))e=%)n vertices.

6 The chromatic number of dense random graphs

One simple restriction on x(G), the chromatic number of G, follows from the size of the largest
independent set, a(G). That is, as «(G) is an upper bound on the size of any colour class,
X(G) = |G]/a(G).

Lemma 39. Let p € (0,1) be constant, and b = ﬁ. Then, almost surely a(G(n,p)) <
[21og, n].

Proof. Let k = [2log,n] and let X be the number of independent sets with size k. Then,

pex > 0) <BX = () a-pit) < (W)k < (k(l)/) — o).

-p

O

1

Corollary 40. Let p € (0,1) be constant, and b = - Then, almost surely, x(G(n,p)) >

2 107;1, n’

Idea. 1f we iteratively remove maximal independent sets, we can (almost surely) find a colouring

with (1 + o(l))#gbn colours.
To show such large independent sets exist, we will use the following definition and theorem.

Definition. For any graphs G and H, G N H is the graph with vertex set V(G) N V(H) and

edge set E(G) N E(H).

We will use the following version of Janson’s inequality, which, for example, follows directly
from Theorems 8.1.1 and 8.1.2 in [3].
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Theorem 41. (Janson’s inequality) Let p € (0,1) and let {H;}icx be a family of subgraphs of
the complete graph on the vertex set [n]. For each i € Z, let X; denote the indicator random
variable for the event that H; C G(n,p) and, for each ordered pair (i,j) € T x I, with i # j,
write H; ~ H; if E(H;) N E(H;) # 0. Then, for

X:ZXZ, ILL:EX:ZPE(HJ’

i€T ieT
5= 3 E[X,X,] = 3 peUH)Fe(Hy)—e(HinH;)

(4,j)€TXT,H;~H,; (4,j)€IXT,H;~H;

and any 0 < v < 1, we have -

PX < (1 —7)y] < e 2t

6.1 Diversion: Upper and lower tails

Let 10% < p<n~2/3 and let X be the number of copies of Cy in G(n,p). Let H;, i € T, be the
copies of Cy in K,, and H some specific such copy of Cy in K,. Note that if H; ~ H then H;
must share either 1 or 2 edges with H. Using the notation in Theorem we have p = 3(2)]94
and, by symmetry,

n _e(H, _ -
5= 3( 4) > PP = ppt 0(nPp T np~?) = pO(PpP+np?) = p-0O(n’p®) = O(p).
i€Zl:H;~H

Thus, by Theorem 1] we have, for each v € (0, 1), that
P(X < (1—7)u) < e 207, (2)
That is, the lower tail of the distribution of X is exponentially small in p.

The upper tail is harder to analyse (but has been done by Vu [27]), and does not decrease as
fast. To see this, keeping the same notation, let A = 2¢/jx = o(n) and pick disjoint sets A, B C [n]
with |A| = |B| = A. The complete bipartite graph with vertex sets A and B, K,[A, B], contains
A\*/4 = 4y copies of Cy. Thus,

P(X > 4p) > P(K,[A, B] € G(n,p)) = p* = ™ VIos/P) = ¢=ol),

where we have used that p > logn/n. Thus, cannot hold for the upper tail.

6.2 The chromatic number of G(n,p).

Lemma 42. Let p € (0,1) be constant and b = ﬁ. Let k € N satisfy k = 2logyn —

w((loglogn)?). Then, with probability at least 1 — exp(—w(n log® n), G(n,p) has an indepen-
dent set with size k.

Proof. First note that
n
o = exp(u((loglog n)?)) = w(iog!*n),
and that we can assume that k = w(logn/loglogn). Let H;, i € Z, be the independent k-sets
in K, say H is one, and let us use the notation in Theorem Then,

—1

PN
= (Z)(l —p)®) > (Mlkp)> = w(log™ n) = w(nlog®n). )
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Furthermore,

Spte—-
n
=2
2k2 k—1 )
2
=pu - — -0 10 = 4
o 2 (z = (e n
Thus, by . . and Theorem. we have P(X =0) <e —w(nlog®n), O

Theorem 43. Let p € (0,1) be constant and b = 1ip. Almost surely,

n

x(G(n,p)) = (1 +0(1)) - (5)

2log, n’

Note. This theorem was first proved by Bollobas, using a different technique as the result
predated Theorem

Proof of Theorem[f3. Let £ = n/log?n and k = 2log, n — (loglogn)® = 2log, £ —w((loglog £)?).
By Lemma |42} the probability there is some set with size £ in G = G(n, p) with no independent
set with size k is at most

2" . exp(—w(llog® £)) = o(1).

Then, iteratively remove maximal independent sets until fewer than ¢ vertices remain. This gives
a colouring using at most

n n
—+/=(1 1) -
k + (1+0(1)) 2log, n
colours. When combined with Corollary this gives . O

7 Squared Hamilton cycles in random graphs

Definition. The kth power of a graph H, H* is the graph with vertex set V (H) and edge set
E(H) = {uwv : dg(u,v) < k}, where dg(u,v) is the length of a shortest u,v-path in H if one
exists.

It is known (as follows from a general theorem of Riordan [25]) that, for all k > 3, if p =
w(n~Y/*), then, almost surely, C¥ C G(n,p). We expect 22 - p*" copies of C2 in G(n,p), so the
threshold for C2 C G(n,p) must be at least n~1/2. This is its conjectured value, which remains

open, while the best current bound is due to Nenadov and Skori¢ [23]. Using improved path
connection techniques, we will show the following.

Theorem 44. [fp=w (logi "), then G(n,p) almost surely contains a squared Hamilton cycle.
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7.1 Overview of the proof of Theorem

We will prove Theorem [44] using absorption and path connection techniques. Absorption was
introduced as a general concept by Rodl, Ruciniski and Szemerédi [26]. We will build up the
squared path, initially with a special structure that allows us to absorb vertices to lengthen the
path without altering its endpoints, as specified by the following definition.

Definition. A squared (a,b, ¢, d)-path P C G is an absorber for a vertex set X C V(G) \ V(P)
in G if, for any X’ C X there is a squared (a, b, ¢, d)-path in G with vertex set V(P)U X'.

The set X is known as the reservoir. Using vertices from the reservoir we can then complete
the squared cycle while covering all the unused vertices not in the reservoir. The unused vertices
in the reservoir are then absorbed into the cycle to complete the squared Hamilton cycle.

We will seperate the absorbing and covering stage into the following two lemmas.
logn

NG

and a squared path P with V(P) C V(G)\ X which is an absorber for X in G.

Lemma 45. Letp = w ( ) Almost surely, G = G(n,p) contains a set X with size at least

_n
100 log? n
For the second lemma, we use the following definition.

Definition. Let u,v,z,y € [n] be distinct vertices. We say a graph P is a (u, v, , y)-connector
with length k + 3, if we can label its vertices as {u,v,ws,...,wg, z,y} so that P is the square
of the path uvw; ...wgxry with the edges uv and xy removed. We call wy, ..., wy the interior
vertices of P.

Lemma 46. Let X C [n] satisfy | X| > n/1001log® n, and let a,b,c,d € [n]\ X be distinct. If

p=w (@) , then, almost surely, G(n,p) contains an (a,b, ¢, d)-connector that covers [n] \ X.

Proof of Theorem [} Reveal edges in G within [n] with probability p/2. Almost surely, by
Lemma G contains a set X with size at least {55e—r and a squared path P with V(P) C
V(G) \ X which is an absorber for X in G. Say P is a squared (a, b, ¢, d)-path.

Reveal more edges in G with probability p/2. By Lemma[46] G — (V(P)\{a,b,c,d}) contains
a (b, a, d, ¢)-connector, @ say, which covers [n]\ (V(P)UX). Let X' = X\ V(Q), and let P’ be a
squared (a, b, ¢, d)-path with vertex set V(P)UX' (which exists by the definition of an absorber).
Combining @ and P’ gives a squared Hamilton cycle. O

For both the proof of Lemma [45] and Lemma [46] we will find connectors.

7.2 Finding connectors

We wish to find connectors with length around logn between Q(n/logn) many distinct pairs of
vertex pairs. We will show that some connector is very likely to exist using Janson’s inequality.

Lemma 47. Let { = n/10 and let u;,v;,z;,y;, © € [€], be distinct vertices in [n]. Let p =
w <1°g"), G = G(n,p) and k = logn. Then, with probability at least 1 — e~<("1987)  there

N
is for some i € [{] a (u;,v;,24,y;)-connector in G with length k + 3 and interior vertices in

V= [n] \ {uivviaxiayi 1€ [6]}
logzn

Vvn
length &k + 3 and interior vertices in V. Let U = {u1,v1,21,41}. Let H be the set of copies of P

Proof. Note that we can assume that p = of ). Let P be a (u1,v1,x1,y1)-connector with
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in K,, with interior vertices in V making a (u;, v;, x;, y;)-connector for some i € [(]. Note that

k
nFL > 1 = VIV -1 . (V] —k+1) >0 V]F <1 - i) = Q(nFth). (6)

We will use Theorem 41| to bound the probability no graph in H appears in G(n,p). Let X
be the number of graphs in # appearing in G(n,p) and let y = EX. Then, by (0),

p=Q(H]-p?")) = QM) = Q(p - (np?)* ) = w(nlogn). (7)
For each H,H' € H, write H ~ H' if e(H N H) > 0, and let
5= Z pe(H)+e(H’)—e(HﬁH’) _ |xH| Z er(P)—e(HﬁP),
HH eH:H~H HeH:H~P

where we have used symmetry.
Using some subsequent claims, we will show that § = o (n{(‘:gn> Whence, with and
Theorem the claim in the lemma will follow.

In order to bound §, we divide into cases depending on whether H € H with H ~ P is a
(u1,v1, 21, y1)-connector (and so, like P, contains U) or not. For this, let

J={PNH:HeH,e(PNH)>0,UNV(J) =0}

and
Jo={PNH:HeHH,e(PNH)>0UCV(J)}

First we shall calculate, for each possible intersection J, a bound on how many graphs in H
intersect with P in J.

Claim A1l. Foreach J € Jy, {H € H: HNP = J}| < 4kl/I-1pk+1=1J1,

Proof of Claim A1. To choose H € H with H N P = J, we can choose where the copy of J
appears in H, choose i € [¢] (¢ < n choices), and then choose the remaining vertices in H (at
most n*~17I choices).

Recall that e(J) > 1, choosing where J appears in H can be done by choosing the location
of some edge (at most e(P — U) < 4k choices), and then the location of the other vertices in J
(at most k!’1=2 choices). Thus, [{H € H: HNP = J}| < 4k- k7172 0. nk= 11, O

Claim A2. Foreach J € Jo, {H € H: HNP = J}| < 4kl -Ul=-1pk=1/-U],

Proof of Claim A2. Note that if e(J — U) > 0, then the reasoning for Claim A1, noting that the
choice of i € [] is fixed at ¢ = 1, implies the result.

If e(J — U) = 0, then J must contain some edge incident to U, and therefore there are at
most 2 choices for its other vertex in the copy of H. Thus, there are at most 2k ~VI=1 ways J
could be embedded in H. Along with at most n*~17~Ul choices for the other vertices of H, this
gives the result. O

Next, we shall prove bounds on the number of edges in the intersection of graphs with P.

Claim B1. For each J € Ji, e(J) < 2(]J| — 1) — 1, so that

1\ MI-1
p ) <p. <> .
< 2
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Proof of Claim B1. Consider the natural ordering of P beginning a,b and ending c¢,d. Count
the edges in J going to the left from each vertex in J using this order. The leftmost two vertices
between them have at most 1 edge going to the left, while every other vertex has at most 2 edges

going to the left. Thus, e(J) < 2(|J] —2) +1 =2(]J| — 1) — 1, as required. O
Claim B2. For each J € Jo,
. 10\ 71!
s () ¥

Proof of Claim B2. If two consecutive vertices in P are not in J, then counting leftwards edges
and rightwards edges from that point, we have e(J — U) < 2|J — U], so that holds.

If this does not happen and |J — U| < k — 3, then counting along leftward edges we have
e(J—=U) <2|J — U], so that holds.

Finally, if |J—U| > k—2, then counting along leftward edges we have e(J—U) < 2|J-U|+3.
As 1072 = w(n?) = w(p~?), so that holds. O

Finally, we will prove a simple bound on the number of possible intersections J € J; and
J € Jo of each order.
Claim C1. For each 2 <i <k, |[{J € Jy : |J| =i}| < 4k*~14°
Proof of Claim C1. Pick V. C V(P) with |V| = i with e(P[V]) > 0 by choosing an edge (in at
most 2k ways) and then choosing the remaining i — 2 vertices (in at most k=2 ways). As P[V]
has at most 2i edges, there can be at most 22 subgraphs of P[V] with vertex set V. Thus,
H{J € Ji:|J|=i}| < 4ki~14% as required. O
Claim C2. For each 1 <i <k, |{J € Jo:|J —U| =1}| < 8k~ 14
Proof of Claim C2. For each 1 < i <k, {J € Jo : |J —U| = i,e(J —U) > 0} < 4k~14%
similarly to the proof of Claim C1. For each J € J with e(J —U) =0, as e(J) > 0, V(J) must

contains some vertex in Np(U). Thus, [{J € Jo: |J —U| =i,e(J —U) = 0}] < 4k*~12% and
the claim holds. O

We can now bound §, where we use, for example, A to indicate where the Claims Al and A2
are applied. This gives us

5= |xH| Z p2e(P)—e(HﬁP)
HEH:E(HNP)#)

— P (Z LD DY p_em)

JeJL HEH:HNP=J JeJ, HEH:HNP=J

A
2 P (Z PRI g1 pme) | S kel UL gl U1 .p—em)

JeJy JeTs
2
_ I 1—|J| | .]J]-1 . 7e(J) —|J=U| _ |J-U]| ., —e(J)
-0 =
(n (Z n k + = % Z k -p
JeT1 JET>
2 |J|—1 |J-U]|
Bo(H. 1 10k
0<n ( p+kz<np2
JeTy JeTJ2
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2 1 2
=0 (5 (e 5)) = (o)
n k nlogn
Therefore, by this, (7)) and Theorem the probability some graph in H exists in G(n,p) is at

least 1 — exp(—w(nlogn)). O

logn

In G(n,p) with p = w( NG ), we almost surely have the following property. Given any

linearly sized subset of ‘unused’ vertices, revealing more edges is likely to connect any given pair
of vertex pairs. That is, we have the following.

Corollary 48. If p = w (I‘i%L) and k = logn, then the following is almost surely true in

G = G(n,p) for any A C [n] with |A| > n/2.

P Given any distinct vertices u, v, x,y € [n]\ A, if more edges are revealed between {u, v, x,y}
and A with probability p, forming the edge set E, then, with probability at least 1 — n=2,

there is a (u,v,x,y)-connector in G + E with length k + 3 and interior vertices in A.

Proof. We will show that, for large n and any set A C [n] with |A| > n/2, [P|does not hold with
probability exp(—w(nlogn)). As there are certainly at most 2™ such sets A, the lemma follows
by a union bound.

Fix A C [n] with |A| > n/2 and let ¢ be the probability that [P] does not hold for A. Reveal
edges in G with probability p, where V(G) = [n], and suppose that |E| does not hold.

Let ¢ = n/10 and take disjoint vertices w;, v;, z;,¥;, © € [¢] in [n] \ A. Reveal edges between
A and [n] \ A with probability p. As[P]does not hold, for each i € [¢] the probability there is no
(u;,v;, 24, y;)-connector with length k + 3 and interior vertices in A is at least n~2. Furthermore
the that this happens is independent for each i € [¢], and each possible edge has been revealed
with probability at least p.

Therefore, in G(n, p), the probability that there is, for each i € [¢], no (u;,v;, x;, y;)-connector
with length k + 3 and interior vertices in A is at least ¢ - n™2¢ = ¢ - exp(—O(nlogn)). But,
by Lemma this probability is at most exp(—w(nlogn)), so that we must therefore have
q = exp(—w(nlogn)), as required. O

We can use Corollary [48] to reveal edges and apply [P]iteratively to find many connectors.

Corollary 49. Let ¢ = n/5logn, and let u;,v;, z;,y;, © € [f], be distinct vertices in [n]. Let

logn

k = logn and p = w( Jn ) Then, almost surely, in G(n,2p) there are a set of disjoint

(us, i, T4, Y )-connectors, i € [{], with length k + 3.

Proof. Let Go = G(n,p) and V := [n] \ {us,vi, 25,9 : ¢ € [{]}. Almost surely, by Corol-
lary each A C [n] with |A] > n/2 satisfies [P] We will, almost surely, iteratively find disjoint
(ui,vs, 3, y;)-connectors P;, @ € [£], with length k + 3 and interior vertices in V' \ (U;<;V(P;})).
For each i, 1 < i < £, reveal edges with probability p between {u;,v;,2;,y;} and V and add
them to G;_1 to get G;. By [P} and as |[V'\ (U;<;V(P)))| > n — (k+4)¢ > n/2, with probability
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at least 1 —n~2, we can find a (ug,v;, 24, y;)-connector P; with length k 4 3 and interior vertices

in V'\ (Uj<;V(P;)). Thus, with probability at least 1 — fn=2 = 1 — o(1) we will find a disjoint
collection of connectors as desired.

Note that we have revealed each possible edge with probability at most 2p, so that we may
compare favourably the resulting random graph with G(n,2p). O

7.3 Finding a covering connector

To prove Lemma we first find a square path which covers most of the vertices in [n] \ (X U
{a,b,c,d}), using the following result.

Lemma 50. For all p=p(n), G(n,p) almost surely contains a squared path covering all but at

101 ,
most % vertices.

Proof. Let £ = 121987 and note we can assume p > 1/y/n. Pick a vertex vy € [n] and reveal
the edges between vy and [n] \ {vg} with probability p/2 to get the graph G. Almost surely,
vo has some neighbour, v; say. Then, for each 2 < i < n — ¢, reveal more edges in G between
{vi—1,vi—2} and [n] \ {vo,v1,...,v;—1} with probability p/2. With probability at least 1 — (1 —
(p/2)%)¢ > 1~ e P4 =1 - o(n™1), there is some neighbour, v; say, of v;_; and v; 5 in
[n] \ {vo, v1,...,v;—1}. Thus, this almost surely finds a squared path with at least n — ¢ vertices
in G. As each possible edge within [n] has been revealed with probability at most p, this gives
the result of the lemma. O

Proof of Lemma[{6] By removing vertices from X if necessary, assume that |X| < n/2. Let
Go = G(n,p/4). Almost surely, by Lemma there is a squared path in Gy — (X U {a,b, ¢, d})
covering all but at most 250logn/p? = o(n/log® n) vertices, say this path is Py and is a squared
(z,y,up, vo)-path. Let V = [n]\ (X UV (Pp)) and £ = |V| <= o(n/log” n).

Reveal more edges with probability p/4 and find a matching from V into X (using, for
example, an iterative argument), and label its edges u;v;, i € [€].

Let X' = X \ {ui,v; : i € [€]}, so that |X'| = w(¢logn) and p = w(\l;li%l). Revealing more
edges in two rounds with probability p/4, and applying Corollary [49| to vertex-disjoint pairs of
vertex pairs, we can find the following connectors which are internally vertex disjoint:

e an (a,b, z,y)-connector,
e for each i € [{], a (u;—1,v;—1, u;, v;)-connector, and
e a (ug, vy, c,d)-connector.
Combining these connectors with the squared (z,y,ug,vo)-path Py and the edges w;v;, i € [{],

we get an (a, b, ¢, d)-connector covering [n] \ X. O

7.4 Diversion: Realistic ambitions for constructing absorbers

We will create an absorber for a single vertex, before joining together many such absorbers with
connectors to create an absorber for a large set. The following (a, b, ¢, d)-path is an absorber for
x:
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The graph H has 9 edges, so E|{copies of H in G(n,p)}| < n’p?. Thus, if, for example

2
p= lognn, then we can expect only o(n?/3) copies of H in G(n,p), which would give rise to a

reservoir set X with size o(n?/?).

We want instead an absorber for which we can find disjoint copies covering §2(n) vertices.
This is the same as finding a copy of the graph created by the disjoint union of different copies
of the absorber. When in general is there likely to be a copy of a graph H in G(n,p)? As before,
we can look to the expected number of copies of H, and deduce that certainly we will need

nlHlpetH) — (1),

Even for graphs H with fixed size, this is not the whole story. For example, the expected number
of copies of the following graph in G(n, #) is w(1):

However, G(n, #) almost surely contains no copy of K35, so in fact almost surely contains
no such copy of K. The problem is that K is not balanced, as it has a subgraph denser than the
overall graph, so we need to consider the following quantity:

mo(H) = max{jg]) tH' C H}

Ezercise. For any fixed graph H with at least 1 edge, prove that p = n=/"™0(H) ig a threshold
for G(n,p) to contain a copy of H. (This was originally shown for some graphs by Erdés and
Rényi [11] and all graphs by Bollobés [4])

When finding absorbers we wish to find vertex disjoint copies of some graph H in G(n,p). An
H-factor is |n/|H|| vertex disjoint copies of H in G(n,p). We wish to find an almost H-factor,
one covering 2(n) vertices, so we will certainly need E|{copies of H' in G(n,p)}| = Q(n) for each
H' C H. Define then the following quantity:

e(’) ., /
Ezercise. For any fixed graph H with at least 1 edge, prove that p = n=/™1(H) ig a threshold
for G(n,p) to contain vertex disjoint copies of H covering at least n/2 vertices.

As we have seen (for the Hamilton cycle), looking at the expectation of different subgraphs
does not tell the whole story. Many general H-factors also demonstrate this behaviour. For
example, in a remarkable paper, Johansson, Kahn and Vu [I7] proved that for graphs H where
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e(H')/(|H'| — 1) obtains a unique maximum over all H' C H and |H'| > 2 when H' = H, the
threshold for an H-factor in G(n, p) is the same as the threshold in G(n,p) for each vertex to be
contained in some copy of H.

Ezercise. For each graph H, find the threshold in G(n,p) for each vertex to be contained in
some copy of H.

Ezercise. Give an example of a graph H in which the threshold in G(n,p) for each vertex to be
contained in some copy of H is not a threshold in G(n,p) for an H-factor.

Ideal vertex absorbers. Say we have an absorber P for x and P, is a squared path with
same endpoint pairs as P and vertex set V(P) U {z}. We wish to find such a P with as few
vertices as possible so that we may still cover Q(n) vertices with disjoint copies of P. We will
find such a P with O(log2 n) vertices, so to see whether we can find a smaller such P suppose
that |P| = O(log® n) and we want to find ©(n/logn) disjoint copies of P U P.

Suppose p = lo\g}%”, i.e., a fairly low edge probability that we still need to consider for
Lemma [45] For each H C P U P, with e(H) > 1 we need
nlHlpetH) — Q(n/log®n)

so that, as p = n~1/2+0(loglogn/logn)

n|H\—1n—(1/2—O(loglog n/logn))e(H) _ Q(l)

Thus we need m1(P U P;) < 1/(1/2 — O(loglogn/logn) =2 + O(loglogn/logn).

Now, to simplify the argument, let us work with paths rather than squares of paths. Here,
we consider an (a, b)-path P for a vertex = and an a, b-path P, with vertex set V(P)U {z}, and
wish to have mi(PUP,) < 1+ O(log logn/logn) (so that it is plausible we can find n/2|P]
disjoint copies of P U P, in G(n, logn E1)),

Let H be the graph with edge set F(P)AE(P,) and no isolated vertices. As z ¢ V(P),
x € V(H) and dy(z) = 2. Note that every vertex in H must in fact have at least 2 neighbours
in H. Thus, e(H) > |H|, so that m;(PUP,) > e(H)/(|H|-1) > |H|/(|JH| —-1) =14+ O(1/|H)).
Hence, e(H) > |H| = Q(logn/loglogn).

Thus, e(P U P,) > |P| + |E(P)AE(P,)|/2 = |P| + Q(log n/loglog n), so that

(
P[-1

e(PUP,) logn
> _— .
m(PUP) 2 S5 ,1+Q( )

|P| - loglogn
Thus, we must have |P| = Q(log® n/(loglog n)?).

Similar, but more involved arguments, show that for squared paths the best we can do is
find an absorber for a vertex with Q(log?n/(loglogn)?) vertices. We will get close to this,
constructing an absorber with O(log2 n) vertices — the difference being for ease of calculation
rather than a fundamental restriction of the construction.

7.5 Constructing absorbers

To find an absorber for a large set X we will construct an absorber for each x € X before
connecting them using Corollary Each absorber will be constructed from a subgraph we call
a gadget, many copies of which will exist in our random graph, as shown by Janson’s inequality.

Definition. As depicted in Figure a k-gadget for x in G is a 2k-vertex subgraph H of G—{z},
with vertex set {u;,v; : i € [k]} say, so that
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e foreach 1 <i<k—1, uviy1,vui41 € E(H),
e for each 1 <i <k, ww; € E(H),

o wju, € E(H) and zuy, zv1, zuk, zv; € E(G).

us3

Figure 1: A k-gadget for z, with k£ = 10.

Ezercise. Show that if £k =logn and H is a k-gadget, then m(H) = 2 + O(loglogn/logn).
Lemma 51. Let k = logn and ¢ = n/10k. If p = w(°&%), then, almost surely, G = G(n,p)

n

contains, disjointly, vertices x;, i € [€], and subgraphs H;, i € [{], such that, for each i € [¢], H;
is a (4k + 2)-gadget for x; in G.

Ezercise. Prove Lemma using an application of Janson’s inequality (see also the proof of

Lemma .

Lemma 52. Suppose H with verter set {u;,v; : i € [4k + 2]} is a (4k + 2)-gadget for z in
G as depicted in Figure[] Suppose P;, 1 < i < 2k, is a disjoint collection of connectors in
G — x so that, if i is odd, P; is a (Wirok+41,Vitok+1, Vi, Ui)-connector and, if i is even, P; is
a (Ui, Vi, Vigakt1, Uit2kt1)-connector. Then, the following squared (Vagy1, Ugk+1, Udk+2, Vak+2)-
path P, as depicted in Figure[d, is an absorber for x.

Vo1 U2k 1 P12 P3Py . .. Poj_1 Poptag2Vag42.

Proof. As depicted in Figure [3] the following is a squared (vogt1, Uok+1, Udk+2, Vagt2)-path with
vertex set V(P) U {z}.

ok 1U2k+1Por Pog—1Pogp—2Pop—3 . . . Pa P1ousivag. O

We can now find disjoint gadgets and connect them together as in Lemma to create a
squared path capable of absorbing any subset of a large set X, which proves Lemma
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Figure 2: A (vs,us, u10,v10)-squared path P which is an absorber for {}. The dotted edges
exist in the parent graph to allow the path to absorb z.

Proof of Lemma[f3. Let £ =n/100log®n and k = logn. By Lemma Go = G(n,p/2) almost
surely contains disjointly vertices z;, i € [£], and subgraphs H;, i € [¢], such that H; is a (4k+2)-
gadget for z; in Gy. For each i € [{], label V(H;) as {u;1,vi1, -, Ui ak+2, Vi ak+2 ), i0 the manner
of Figure[l] Let X = {1,...,z¢}.

Note that £(2k+1) < n/10k. Let G; = G(n,p/2) and G = GoUG;. We will find the required
absorbing squared path almost surely in G. Almost surely, by Corollary 9, G; — X contains
disjointly the following connectors.

e For each i € [(] and j € [2k] a (U; j42k+1, Vi j+2k+1, Vi j, Ui j)-connector, Q; ; say, if j is
odd, and a (u; j, v; j, Vi j+2k+1, Wi, j+2k6+1)-connector, Q; ; say, if j is even, and

o for each i € [¢ — 1] & (U; ak+2; Vi dk+2; Vit1,2k+1, Wit1,2k+1)-connector P;.

By Lemma for each i € [E], the fOHOWiIlg squared (Ui,ng,ui,gkﬂ,ui74k+2,vi,4k+2)—path Qi,
is an absorber for x;.

Ui,2k+1ui,2k+lQi,lQi,2 cee Qi,Qk—lQi,?kui,4k+2vi,4k+2

For each i € [{], let Q; be a squared (Vi 2k+15 Wi 2k+1 Wi 4k+2, Vi ak+2)-Path with vertex set V(Q;)U
{z;}, which exists as @Q; is an absorber for z;.
Then the following squared (v1 2k+1, U1 2k+1, Ue,4k+2, Ue,ak+2)-Path is an absorber for X.

Q1P1Q2Ps ... Qe-1Pr-1Q¢
Indeed, for any X' C X, for each i € [¢], let Q} = Q; if z; ¢ X' and Q) = Q; if z; € X', so that

Q1PiQ5YPs ... Q)1 Pi1Q;

is a squared (v1,2k+1,U1,2k+1, Ue,ak+2, Ve ak+2)-Path with vertex set V(P)U X'. O
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Uq
U4
Uus vs
Vg
Ue
Uuv

Figure 3: The (vs, us, u10, v10)-squared path P with 2 absorbed.
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